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Exercise 4.1 (Ito’s formula) Let W be a Brownian motion on [0, ∞) and define

Qn(W ) =
n∑

i=1
(W i

n
− W i−1

n
)2. (1)

(a) Prove that Qn(W ) converges to 1 in L2

(b) Prove the following convergence in L2 sense

lim
n→∞

n∑
i=1

W i−1
n

(W i
n

− W i−1
n

) = W 2
1 − 1
2 (2)

(c) Prove that if f is smooth and bounded

f(Wt) = f(0) +
∫ t

0
f ′(Ws)dWs +

∫ t

0

f ′′(Ws)
2 ds. (3)

Solution 4.1

(a)

E
[( n∑

i=1
(W i

n
− W i−1

n
)2 − 1

)2]
= Var(

n∑
i=1

(W i
n

− W i−1
n

)2)

=
n∑

i=1
Var((W i

n
− W i−1

n
)2)

= n(E(W 4
1
n

) − 1
n2 )

= n( 3
n2 − 1

n2 ) → 1 as n → ∞

(b) Combining (a) and the fact that

2W i−1
n

(W i
n

− W i−1
n

) = (W i
n

+ W i−1
n

)(W i
n

− W i−1
n

) − (W i
n

− W i−1
n

)2.

(c) By Ito’s formula
df(Wt) = f ′(Wt)dWt + 1

2f ′′(Wt)dt.

Then taking integral of both sides gives us the result.

Exercise 4.2 (Black-Scholes model) Let σ > 0, Xt = X0 exp{σWt − σ2t
2 }.

(a) Prove that X is a solution of
dXt = σXtdWt.

(b) Let K > 0, calculate
C0 = E[(XT − K)+].
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(c) Let K > 0, calculate
∂

∂X0
E[(XT − K)+].

Solution 4.2
(a)

dXt = d[X0 exp(σWt − σ2t

2 )] = X0d[exp(σWt − σ2t

2 )]

= X0 exp(σWt − σ2t

2 )(σdWt + 1
2∂2

t Wtdt − σ2dt

2 )

= σXtdWt

(b) Applying Black-Scholes formula, we have

C0 = X0Φ(d1) − KΦ(d2) (4)

where

d1 =
log( X0

K ) + σ2

2 T

σ
√

T
, d2 = d1 − σ

√
T .

(c)
∂

∂X0
E[(XT − K)+] = ∂

∂X0
(X0Φ(d1) − KΦ(d2)) = ϕ(d1)

Exercise 4.3 (Backpropagation) Translate a one layer neural network to a controlled ODE:

L(i) : x 7→ W (i)x + a(0) 7→ ϕ(W (1)x + a(0)),

with a cadlag control u(t) = 1[1,2)(t) + 2[2,∞)(t) and a time-dependent vector field

V (t, x) = 1[0,1)(t)
(

L(0)(x) − x
)

+ 1[1,∞)(t)
(

L(1)(x) − x
)

.

The corresponding neural network at ’time’ 3 is

x 7→ L(0)(x) 7→ ϕ(W (1)L(0)(x) + a(1)).

(a) What is the evolution operator Js,3?

(b) Calculate the derivative of the network with respect to parameters W (1) and a(1).

Solution 4.3
(a) Js,3v = v + 1[0,1[(s)

(
dL(1) (Xs−) dL(0)(x)v − v

)
+ 1[1,2[(s)

(
dL(1) (Xs−) v − v

)
(b)

∂V

∂W (1) = 1[0,1)(t)
∂L(0)

∂W (1) +1[1,∞)(t)
∂L(1)

∂W (1) = 1[1,∞)(t)
∂L(1)

∂W (1) = 1[1,∞)(t)W (1) ∂

∂W (1) ϕ(W (1)x+a(1)).

Similarly,
∂V

∂a(1) = 1[1,∞)(t)W (1) ∂

∂a(1) ϕ(W (1)x + a(1)).

Since we have

∂Xθ
T =

d∑
i=1

∫ T

0
Js+,T ∂V θ

i

(
s−, Xθ

s−
)

dui(s)

We have

∂XW (1)

3 =
d∑

i=1

∫ 3

1
Js+,3

∂V

∂W (1) dui(s) and ∂Xa(1)

3 =
d∑

i=1

∫ 3

1
Js+,3

∂V

∂a(1) dui(s)
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