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Exercises with a = are eligible for bonus points. Exactly one answer to each MC
question is correct.

2.1. MC Questions

(a) Which of the following functions is NOT holomorphic?

A) f(z)=2%+5
B) f(z) =2 —y*+x+i(y + 2zy)
C) f(z) = (cos(z) + isin(z))e™?

D) f(z)=x—iy+2

Solution: One can check using Cauchy Riemann equations that each function is
holomorphic except for D). Note that the function in B) can be rewritten as 22 + z
where as the one in C) is €”*, Hence A),B) and C) are clearly holomorphic everywhere.
Finally the function is D) is Z + 2 which is antiholomorphic.

(b) Given that the derivative of a holomorphic function f: C — C is expressed as a
power series

= Z b, 2",
n=0
which of the following is, for some value of the constant C' € C, the correct expression
for f(2)?
A) fl2) =02y ;2" +C
B) f(2) = Sitp e 4 C
C) f(z) =X0lobu2" ! + C

D) f(z) = S5 g™ +C

Solution: The correct answer is D. Given f(z) = Y1 a,2", we know that f'(z) =

S na,z"!, which can be rewritten as f'(z) = 3> (m 1)am+1zm. We get that
b, = (n+ 1)a,,1, inverting which gives the desired result.
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2.2. Complex numbers and geometry I Denote with A, := {iy: y € R} C C
the y-axis in the complex plane. Describe geometrically the image of A, under the
exponential map {e* : z € A,}. Repeat the same replacing A, with the z-axis
A, == {x: x € R} C C, the diagonal D := {a+ia : a € R} C C, and the curve
{log(a) +ia:a >0} C C.

Solution: We recall that from the definiton of exponential function the following
identity holds:

e = "™ = e*(cos(y) + isin(y)),
for every z = x 4+ 1y € C. Therefore, it follows that

exp(A,) = {cos(y) +isin(y) : y € R},

exp(A,) = {e® : z € R}, (in green in the picture)
exp(D) = {e*(cos(a) +isin(a)) : @ € R}, (in blue in the picture)
exp(G) = {a(cos(a) + isin(a)) : a > 0}, (in red in the picture).

These sets represent geometrically in the complex plane: the unit circle, the open
positive part of the z-axis, a logarithmic spiral, and an Archimedean spiral.

2.3. Integrating over a triangle Let 2 be an open subset of C. Suppose that
f : 2 — C is holomorphic, and that f’: Q — C is continuous. Show taking advantage
of the Green formula ! that

/dez:(),

!Let C be a positively oriented, piecewise-smooth simple curve in the plane, and let D be the region
bounded by C. If F = (F', F?): D — R? is a vector field whose components have continuous
partial derivatives, then Green’s theorem states: [, F -dr = [[,(0,F* — 8,F") dx dy.
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where the integration is along an arbitrary triangle T' contained in 2.

Solution: Write f = u + iv, let y(t) = x(t) + iy(t) : [a,b] — C be a parametrization
of T, and call €2 the interior of T, that is 02 = T. Then, by definition of complex
line integration we have that

[ra== [ 1@ @ar= [[wom) +wG@Ne o + iy o) d
= [0 (0) ~ oD ) i+ i [ W)y (1) + ol (1)) .
Set Y(t) = (x(t),y(t)) the identification of v as a curve in R?. Then, defining the

vector fields F(z,y) = (u(x,y), —v(z,y)) and G(z,y) = (v(z,y),u(z,y)) we get that
the above integral is equal to

[ﬁ-dr—l—i[@dr,
gl gl

which by Green formula and the Cauchy-Riemann equations gives finally

/fdz—// —0,v — Oyu) dxdy+z// — Oyv)dx dy = 0.

2.4. * Line integral I Compute the following complex line integrals. Here $(z) and
3(z) denote respectively the real and imaginary parts of z.

(a) [,(2* + 2)dz, when 7 is the segment joining 1 to 1 4 i.

Solution: We parametrize v as y(t) = 1 +it, ¢t € [0,1]. Then

/(z2 4 2)dz = /01(<1 )2 (L)) (1 4 it) dt = @'/01(2 — 2 4 3it) dt
—i(2—1/3+1i3/2) = —3/2 +i5/3.

(b) [, Zdz, when 7 is the unit circle {z € C: |z| = 1}.

