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Exercise 10.1.
Show that a p-measurable function f: {2 — R is integrable if and only if either fQ frdu <
400 or [, f~dp < +oo. Furthermore, show that in this case, [, fdu = [, fTdu— [, f~dp.

Exercise 10.2. &
Which of the following statements are true?
(a) Let f € L*([0,1]) nC*([0, 1]) such that lim,_,;- f(z) = a € R. Then

1
lim n/ 2" f(x)dx = a®.
0

n—oo

(b) Let {fx} be a sequence of nonnegative measurable functions on R converging uniformly
to a function f. Then limg_, fR fr(x)dzx exists and

[ e < i [ twyin
R k—oo Jp

(c) Let fi :[0,1] — [0, 1] be measurable functions for k = 1,2,... and suppose that f — f
almost everywhere. Then limy_, . f[o 1 fr(x)dz exists and

(x)dz < lim fe(x)dx

[0,1] koo Jjo,1]
(d) Let f be Lebesgue-summable on R and £y} C Ey C E3 C --- be measurable subsets of
R. Then the limit lim, o [ 5. f(x)dr exists.

(e) Let {f.} be a sequence of continuous Lebesgue-summable functions on [0, 00) which
converges uniformly to a Lebesgue-summable function f. Then

lim ) |fn(z) — f(x)|dz = 0.

n—oo [0700

Exercise 10.3.
Let f € L'(0,1). Compute

k—o0 k2

1 2
lim | klog (1 L @)l ) dz.
0

Hint: You might want to use the following elementary inequality:

log(14+1) <2Vt < 1+t<e®™'=1+2Vt+2t+..., t>0.
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Exercise 10.4.
Let f: R — [0,+00] be L'-measruable. Assume that for all n > 1,

n2
| Flf@lac@ <1

Show that
/ fldct < 1.
R

Exercise 10.5.
Compute the limit

lim (1 + f) e 2 du.
[0,n]

n—00 n

Exercise 10.6. %
Let fs, f be £L'-summable functions on R which are nonnegative £!-almost everywhere and
satisfy the following additional hypotheses:

e liminf; .o fu(x) > f(z) for L1'-a.e. z € R,

o limsup,_, [ fr(®)de < [g f(x)da.

Show that
lim / () — F(2)] dz = 0.
R

k—o0

Exercise 10.7. %
Let 0 < m < M < oo be two real numbers and let f : [0,1] — R be a measurable function
satisfying m < f(z) < M for almost every z € [0,1]. Show that

( @ dx) ( /[0 . ﬁdm) < M)

and characterize all functions for which equality holds.
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Exercise 10.8.
For all n € N, let f,,: [0,1] — R be defined by:

nyx

- 1+ n2z2

()

Prove that:
(a) fu(z) < \/LE on (0,1] for all n > 1.

1

(b) lim i fn(x)dz = 0.

n—oo
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