401-4634-24L: Diffusion Models, Sampling and Stochastic Localization

Lecture 3 — Langevin algorithms
Lecturer: Yuansi Chen Spring 2024

Key concepts:
e Sampling from a smooth density
e Langevin diffusion

e Unadjusted Langevin Algorithm (ULA) and Metropolis-adjusted Langevin Algo-
rithm (MALA)

e Convergence of continuous Langevin diffusion

— in Wasserstein distance, using strong-logconcavity via coupling

— in 2 distance, using Poincaré inequality via Fokker Planck equation
e (note is here but only discussed in the 4th lecture) Convergence of ULA

The material of this lecture is based on Chapter 1 and 4 of | ).

3.1 Introduction

In the previous lecture, we saw that the corners of the convex body cause a lot of
problems for the sampling algorithm Ball walk: Ball walk has to choose a smaller
step-size otherwise it would have close-to-zero acceptance rate in many places. It is
not always the case in practice that we encounter distributions that are as nonsmooth
as the uniform distribution on a convex body. In this lecture, we completely avoid
the nonsmooth problem by making a simplifying assumption that we are dealing with
smooth densities of the form

uoce_f

where f is twice continuously differentiable. We would like to know whether there exist
sampling algorithms better than Ball walk.
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3.1.1 Langevin diffusion

Given f : R — R a twice-differentiable function, the Langevin diffusion is the
following stochastic differential equation (SDE)

dX, = =V f(X,)dt + V2dB, (3.1)

where B; is the Brownian motion in R™.

Brownian motion. We define Brownian motion in R”, denoted by {B;},-,, to be a
stochastic process, i.e. a sequence of random variables in R™ indexed by ¢ > 0, satisfying
the following four properties

1. BOZO

2. {Bi},5 is continuous with probability 1

3. (independent increment) For any k£ € N and {ti}fzo withtg =0 <t; < -+ < 1y,
the random variables By, | — By, for 0 <7 < k — 1, are mutually independent

4. (Gaussian increment) for any 0 < s < t, B, — By is distributed as N'(0, (t — s)L,,).

Intuitively, we may think dB; in Eq. (3.1) is Gaussian noise with mean 0 and variance
dt. Then Eq. (3.1) may be thought of as a noisy gradient descent, with a deterministic
gradient step —V f(X;)dt and a diffusion component v/2dB,. For a rigorous treatment
of Brownian motion and stochastic calculus, readers are referred to | ].

3.1.2 Sampling algorithms connected to Langevin diffusion

Langevin diffusion in Eq (3.1) is a continuous process. To simulate it in practice, we
need to discretize it.

Unadjusted Langevin Algorithm (ULA). Unadjusted Langevin Algorithm is the
outcome of Euler discretization of the Langevin diffusion. Starting for X, drawn from
an initial distribution, it iterates as follows: from the current state X, it produces the
next state by

Xpy1 = Xy — hV (X)) + V20, (3.2)

where h > 0 is the step-size (or the discretization size) to be chosen by the user and
& ~ N(0,L,) is independent Gaussian noise. Intuitively, taking the limit A — 0 in
ULA would get us back to the Langevin diffusion in Eq (3.1). For small step-size and
large k, we expect the distribution of X to be close to the stationary measure of the
Langevin diffusion (hopefully the target measure p, but we haven’t proved it yet) with
an error that depends on h.
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Metropolis-adjusted Langevin Algorithm (MALA). To ensure that a Markov
chain has the correct stationary measure, we can always add a Metropolis-Hastings filter
(or accept-reject step) to it. This is what Metropolis-adjusted Langevin Algorithm does
in addition to ULA. It iterates as follows: from the current state X}, it has a proposal
step and an accept-reject step

e Proposal step: same as in ULA

Zy1 = Xi — RV (X)) + V2h&,

e Accept-reject step: go to

. . . W Zy 1) Pz (Xi) }
X = {Zk+1 with probability min {1, X0 P, (Zrss)

X with the remaining probability.

