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Exercise 12.1. ♣
(a) Is the following equality true?

lim
n→∞

∫ 1

0

e
x2

n dx =

∫ 1

0

lim
n→∞

e
x2

n dx.

(b) The value of the limit

lim
n→∞

∫ ∞

1

ln(nx)

x+ x2 lnn
dx

is

(A) 0. (B) 1. (C) e. (D) +∞.

(c) The value of the limit

lim
n→∞

∫ n

0

(
1 +

x

n

)n

e−πx dx

is

(A) 0. (B) 1
π−1

. (C) 2
π−1

. (D) 1.

(d) The value of the limit

lim
n→∞

∫ ∞

0

(
sinx

x

)n

dx

is

(A) 0. (B) 1. (C) 2. (D) +∞.

(e) For p, q ≥ 1, let (fn)n∈N ⊆ Lp(R) ∩ Lq(R) such that fn → f in Lp(R) and fn → g in
Lq(R) and fn(x) → h(x) for almost every x ∈ R. Consider the following statements:

(i) f(x) = g(x), for almost every x ∈ R.
(ii) f(x) = h(x), for almost every x ∈ R.

Which of them are true?

(A) Both (i) and (ii).

(B) (i) but not (ii).

(C) (ii) but not (i).

(D) Neither (i) nor (ii).

(f)Consider the following statements:
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(i) If f ∈ Lp([0, 1]) for all p ∈ (1,∞), then f ∈ L∞([0, 1]).

(ii) If 1 ≤ p < q < +∞, then Lq([1,∞)) ⊆ Lp([1,∞)).

Which of them are true?

(A) Both (i) and (ii).

(B) (i) but not (ii).

(C) (ii) but not (i).

(D) Neither (i) nor (ii).

Exercise 12.2.
Evaluate

∞∑
n=0

∫ π
2

0

(
1−

√
sinx

)n

cosx dx.

Exercise 12.3.
Let 1 ≤ p < ∞. Show that if φ ∈ Lp(Rn) and φ is uniformly continuous, then

lim
|x|→∞

φ(x) = 0.

Exercise 12.4.
Let µ be a Radon measure on Rn and Ω ⊂ Rn a µ-measurable set.
(a) (Generalized Hölder inequality) Consider 1 ≤ p1, . . . , pk ≤ ∞ such that 1

r
=

∑k
i=1

1
pi
≤ 1.

Show that, given functions fi ∈ Lpi(Ω, µ) for i = 1, . . . , k, it holds
∏k

i=1 fi ∈ Lr(Ω, µ) and∥∥∥∥ k∏
i=1

fi

∥∥∥∥
Lr

≤
k∏

i=1

∥fi∥Lpi .

(b) Prove that, if µ(Ω) < +∞, then Ls(Ω, µ) ⊆ Lr(Ω, µ) for all 1 ≤ r < s ≤ +∞.

(c) Show that the inclusion in part (b) is strict for all 1 ≤ r < s ≤ +∞.

Exercise 12.5. ⋆
Let µ be a Radon measure on Rn and Ω ⊂ Rn a µ-measurable set with µ(Ω) < +∞. Consider
a function f : Ω → R such that fg ∈ L1(Ω, µ) for all g ∈ Lp(Ω, µ). Prove that f ∈ Lq(Ω, µ)
for all q ∈ [1, p′), where p′ = p

p−1
is the conjugate of p.
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Exercise 12.6.
Let µ be a Radon measure on Rn and Ω ⊂ Rn a µ-measurable set.
(a) Show that any f ∈

⋂
p∈N∗ Lp(Ω, µ) with supp∈N∗ ∥f∥Lp < +∞ lies in L∞(Ω, µ).

Hint: Tchebychev’s inequality.

(b) ⋆ Show that if µ(Ω) < +∞, then for any f as in part (a) we have that ∥f∥L∞ =
lim
p→∞

∥f∥Lp .

Exercise 12.7.
Let (xn,m)(n,m)∈N2 ⊂ [0,+∞] be a sequence parametrized by N2. Show that

∑
(n,m)∈N2

xn,m =
∞∑
n=0

∞∑
m=0

xn,m =
∞∑

m=0

∞∑
n=0

xn,m.

Remark. Given a sequence (xα)α∈A ⊂ [0,+∞] parametrized by an arbitrary set A, we define∑
α∈A

xα := sup
F ⊂ A finite

∑
α∈F

xα.
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