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Exercise 9.1 Recall that an investment and consumption pair (¢, ¢) with initial
endowment 7 is self-financing if ¢, - So + ¢g = 9y and

APy - Si+6 =0

fort=1,...,T —1. Dgﬁne the undiscounted wealth by Wy = 79 and W, := Wy - Sy
fort=1,..., 7, W=W/S% and ¢ = ¢/S°.

(a) Show in detail that (¢, ¢) is self-financing if and only if

t
Wt:’Uo—f-Z(ﬁj'AXj—Cj_l) fOl"t:O,...,T.

J=1

(b) Show that the pair (¢, ¢) with initial wealth 7y is self-financing if and only if

t
Wt:@0+2(ﬁj'ASj—éj_1) fOI‘tZO,...,T.
7=1

Solution 9.1
(a) First discount the self-financing condition to get a condition in X, namely
AL+ Ay - Xi + e, = 0,
Y + 91 - Xo + co = vp.

Using this,
We Wi
AW!@:%_ (]f L= (1, Xk) — P - (1, Xgy)
Sk Sk-1
= 1/}2 - 1/}271 + 7916 : Xk - 19]4:—1 : Xk—l - Awg - Aﬁk . Xk—l — Cgp_1
= AXy —
for k > 2. Furthermore,
W 0 _
AWl —UQ—@ZJ1+191'X1—1/)1—191'X0—C()—191'X1—C().

=l

Summing both results yields

k
Wk:’Uo—i—Z(ﬁj'AXj—C‘j,l), fOI'k:O,...,T.

j=1
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(b) We have
AWy =)y - Sy — G = 1py - Sy — by - So — & = 11 - ASy — &
as well as
AWy, = by - Sk — 1 - Sh—1 = b - AS + Aty - Sp_1 = g, - DSk — Gy

for all k =2,...,T if and only if (¢, ¢) is self-financing. So we can sum up the
increments to obtain

k k
Wi =Wo+ > AW, =00+ > (Y- ASk — E—1).
Jj=1

=1

Note that starting with these sums also gives the first two series of equalities,
showing the equivalence.
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Exercise 9.2 Recall that for each t € {0,1,..., T}, suitable F;-measurable v; and
(¥, ) € A, we define the remaining conditional expected utility to be
7).

Ri(v,, ¥, ) _E[ZU +Uw<vt+z AXj— ) - c%)

J=t+1

Recall that
A0, ¢) i ={(V', ) € A0 =0 for j <t,c; =cjfor j <t —1}.
Show that for fixed (¥, c¢) € A, we have
ESSSUDP (g7, /) e A (9,c) Rt(Wvo’ﬁc V', ) = esssup (9',¢) ea Re(W(™ e ).
Solution 9.2 Define
AP, c) == {(¢', ) € A = for j > k,d; = ¢; for j >k — 1}

Note that A = Uy wyea AL (0, ¢). For (¢, ¢) # (9", "), the sets A" (¢, ) and
AR (9" ") are either the same or disjoint. So for each distinct AP*'(', ), there
exists (g, co) € Ax(V, ¢) such that AP*'(Y', /) = AP (9, co). Hence,

A = U APOSt( /) o U A}]zost(,ﬁ/’ C/).
6

( A ( /,C/)E.Ak(’&,c)

Since Ry (vx,?', ') has the same value on each Ay (¢, '), we have

ess SUP (g1 e Bk (Vk, V', ¢) = esssup {Rk(vk, 9" ) (9, ) € U AR c’)}
(9, )eAR(Y,c)
= €8S SUP(y )e A, (9,0) Bk (Vk, D', ).

This also holds for v, = W"*.
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Exercise 9.3

(a) For a twice differentiable utility function U : (0, 00) — R, the so-called absolute
risk aversion is given by
U//(x)
U'(x)
Characterize all utility functions U = U® with constant absolute risk aversion
A(z) = a > 0. Normalize the functions so that U*(0) = 0 and (U*)'(0) = 1.