Note that conditioned on X}, the proposal step boils down to drawing a Gaussian with
mean Xy — hV f(X}) and covariance 2hl,,. Hence, the proposal kernel has an explicit

form
B 1 = (z = AV )5
P(z) = (2r-2m)F ( ih ) '

Then, the acceptance rate also has an explicit form

min {15525

= min {1,exp <—f(z) — ﬁ |z — (2 — th(Z))H% + f(x) + ﬁ |z — (z — hvf@))“é) } .

In addition to one gradient evaluation step in the proposal step, MALA requires two
more gradient evaluation steps and two function evaluation steps per iteration.

Metropolized random walk (MRW). We can always introduce a Ball-walk-like
sampling algorithm for sampling a smooth density. In each iteration, it has a Gaussian
proposal followed by an accept-reject step.

e Proposal step:
Zpp1 = Xi + V2h&;.
e Accept-reject step: go to

Zl41
XR)PX (Ziey)

Zio1)PYEW (X
Zr+1  with probability min{l, K& ( k)}

X5 with the remaining probability.
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Here, because of the symmetry of the proposal PMEW, P%GE{XV(X k) cancels with PYFW(Z; ).

The acceptance rate boils down to min {1, Blrtl) ,5(Z)k(5) }

Main questions. We are interested in the convergence of the continuous Langevin
diffusion and the three sampling algorithms for sampling a smooth density. In this
lecture, we ask the following three main questions, and we try to answer in the next
section

1. What is the stationary measure of Langevin diffusion (3.1)7 We hope it to be
-f
poce 7.

2. How fast does Langevin diffusion converge to its stationary measure?

3. What is the mixing time of ULA?

3.2 Convergence of Langevin diffusion

Because both sampling algorithms ULA and MALA are closely related to the Langevin
diffusion, it is natural to make use of the convergence of the Langevin diffusion in
continuous time to analyze the two discrete-time algorithms. We call it SDE-based
mixing proof technique, in contrast to the conductance-based mixing proof technique
in Lecture 2.

We first introduce the Fokker-Planck equation associated with the Langevin diffu-
sion in Eq. (3.1), assume its correctness, and then analyze the Langevin diffusion based
on it. Once we have a good understanding of the convergence of Langevin diffusion,
the mixing time analysis of ULA follows from a careful discretization analysis.

3.2.1 Fokker-Planck equation

Consider a drift-diffusion process {X;},., on R driven by a drift term a : R x R — R
and a diffusion term b : R x R — R, and characterized by the following SDE

dXt = a(Xt, t)dt + b(Xt, t)dBt, (33)
where B; is the Brownian motion in R. We assume the following fact without proving
it.

Fokker-Planck equation. Let {X;},, be a drift-diffusion process following SDE (3.3),
starting from Xy ~ . Then for all £ > 0, denoting the law of X; by u;, we have

0 0 0?

5t(@) = =5 la(@, ()] + o~ [D(@, ()], Vo € R, (3.4)
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where D(x,t) = b(z,t)?/2. The above equation is called the Fokker-Planck equation
associated to the drift-diffusion process {X;},.,. The Fokker-Planck equation describes
the time evolution of the probability density function via a partial differential equa-
tion (PDE). Unlike Eq. (3.3), the Fokker-Planck equation in Eq. (3.4) is completely
deterministic.

In general, there are two main approaches to interpret a drift-diffusion process in
Eq. (3.3) as illustrated in Figure 3.1. The first approach is the pathwise view: given
a random draw of the Brownian motion By, Eq. (3.3) becomes an ordinary differential
equation and, it generates a continuous path in R. Each random draw of the Brownian
motion generates a path. The collection of all paths describes the SDE. The second
approach is the density evolution view: since we don’t really care about the identity
of each path, we can focus on the evolution of the law of the density of X, at any
time ¢ > 0. Fokker-Planck equation enables this second approach via a PDE. The
two approaches are complimentary and are related via Markov semigroup theory and
Kolmogorov’s forward and backward equations. For a detailed exposition and a proof
of the Fokker-Planck equation, see Chapter 1.2 of | ].

