ETH Ziirich, FS 2024

Prof. Josef Teichmann Coordinator: Tengyingzi Sophia Perrin

Mathematics for New Technologies in Finance

Solution sheet 4

Exercise 4.1 (Ito’s formula) Let W be a Brownian motion on [0, c0) and define

n

QW)= _(Wy = W) (1)

i=1
(a) Prove that Q™(W) converges to 1 in L?

(b) Prove the following convergence in L? sense

R w2-1
A ; Wi (W = W) = —5— (2)
(¢) Prove that if f is smooth and bounded
t t ey
W
1w = 0+ [ grovgaw,+ [0 g @
0 0
Solution 4.1
(a)
n 2 n
E[(Z(Wi Wi )? - 1) } = Var(>(W: — Wis)?)
i=1 i=1
= Var(W: — Wizr)?)
i=1 " "
" 1
= H(E(W%) - 7)
3 1
—n(ﬁ n2)—>1 as n — oo
(b) Combining (a) and the fact that
2Wica W = Wiza) = (Wi + Wica )(Wae — Wizn) — (W — 2)2-

(¢) By Ito’s formula
1
df (Wy) = f'(Wy)dW; + if”(Wt)dt.
Then taking integral of both sides gives us the result.

Exercise 4.2 (Black-Scholes model) Let o > 0, X; = X exp{ocW; — ”th .
(a) Prove that X is a solution of
dXt = O'Xtth.
(b) Let K > 0, calculate
Co = E[(X7 — K)].
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(¢) Let K > 0, calculate

0
TXOE[(XT - K)4].
Solution 4.2
(a)
ot ot
dXt = d[XO eXp(O'Wt - 7)] = Xod[eXp(JWt - 7)]
2t 1 2dt
= Xy exp(oW; — %)(Jth + SO Wadt - %)
= UXtth
(b) Applying Black-Scholes formula, we have
Co = Xo®(dy) — K®(ds) (4)
where . )
log(52) + % T
di=—K/ 2" dy=d —oVT.
' oT 2maTe
(c) 5 5
TXO]E[(XT - K)4| = T%(XOCI)(CII) — K®(d2)) = ¢(dy)

Exercise 4.3 (Backpropagation) Translate a one layer neural network to a controlled ODE:
LDz Wz 4 0@ s g(WWz 4 a®),
with a cadlag control u(t) = 1[1,2)(t) + 2[2,0)(t) and a time-dependent vector field
V(t,x) = 110,1)(t) (L(O)(m) - x) + 1[1,00) (1) (L(l)(ac) - J;) .
The corresponding neural network at 'time’ 3 is
z = LOz) » g(WHLO(2) + V).
(a) What is the evolution operator J, 37

(b) Calculate the derivative of the network with respect to parameters W) and a(®).

Solution 4.3
(a) Jszv =10+ 1 1(s) (dLM (X,-) dLO (z)v — v) + 11 o((s) (dLD (Xs-) v — )

(b)

oV oL© oL™ orL™m L ) L
EROR 1[0,1)(t)m+1[1,00) t)m = ooy (W a5y = 11, 00) ()W )aW(l)f/)(W( JataV).
Similarly,

oV M_9_ gy 4 g0y,

e — e (YW 50

Since we have

d T
0X§ =Y / Joy 7OVE (5=, X0_) du'(s)
=170

We have

w S ov . a® S av
6X3 = Z . JS+’3Wdu (S) and 8X3 = Z . J5+73mdu (S)
i=1 i=1
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