Solution: We parametrize the curve 7 as t + €' for ¢ € [0, 27]. Then

Lédz = /Ozw(cos(t) —isin(t))(—sin(t) + i cos(t)) dt = 2i.

(c) [, z"dz, when v is the unit circle {z € C: |z| =1} and n € Z.
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Solution: Denote with C; = {z : |z| = 1} the unit circle. If n # —1. Then

pit(n+1) 27

2T . 2m
/ Z"dz = ’L/ emtelt dt = Z/ M) gt — 4 =0.
C1 0 0 n+1lp

For n = —1 we have

1 21 . . 2
/ —dz = / e et dt = / idt = 21
Cy 2 0 0

(d) [,2"dz, when v is the circle {z € C: [z —2| =1} and n € N.

Solution: Note that z" is continuous and has a primitive in C which is equal to

n+1 . . . . .
= Since we are integrating over a closed curve the integral is zero.

Alternatively note that by linearity of the integral and previous part the integral
of any polynomial over the unit circle C(0) is zero. Let g(z) be the polynomial
(20 + r2z)"™. Then

2m . .
:/ g(2)dz :/ (20 —|—relt)"ie’tdt
0
On the other hand

2 ) .
/ 2"dz = / (20 + re™) ' rie’dt = 7"/ g(2)dz.
Cr(0) 0 C1(0)

Hence it is also equal to zero.

(e) fv(z_a‘fﬁ when «y is the unit circle {z € C : |z| = 1} and a,b € C with

la| <1 < [b].
Solution: We have that

/C(z—a(jiz—b) :aib/c(zia_zil)dz

it it

o /2” e e "
S a—bJo (eft—a) (et —b)

We compute this integral in two steps: first, since |a/e"| < 1, we have that

21 it 27 1 2 £o0 "
dt:/ i.dt:/ ae " dt = o,
/0 o l—afet 0 ,;)

et —a
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because the only term that is not zero when integrated is when n = 0. On the other
side, since |1/b| < 1, we can rewrite

ett

2 it dt o et 1 ror i +oo intyn g _ g
/0 b/ T R MR S o

because term by term the integral is zero. Hence,

1 T
/c(z—b)(z—a) ==y

as wished. In both cases, we took advantage of Fubini’s theorem to interchange the
integration with the sum. We recall the statement: let (f,),>0 be a sequence of
functions such that

o [Yulfnldr < 400

2.5. Line Integral II Is it true that for any f: C+— C

%Lf(z) dzz[yé)%(f(z) dz

If so prove it, if not give a counterexample.

Solution: The statement is false. We provide a counterexample with the function
f(2) = z and the contour v as the unit circle parameterized by () = €% for t € [0, 27].
We have f(z) = z = €' along the contour, and dz = ie" dt. Therefore, the LHS
integral becomes:

2 . 2
/f(z) dz:/ e”-iendtzi/ e dt = 0.
v 0 0

Thus,

R (A £(2) dz) — R(0) = 0.

Along the unit circle, f(z) = e = cos(t) + isin(t), so R(f(z)) = cos(t). Thus, the
RHS integral becomes:

/éR ))dz = / 7Tcos(zf) -ie' dt.
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Expanding e = cos(t) + isin(t), we get:

i /0 7 cos(t) (cos(t) + isin(t)) dt — i /0
This simplifies to:

i </027T cos?(t) dt + i /O% cos(t) sin(t) dt> :
We know that:

/0% cos’(t)dt =n and /O27r cos(t) sin(t) dt = 0.

” (0052(75) + i cos(t) sin(t)) dt.

Therefore, the integral is:

7T

2.6. * Differentiability

(a) Prove (without using the Cauchy-Riemann equation) that the functions
f(z) =R(z), g(z) =S(2)

are not differentiable at any point.

Solution: We have:

fz+h) = f(2)

hJ%%GR h =1L
On the other hand:
fleth) =)

h—0,heiR h

Therefore, the general limit does not exist. A similar argument holds for g(z).
(b) Let a,b € C. Find all points in C where af(z) + bg(z) is differentiable.
Solution: We can rewrite the expression as:
2 b(s— =
af () + by(2) = a(z +z) N (z z)‘

2 21
Simplifying this, we get:

af(z) +bg(z) ==z <; —zZ) +z<; —l—zg) :

The function is differentiable if and only if Z (% + z%) is differentiable. But since z is
not differentiable unless z = 0, we conclude that for z # 0 the function is differentiable
if and only if a = —b.
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