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Question 1 (10 points)
(a) [2 points] State the Dominated Convergence Theorem of Lebesgue.
(b) [4 points] Prove the Dominated Convergence Theorem.

(c) [4 points] Let u be the Lebesgue measure on R”, Q@ C R™ be a u-measurable set with
() < +o0, and {fi} be a sequence of functions fr € L'(€, 1) converging uniformly to f.
Show that f € L*(£2, 1) and that
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Question 2 (12 points)

Compute the following limits:

(a) [4 points]
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(b) [4 points]

(c) [4 points]

Question 3 (8 points)
In this question we work on R" with the Lebesgue measure. Let 1 < p < 400, and consider
the measurable functions fy, f : R" — R = [—o00, +00] for k =1,2,3,..., with f € LP(R").

(a) [4 points] Show that if || fi — f||Lr@n) — 0 as k — oo, then there exists a subsequence
{fr; }j>1 such that fy, — f as j — oo almost everywhere.

(b) [4 points] Show, by means of a counterexample, that in general convergence in LP does
not imply that the full sequence converges almost everywhere.
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