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6.1. MC Questions

(a) Consider the sequence of functions f,(z) =
of the following is true?

e} :|z| < 1}. Which

A) The sequence { f,(z)} converges uniformly on D.

B) The sequence {f,

) (
) (
C) The sequence {f,(z)} converges pointwise but not uniformly on D.

) (

)

z)} converges locally uniformly on D, but not uniformly.
)
)

D) The sequence {f,(z)} does not converge on D.

Solution: We directly check for uniform convergence. To test this, we consider the
absolute value of f,(2):

=
n—+1 n+1

5] =]

For z € D, observe that |f,(2)] < —5 because |2"| < 1 for all z € D. Since — — 0
uniformly (indeed, independently from z € D) as n — 0o, we can conclude that A) is
the correct answer.

(b) Let (fn)nen be a sequence of functions f,: C — C. Which of the following
statements is true?

A) If ¥°,,cn fn converges uniformly on C to some f and for each n € N there exists
some M, € R such that sup,c¢ |fn(2)| > M, then Y, oy M, converges.

B) If 3 ,en fn converges locally uniformly on C to some f and for each n € N there
exists some M,, € R such that sup,c¢ |fn(2)| > M, then sup, .y M, is finite,
i.e. the sequence (M, ),en is bounded.

C) Iffor all n € N we have that sup,c¢ |fn(2)| = +00, then Y, oy f can not converge
uniformly to any f: C — C.

D) If for all n € N we have that sup,.c|fn(2)| = +00, then 3, oy fn converges
uniformly to some f: C — C.

Solution: A) is false. Consider the counterexample where {f,(2)}, given by the
sequence of constant functions {1, —1, ;, ’21, :1)), ’31, . %, ’71, ...}. The series Y- f.(2)
converges uniformly since

N 0 N even,
2_ N odd.

N+1
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but for each n,

1 1
i‘;}c"f(Z)'—nH 80 e

However, > > M, =3>>, %H diverges.

B) is also false. Consider the sequence f,(z) = %L The sequence converges locally
uniformly to e* on C, but

sup | fn(2)| = o0,

zeC
so we can take M, = n, and the sequence (M, ) is unbounded. Therefore, the
statement is false.

C) is true. Assume, towards a contradiction, that 3, oy fn(2) converges uniformly to
some function f : C — C. By the definition of uniform convergence, this means that
for any € > 0, there exists some N € N such that for all n > N and for all z € C, we
have

< €.

> (2

In particular, this implies that |f,(2)| = | X752, fu(2) — Xrtns1 fe(2)| < 2¢€ for all
n > N and for all z € C. However, by assumption, for each n € N, we have that

sup | f,(2)| = +o0.
zeC

In particular, for any n > N, this contradicts the earlier conclusion that |f,,(z)| < 2¢
for all z € C.

The fact that D) is false follows from the fact that C) is true.

6.2. Show that the following functions exist and are holomorphic on the indicated
open sets; furthermore, give a similar expression for their derivatives:

(a) fi(z) =02, 5= on Di(0)

Solution: One can give a simple proof using Weierstrass M-test. More precisely, let
0 < R < 1. For any z with |z| < R we have that || < {£%. Since 25 300 R"

1=l = 1R
converges, f1(z) = Y00, T2 converges on every compact subset of D;(0) using the
Weierstrass M-test. Hence fi(z) is holomorphic.
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Or one can use the definition of uniform convergence directly. Namely first observe
that for each n > 1, the term

Zn

fl,n<z> =

1 —zn

is holomorphic on the open unit disk D;(0). This is because 2" is a holomorphic
function, and the denominator 1 — 2" does not vanish for z € D;(0), since |z| < 1
implies |2"| < 1. Hence, each term of the series is holomorphic in the open set D;(0).
Since any finite partial sum of holomorphic functions is holomorphic, the partial sums

N n

Sw(z) =Y —

—_ n
11—z

are holomorphic for all N in D;(0). To prove that the series converges uniformly on
compact subsets of D1(0), consider the tail of the series:

o0 n

TN(Z) = Z

n=N+1

1 — 20’