Ax) =

(b) Let (2, F,P) be a general probability space. Assume the standard model
on (€2, F, P). Suppose that U is strictly increasing. Show that if there is an
arbitrage opportunity, then there is no solution to the utility maximisation
problem

%gé{E U(xz + Gr(0))].
Solution 9.3

(a) Fix a > 0 and write U := U*.
From the ODE

we get that
U(x) = Cie ™ + Cs.

From U’(0) = 1, it follows that C; = —1/a, and from U(0) = 0, we get that
C1 + Cy = 0, hence Cy = 1/a. Thus, the normalized utility function with
constant absolute risk aversion a > 0 is given by

1 _ 6—0&3

Ula) = —

(b) Suppose that ¥* is an optimiser and ¥ is an arbitrage opportunity. Then
T+ Gr(0") <z + Gr(0" +94)  P-as. with P |[Gr(0") < Gr(¥" +9)] > 0.
Set ¢ := ¥* + 94, Because U is increasing, U(z + Gr(¢')) > U(x + Gr(9%))
P-a.s., and because U is strictly increasing, also P[z+Gr(0') > x4+Gr(9*)] > 0.

So E[U(z + Gr(v¥))] > E[U(x + Gr(9*))] which contradicts the optimality of
v*.
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Exercise 9.4 Let (5%, S') be an arbitrage-free financial market with time horizon T
and assume that the bank account process S° = (S?)i—o 1. is given by SP = (1+7r)?
for a constant » > 0. As usual, denote the set of all EMMs for S with numeraire S
by P(SY). Fix a K > 0. The undiscounted payoff of a European call option on S*
with strike K and maturity ¢t € {1,...,7T} is denoted by CF and given by

cF=(st-K)",

whereas the undiscounted payoff of an Asian call option on S' with strike K and
maturity ¢ € {1,...,T} is denoted by C:* and given by

1 1 i
7j=1

(a) Fix a Q € P(SY) and show that the function {1,..., T} = R, t — Eg [%ﬂ is
increasing.
Hint: Use Jensen’s inequality for conditional expectations.

(b) Fix a Q € P(S°) and show that for all t =1, ..., T, we have

%)< 2]

t

c) Fix a Q € P(S°) and deduce that for all t =1, ..., T, we have
() 9 9 ?

CA CE
el ) = 2o 5]
Interpret this inequality.

Solution 9.4

(a) It clearly suffices to show that for all k =1, ..., 7 — 1, we have

E
fol 2] 2 e[ ]
k+1 k

Fixa k€ {1,...,T — 1}. Using the tower property of conditional expectation,
Jensen’s inequality for conditional expectations (for the convex function x —
x7T), the fact that S! is a Q-martingale and that Sp = (1 4 r) is deterministic
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with r > 0, we get

E
EQ[O

Ci

Sk+1

|50

EQ -EQ l(Sé_H _ K )-i-

_(Sliﬂ - K)Jr

0
Sk—H

EQ -<S%+1 B K )+‘|

0
L Sk—H Sk+1

|

Sngl SI(C]Jrl
[ Sl K +
(-]
L “ ([S£+l Slg+1 g

i 1
(55,

Sk+1

[/ S} K +
(G~ )|

[/ SL K\+
> 5|5~ )
o
E, | 2k
¢ _52]
(b) Since the function x +— 27T is convex, we have for k=1, ..., T

By linearity and monotonicity of expectations and since r > 0, we get

CA
Pa |G

[t En(g

-5

(1+r)'f] = k;z Q[(1+r)

it

CE]

<igtfat] - n (5]

(¢) Putting the results of [(a)] and [(D)] together yields for k =1, ..., T

CE

citn(d]-n (3

SO

This means nothing else than that for a fixed EMM, the price of an Asian call
option on S' is smaller than the price of the European call option on the same
asset with the same strike price K and same maturity k£ € {1,...,T}.
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This makes sense also intuitively since the price of a call option is increasing in
the volatility of the underlying (because the probability of ending up in the

money is higher), and averaging in the Asian call option amounts to reducing
volatility of the underlying.
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