Example 1 (heat equation). Taking a = 0,b = 1 in Eq. (3.4), we obtain the heat
equation

o 10

o't T 29,21
Starting from 0, the PDE has a closed-form solution

1 ( x2>
— ex —_— .
Ht ot p o
The above density is exactly the law of X; defined via dX; = dB;.

Finally, one can also introduce a higher dimensional formulation of the Fokker-
Planck equation. Consider a drift-diffusion process {X;},., on R" driven by a drift
term a : R” x R — R” and a diffusion term b : R® x R — R™ ™ characterized by the
following SDE

dXt = a(Xt, t)dt -+ b(Xt, t)dBt, (35)
where B, is the Brownian motion in R™.
Fokker-Planck equation in n-dimension. Let {X;},., be a drift-diffusion process

following SDE (3.5), starting from Xy ~ po. Then for all ¢ > 0, denoting the law of X;
by u:, we have

) = =3 Aol e + 30D 5 Dy, O], o € R, (36)
where D = %bbT.
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H{t+6}

Figure 3.1. Two interpretations of a drift-diffusion process. Left: pathwise view.
Right: density evolution view.

Example 2 (Langevin diffusion). Taking a(x,t) = —V f(x) and b(x,t) = v/2L,, the
SDE corresponds to Langevin diffusion

dX, = =V f(X,)dt + V2dB,.

The associated Fokker-Planck equation s

0
Differential operator notation.

e The divergence of a continuously differentiable vector function F': R” — R" is

"0
Vo F=Y F,
where F; : R® — R is the i-th coordinate output of F.

e The Laplacian of a twice-differentiable function g : R — R is

n 82
=1 ¢

Note that it is also the divergence of the gradient (Vg), i.e., Ag =V - Vg.
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3.2.2 The stationary measure of Langevin diffusion

Assuming the correctness of the Fokker-Planck equation (3.6), we are ready to show
that p is a stationary measure of Langevin diffusion. To show that u is a stationary
measure, it suffices to show that

0

a/it
vanishes pointwise when p; is evaluated at pu. We already know the Fokker-Planck
equation of Langevin diffusion in Eq. (3.7). It remains to show that

0= V- (uVf)+ Ap.
We have by definition of the divergence

(v f) = Zau o.f),
and

:Z@fu

@Za -0, f)

= _Zai</1"aif>u

where 0; is used as a shorthand for %, (i) used the assumption p = ce™ with ¢ a
constant. So, the two terms above sum to 0. And we prove y is a stationary measure.

3.2.3 Convergence of Langevin diffusion in Wasserstein dis-
tance

We prove the convergence of Langevin diffusion in Wasserstein distance under strong
logconcavity.

Wasserstein distance. Let u, v be two measures on R™ with finite second moments,
ie., Ex[|X]3] < oo and Ex.,[| X5 < co. We define the Wasserstein-2 distance
between p and v by

1

2

W)= (L nt | [ e = wlae oy )

where C(u,v) is the set of all couphngs of p and v. We say ~ is a coupling of u and v,
if its marginal on the first variable is p and its marginal on the second is v.
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Strong logconcavity. We say a measure pu is m-strongly logconcave if p oc exp(—f)
with f being m-strongly convex, i.e., ml, < V2f.

Theorem 3.2.1 (Convergence of Langevin diffusion in Wasserstein distance). Let
{Xi},50 be generated according to the Langevin diffusion (3.1) with initialization Xo ~

o and stationary measure p o< e=f. Assume p is m-strongly logconcave. Let i, denote
the law of Xy, then

W3 (e, 1) < exp(=2mt)W3 (o, o).

Proof. The main proof strategy is to construct a coupling between p; and p by taking
advantage of the Langevin SDE (3.1), and then prove that it is bounded. We construct
a coupling as follows. Let 7y be an optimal coupling of (ug, ) which achieves W2 (uq, pt).
Draw (X, X§) ~ 7. Let Xy and X} evolve through the Langevin SDE with the same
copy of Brownian motion {B;},,. Let 7 denote the law of the resulting (X, X7). ¥
is a coupling of (u, 1) because

e Marginally, we just followed the Langevin SDE. So the law of X, is p;

e /i is a stationary measure, so the law of X} remains p.

