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1) A maximal inequality
2) A local estimate

3) A one-big jump principle

Here me identify a regime where atypical events of the form &Su = an3 with (Su) random walk

typically occur with one big jump (essentially when B(X(n) v : heavy tal ou

1) A maximal inequality
We start with

proving on inequality for future use.

Theorem (Frek-Nagaeu 171
, Denisov-Diebes-Schneer 100]
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We show that Ete] = 1 + 0(t) and the result will follow
The idea is to write e = 1 + x +~(2) with ~(x) =e ,

so tha
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We show that mn = 0(t) and su= 0(t)
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,
13

,
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Thus m = O(1) Che we use (1)
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2) A local estimate

We introduce a framework which will allow to treat "Susan" and "Su = an" at the same time.
Fix Tt (0

,
+0] and set D = [0,T). For MER we set Am = m + D = [m

,
m + T)
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Rec One can check that if X, Satisfier (Hg) then X , has finite variance because
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Laura Assume that for 0,20, , B(XIEIM
,The X)-

In particular, if X, Satisfies #b) for TC + & then it satisfies (Hb) for i = 0

Prof : Exercise for next week
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We will use several times the following fact
UFact (2) Under (Hal

,
B(XEDu) NB(X- Duty) uniformly in 1

encu
inPlay-)

Theorem (Doney'89 , Nagaev '57)

Assure that X
, satisfies (Hs) and that #[X ,] = 0. Fixo· Then

, uniformly in my En,

P) SntAm)non $ (XE Am)L n - 0

That is
, eup/PAm-T

Intuition : SntAm typically happens when one of the njemps is in Am (this will be made precise later

Proof Set = .
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because B-131

Fin : We use the maximal irequality :

pmnP)Sn > m
,
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We first show am = 0)D(X , EAm)) :

⑧

⑯Bythemaximalinquality/S
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because m- m for n large enoughe
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Observe that byassumption P(XnEDm-j)vB(XutDm) uniformly 802 -n<
ms

(by fact (*)

Thus~ B)mar X(m ,
- <Sn-ms) B(X , =Dm)

n- IkEn-

End of Lecture 6

It reucius to check that :

· Bl-3 < Sam 1 ,
which is car since converges in distributione

B(maxXr(m) -+ 1 ;
1[kn- n +> 0

lindeed, for two event A
,
B

,
P/ACB) = 1 - PAUB)(1-P(A)-N(B) = 1- PIA) -B

this comes from the fact that (mar, XR(m)
= (1-P(Xm)) = exp)-mB(X Il y
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,
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Rema
-
> There has been quite some work do find the "hest" sequence me such that the theorem

holds uniformly for m
, in (we have shown that mu = en works)
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3) A one-big-jump principle
We keep the previous framework : TE 10

,
+ 03

,
we set D = [0,T)

, Du = [u
,
u+T ) and assume that

X
, satisfies (Hs) and that#[X ,3 = 0.

I
Notation
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, Xn)3
1
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, , ...,

*
n ,
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Fix a sequence (x) such thatlining
Theorem Love big jump principle, Armendais a Lookhis' 11)

1 -
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Thiswears that under BC : (Su-Dxn) ,
once the bigget jump is removed,

the remaining r ar esymptotically
iid with same low as X!

In proctice, to show that
a property holds with probability tending to 0

or 1 for (X,,.., Xm)
under B) : (Sn-Don) one can show that it hold for (X1 ..., Xu-1) (which ar ind

!)

Before proving this ,
let us see a stribing consequence.
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③ under B( : (Sn-Dxn)
P
, 1L

Thus for The we have
Mit
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,
third

,
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4-num

uniform time between land v

ProfiBy the thorem,
it is enough to show that P) n) exp

For this
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the probability is (1-$(X> en)"

= exp)(n-1)(n)1- (X,, un ())

But we have seen that PCX, un"B)t ,
and the result follow

② Observe that =-
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. The result follows
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this follows from

Proof of the theorem
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Let pen be the low of (X1 ...., Xn-)
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, by 0 we then have En(En)1 ,

so

SUPER /M(A)
- MENCA)) <ecyBons/MnCAnEn)-MnCAREn)/ + MuLEnY +YuLEn'

⑥



To do this
,
set En = Sa = 19

..., enilE . 19
,
---an3 3143and mer ain

1[in-1
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J
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