We want to show that T (z) — 0 uniformly as N — oco. Let K be a compact subset
of D1(0). Since K is compact, there exists r < 1 such that |z| < r for all z € K. For
|z| < r, we have

n n n
||

"
< < .
“l—zn T 1=

‘ A
1—2zn

Therefore, the tail sum satisfies

Tl S i
N\Z S = .
e L=t (L=r)(L =)

Since this bound tends to zero as N — oo, the tail Tv(z) goes to zero uniformly on
K. Hence, the series converges uniformly on compact subsets of D;(0). Since the
series converges uniformly on compact subsets of D;(0) and each term is holomorphic,
we can differentiate the series term by term. That is, the derivative of the sum is the
sum of the derivatives:

oodk

16 =2 g ()

n
n=1 z

(b) fa(z) = Jy (1 —tz)*e*dt on C
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Solution: Note that the function F(z,t) = (1 — tz)%e% is continuous on C x [0, 1]
and holomorphic in z for each fixed ¢ € [0, 1]. Now the result is a simple application
of Theorem 5.4 from the notes.

Once can also prove this without using the Theorem 5.4 as follows. The function
fa(z) is defined as an integral over the bounded domain [0, 1] of the integrand

g(z,t) = (1 —tz)e”.

Since g(z,t) is continuous with respect to z for each fixed ¢, and the integrand is
uniformly bounded on [0, 1] for any compact subset of C (as t ranges only from 0 to
1), the function fy(z) is continuous. Specifically, for each ¢ € [0, 1],

(1 —t2)%”| < C for z € K,

where K is any compact set and C' is a constant depending on K. Thus, f5(2) is
continuous on C. Next, we need to show that f5(z) is holomorphic. The integrand
g(z,t) = (1 — tz)*e** is holomorphic in z for each fixed ¢ € [0,1]. Now, we need to
show that f5(2) is holomorphic by integrating over a triangular region. Let T be a
triangular region in C. We wish to show that

/Tf2(z) dz = 0.

Using Fubini’s theorem, we can interchange the order of integration:

/Tf2(2) dz = /01 (/T(l —tz)te!” dz) dt.

Since the integrand (1 —tz)%e'* is holomorphic in z, by Cauchy’s theorem, the integral
over the triangular region 7T is zero:

/(1 —t2)**dz =0 foralltel0,1].
T
Thus, by Fubini’s theorem, we conclude that

/ng(z) dz =0,

which shows that fs(2) is holomorphic on C. To compute the n-th derivative of f5(z),
we apply Cauchy’s differentiation formula. The n-th derivative of fy(z) is given by

ny f2(¢)
fo (Z)—MLWdC,

where v is a small contour around z.
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Using Fubini’s theorem again, we can exchange the order of integration:

1/ nl 1 — ()%t
PE = [ o B ) a
77 0 <2m' v (¢ —2z)ntt ¢ Jdt.
By Cauchy’s differentiation formula, the inner contour integral gives the n-th derivative
of the integrand with respect to (:

fz(n)(z) = /01 ;; ((1 — tz)4etz> dt.

(c) f3(z) =22 n?exp(2imniz) on H = {z € C | 3(z) > 0}
Solution: Let § > 0 and Hs; := {z € C | §(2) > 0}. Then for any z € Hy,
|n? exp(2imn32)| < n?exp(—2mn3s).

Since Y2, n? exp(—27n3d) < oo, once again by Weierstrass M-test, f3(z) converges
uniformly on the compact set Hs. Since any compact subset of H is contained in Hy
for some 0 > 0, the result follows.

Alternatively let us write each term in the series as
fan(2) = n*exp(2imn®z),

where n > 0. For each fixed n, the function f5,(2) is holomorphic on all of C, in
particular each term is holomorphic on the given domain {z € C | 3(z) > 0}.

Since any finite sum of holomorphic functions is holomorphic, we conclude that the
partial sums

N
Sn(z) =D n®exp(2imn’z)
n=0
are holomorphic on {z € C | &(z) > 0}. Next, we need to show that the series
converges uniformly on compact subsets of {z € C | (z) > 0}. Let K be a compact
subset of {z € C | ¥(z) > 0}. Since J(z) > 0 for all z € K, there exists a constant
d > 0 such that (z) > > 0 for all z € K. For z € K, the exponential term in the
series satisfies

|exp(2imn®z)| = exp(—2mn’3(2)) < exp(—27n?s).