Next, we control the E(x, xs)ur, [[|X: — Xt*||§} We have

&)~
d||X; — X5 = 2(X, — X;,dX, — dX)

O _9(xX, - X7, V(X)) — V(X)) dt

(i)

< —2m || X, — X7||3 dt. (3.8)

(i) uses the fact that X; and X, shared the same Brownian motion. (ii) uses the mean
value theorem in the following way:

(y—x,Vf(y) = Vi) =(y—2z,Vflw) = Vflwo)) li=1
e v (O z))

>mly -zl

where w; = (1 — t)x + ty, (iii) uses the mean value theorem for the function ¢ —
(y — 2, Vf(w) — Vf(wo)) with the derivative (y — x, V2f(w;)(y — x)). So there exists
7 € [0, 1] such that (iii) holds. The last step follows from m-strong concavity.

Solving the ODE inequality (3.8) or applying Gronwall’s inequality, we obtain

*12 12
[Xe — X7 [l5 < exp(—2mi) || Xo — Xl]5 -
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Taking expectation on both sides, we obtain
£, I|1X; — X2 < exp(—2mt)E,, [ Xo — X312 = exp(—2mt)W2(1o, )

We complete the proof by noticing that ~; is one coupling and W2 (s, ) takes the
infimum over all couplings. O]

The following results show that in sampling a strongly log-concave density, it is not
hard to have a reasonable control of the initial Wasserstein distance.

Lemma 1. Let o< e/, where f is m-strongly convex and minimized at x*. Then

2n
2
Exu X — x*||2 < m

Remark that when f satisfies ml, < V2f < LI,,, * can be obtained up to e-error
in £log(1/e) iterations via gradient descent method (see e.g., | D).

Proof. Let u = cexp(—f), where ¢ is a constant. We have

B |X =0l = [ flo = o' exp(—f(a)ds
22 [ (1), — 2y exp(—f(a))da

m

i) 2

W = /trace(l[n) exp(—f(z))dx

m

_2n

=
(i) follows from the strong convexity of f: (Vf(x) — Vf(z*),z —2%) > % |z — |3
and Vf(z*) = 0. (ii) follows from integration by parts: for a differentiable function

g : R" = R and vector field v : R® — R"™ with sufficiently fast decay at infinity, we
have

/ (w(z), Vo(a)) dz = — / 9(2)(V - v)(x)da. (3.9)

We integrated over Vg, differentiated over v and the boundary term is 0 because of the
decay at infinity.
O

3.2.4 Convergence of Langevin diffusion in y?-divergence

To show that the above convergence is not mainly due to the choice of Wasserstein dis-
tance, we prove the convergence of Langevin diffusion in y?-divergence under Poincaré
inequality.
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y2-divergence. Let v, u be two measures on R”. We define the x2-divergence between

v and g by
fwum:v%{ﬂ=/(ﬁgfmmM—L

The y2-divergence is an upper bound of the total variation distance because of Cauchy-
Schwarz inequality.

Poincaré inequality. We say a measure p satisfies a Poincaré inequality with con-
stant Cpy if for all differentiable and square integrable function with respect to v, we
have

Var,[g] < CpiE, [|[Vg ()3 -

Here E, and Var, denote the expectation with respect to p and variance with respect
to p respectively

Var,lg] = E,[¢%] — (E,[g])*.

Similar to the isoperimetry in Lecture 2, Poincaré inequality is also an intrinsic property
of the measure p, and this definition has nothing to do with the sampling algorithm.
Intuitively, the Poincaré constant being large also indicates that the measure p has
a bottleneck (see Figure 3.2). Additionally, the isoperimetric constant and Poincaré
constant are related as 1) < CLPI according to | | and [ l.

A B C

Figure 3.2. Illustration of large Poincaré constant. p is bimodal with one mode
in region A and the other mode in region C. It has a bottleneck in region B where
density is close to 0. When the two modes are far away, it becomes possible to design
a g with small gradient, hiding inside region B and has a large variance. In this case,
the Poincaré constant of u has to be large.
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Theorem 3.2.2 (Convergence of Langevin diffusion in x*-divergence). Let {X;},., be
generated according to the Langevin diffusion (3.1) with initialization X, ~ o and
stationary measure p o< e~/ . Assume p is m-strongly logconcave. Let i, denote the law
of Xy, then

2t
el ) = exp (=25 ) G | )
PI

Proof. Taking derivative with respect to ¢, we have

X | ) = ;/C%E—Qﬂ@m
@?/Gf?<;%g)“>
(”)2/ (ut(fv (’N< >> pu(z)d

z) p()

('L'L'L _Q/HV,ut

(iv)

< —C—X (e || )

In (i) we switched the order of derivative and integral, which can be done after verifying
conditions for dominated convergence. (ii) follows from the Fokker-Planck equation for
iy in Eq. (3.7) and the observation that

Vo (uVf) + Ay =~V - (w (%))

(iii) follows from integration by parts (3.9). (iv) follows from Poincaré inequality. Solv-
ing the ODE for y? divergence or apply Gronwall’s inequality, we obtain the desired
result. O

3.3 Mixing time of ULA
Recall the iteration of ULA from Eq. (3.2),
X1 = Xy, — RV F(Xy) + V2hE,. (3.10)

Let p* denote the law of X. Then we have the following mixing time result.
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Theorem 3.3.1. Assume that the target measure u o< exp(—f) satisfies ml, < V2f <
LL,. Let k := i Then, given h < L%{, for K >1,

mhK
Wy (™, 1) < exp (_T) Waljto, 1) + chin?,

where ¢ is a universal constant.
A few remarks

e If we set the initial measure g to be point mass at * which is the mode of p,
then

N n
Waljuo, 1) = Exe [IX = 23 < -,

as a result of integration by parts and strong log-concavity:.

e For mixing, we want to achieve /ymW, < e. It is more convenient to use the
metric v/mW, instead of W5 because the former is scale-invariant.

e In order for /mW, < e in Theorem 3.3.1, we need both terms to be less than e.
It results in the step-size choice

=~
X
:\-

and the number of steps K choice

K> iznlog (x/ﬁWz(uo,u)> .
€ €

Proof sketch. Since ULA is the Euler discretization of the continuous Langevin
diffusion in Eq. (3.1), it is natural to analyze the convergence of ULA by comparing
it to the continuous Langevin diffuison. We know in Section 3.2.3 that the continuous
Langevin diffusion convergences exponentially fast to the target measure p with a rate
that depends on the strong log-concavity m. It remains to analyze the discretization
error and how it accumulates as a function of the total number of steps K.

Given the above intuition, the main problem becomes how to write Wo(puy1, 1) as

a function of Wy(ug, ). In other words, we want to upper bound E HX"““ — X(k+1)hH§

as a function of £ HX kX kh”z This analysis is separate into two parts:

e The one-step discretization error if both the discrete process and the continuous
process are started at the same distribution. The distance between X k+1 and
X(k+1)n in Figure 3.3.
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A Py
ULA /,Ll ,u2 Mk
Ho /
\ /~’L1h M2h e /J/k,h
Langevin diffusion
(LD)
for time h
B
Xk
(LD) X (k1 1)h What we want to bound
for time
h
Xkh \
(LD) X(+1)h
for time
h

Figure 3.3: Illustration of ULA discretization analysis.

e The Wasserstein distance contraction result for continuous Langevin diffusion ran
for time h, which we already know how to proceed in Section 3.2.3. The distance
between X;11), and X411y, in Figure 3.3.

See Section 4.1 of [('he23] for a full proof and other proof techniques in the following
subsections. YC — Or wait a bit for me to type it in
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