Therefore, for large n, the terms decay exponentially. This gives the following bound
on the tail of the series:

> nfexp(2imn’z)| < > n’exp(—2mn’)).
n=N+1 n=N+1
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Since this is a rapidly decreasing series for large n, the tail tends to zero uniformly as
N — oo. Hence, the series converges uniformly on compact subsets of {z € C | J(z) >
0}. Since the series converges uniformly on compact subsets, we can differentiate
term by term. The derivative of the sum is the sum of the derivatives of each term.
The k-th derivative of the n-th term is:

k
Wy L (o 3
3n(2) = T (n exp(2imn z)) :

Using the chain rule, the k-th derivative of the exponential function is:
ékn)(z) = (2imn®)*n? exp(2itn®z) = (2im) n** % exp(2imn3z).

Thus, the k-th derivative of f3(z) is:

®)(2) = > (2im) 2 exp(2imn®z).

n=0

6.3.

(a) Prove that the sequence f,(z) = 2™, n > 1 converges locally uniformly but not
uniformly on {z : |z]| < 1}.

Solution. Since z" — 0 as n — oo for every |z| < 1, f, — 0 pointwise. Convergence
is not uniform since sup, 4 [ fu(2) — 0] = 1. Locally uniform convergence is equivalent
to uniform convergence on compact subsets. Let K be a compact subset of the open
unit disk. Define r = max,ek |2|. Then since r < 1,

_ — n| _— .n
gleafg(\fn(z) 0] rzneaé(\z| ™ —0 as n— oo.

Therefore, f, — 0 uniformly on K and hence converges locally uniformly.

(b) Let f: C — C be an arbitrary (not necessarily continuous) function and define
forn e N

£ (2) = {ﬂz), if |2 <n.

0, if |z| > n.

Show that the sequence (f,,) converges pointwise and locally uniformly to f, and that
it converges uniformly to f if and only if lim|. . f(2) = 0.

Solution. Let K C C be a compact subset and define r = max,c |2|. Then for all
z € K, the sequence f,(z) becomes stationary and equal to f(z) for n > r. Thus,
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(fn) converges uniformly on compact subsets of C and hence locally uniformly on C.
Moreover, (f,) converges uniformly on C if and only if

lim sup\fn( ) — f(2)| = lim sup |f(2)] =0,

n—oo = n—>oo| |>’I’L

which is equivalent to lim.|, f(2) = 0.

6.4. Let f be a holomorphic function on D = {z : |z| < 1} with f(0) = 0. Prove
that the series ¢(z) = Y0, f(2") converges locally uniformly on D.

Solution. Let 0 < R < 1. We first prove that ¢ converges uniformly on {|z| < R}.
For |z| < R, we take the path ~ as the straight line segment joining 0 and z. Then

w)dw -+ (0)] < M|,

where M = max|,|<g | f'(w)].
r<er <MY <MY R
n=1 n=1

which converges uniformly on {|z| < R} by the Weierstrass criterion. Let K C D be
a compact subset. Then there exists R < 1 such that K C {|z| < R}. Therefore, ¢
converges uniformly on each compact subset K, and hence converges locally uniformly
on D.

6.5. Weierstrass M-test Let f,,: A — C be a sequence of functions and M, be a
sequence of real numbers such that

|fa(2)| < M,, ¥n>1, Vz€ A and ) M, converges.

n=1
Prove that >-°°; f,.(2) converges absolutely and uniformly on A.

Solution: For each fixed z € A, we have the inequality

[fn(2)| < M.

Since the series Y2 ; M,, converges, by the comparison test, it follows that the series

i £a(2)
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also converges. Therefore, the series > °°; f,.(z) converges absolutely for each z € A.
Next, we show that the series Y07, f,.(2) converges uniformly on A. To do this,
we use the Cauchy criterion for uniform convergence. Let e > 0. Since Y 2, M,
converges, there exists an integer N > 1 such that for all p,g > N,

q
Z M, <e.
n=p

Now, for all z € A and for all p,q > N, we have

q

<) <3 M,

n=p

q
n=p
Thus, for all z € A, we get

< €.

i ful2)

This shows that the sequence of partial sums of >.0°, f,,(z) satisfies the Cauchy
criterion uniformly on A. Therefore, the series > .°° ;| f.(z) converges uniformly on A.



