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Chapter 0

Introduction

Our goal this semester is to study functions f : C — C defined on the complex plane
C, or on an open subset of C.

We will see that the study of complex function theory is not simply the study of
functions on R?. We will see that in many ways the theory of one real variable is
more complicated than the theory of functions of complex variable. To give an idea

of what we mean, let us try to compare and contrast:
1. It is not too difficult to write down a function of a real variable that is n times
differentiable but not infinitely differentiable, for example
z?sin(1/2?) ifz#0
0 if £ =0.

fz) =

The derivative of f exists for every x including x = 0, but the derivative is not
continuous. By integrating f as many times as you like, you get a function
that is n times differentiable, but not infinitely many times differentiable.

In contrast we will see that if f : C — C is differentiable once, it is differentiable

infinitely many times.

2. There are functions f : R — R that are infinitely many times differentiable,
but whose Taylor seres does not represent f i.e. f is not analytic. For example
consider

1 .
exp (—?) ifx#£0
0 ifx =0.

flz) =

Then f is infinitely many times differentiable. Unfortunately at x = 0 all
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derivatives are zero. Hence its Taylor series is identically zero and cannot
represent f.

In contrast, if f : C — C is a function of complex variable which is differen-
tiable, then f is analytic, i.e. it can be represented by a power series (in C

differentiable = analytic).

3. There are plenty of C*° functions of a real variable that are bounded, for
example sin z, cos .
In contrast we will see that if a function f : C — C is differentiable and

bounded then it is constant (Liouville’s Theorem 2.4.6).

4. For two functions of a real variable f,g f and g can agree on an open set
without being equal.
In contrast, if f,g: C — C are two differentiable functions which coincide on
an arbitrary small disc (or even on a convergent sequence (z,)), then f =g

(Analytic continuation principle 2.4.16).

Remark. The power of complex function theory comes from this ”"robustness” or
rigidity. It is a subject where in some sense analysis, geometry and algebra come
together. This, we will see, allows one to prove theorems that a priori have nothing

to do with complex numbers.

1. With complex analysis one can show the Fresnel integrals (example 2.3.2)

/ cos(tz)dt :/ sin(tQ)dt = \/j?
0 0

2. Let 7(z) := #{p prime|p < x}. Then with complex analysis one can show

X

m(x) (Prime Number Theorem).

z—oo logx

3. If f € Clz] a non zero polynomial, then f has a zero in C (Fundamental
Theorem of Algebra 2.4.7 or exercise 3.4.5).




Chapter 1

Preliminaries to Complex

Analysis

1.1 Complex numbers and complex plane

DEFINITION 1.1.1: COMPLEX NUMBERS

The complex numbers are defined by
C:= {z +iy|lz,y € R,i2 = —1}.
For z = x + iy € C we define the real part of z
Re(z) :=x

and the imaginary part

Im(z) :=y.

DEFINITION 1.1.2: COMPLEX CONJUGATE

The complex conjugate of a complex number z = x + iy is defined by
Z =T —1y.

One can also show that

Re(z)
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Also

zeERs 2=7,

z€iR&e z=—Z.

Complex numbers can also be represented as ordered pairs of real numbers in R?
with z = (z,y) where we have z = w with w = (u,v) if and only if x = v and y = v.

Let z = x + iy and w = u + v, then the addition of z + w in C is given by
z4+w:=(x+u)+i(v+y)
and the multiplication

z-w = (zu —vy) +i(xv + yu).

DEFINITION 1.1.3: ABSOLUTE VALUE OF A COMPLEX NUMBER

The norm/absolute value of a complex number is given by
2| := V2Z = V22 + y2.

We can also represent the complex numbers in polar coordinates with x = r cos 6

and y = rsinf. We write z = re’.

Im

rsin@r-------

7 cos Re

The polar representation is not unique unless we restrict § € (—m, 7| or any other

interval of length 27.




1.1 Complex numbers and complex plane

DEFINITION 1.1.4: ARGUMENT

The angle 6 is called the argument of z. It is defined uniquely up to a multiple
of 27 and is denoted by arg z

argz = {0 e R | z = |z]e%}.

The argument chosen in the interval (m, 7] is called the principal argument

and denoted by Arg z.

Remark. No assignment of argument is made to 0 € C.

For z = x + iy # 0 we have

arcsin(y/|z|) ifx >0,
Argz = 7 — arcsin(y/|z|) ifzx<0andy>0

—m — arcsin(y/|z]) if x <0andy <0.

Observe that arg(z~1') = —arg z and arg(zw) = arg z + argw. But it is not always
the case that Arg(z~!) = — Arg(z) or Arg(zw) = Arg(z) + Arg(w). For example
Arg(—1/2) =7 # — Arg(—2) = —mand © = Arg(—1) = Arg((—i)(—1)) # Arg(—i)+
Arg(—i) = —m.
Also recall the following;:

o [2]=0 <= 2=0 VzeC

o |[21| = |22]| < |21 4 22| < |z1| + |22] V21,22 € C

o |z129] = |z1||22| V21,220 €C

o [z] =]

o |Re(z)| < z], |Im(2)| <z VzeC

We can also represent the complex numbers as 2 x 2 matrices. For z = a + ib, w =

¢+ id let
a —b c —d
Z = and W =
b a d c

JW — (ac —bd —(bc+ ad)) '

then

bc + ad ac — bd

On the other hand zw = ac—bd+i(bc+ad), hence the multiplication in C corresponds

to multiplication of corresponding matrices in M(R). We can represent any z € C'




1 PRELIMINARIES TO COMPLEX ANALYSIS

with the matrix
Rez —Imz
Imz Rez |
1.2 Topology and convergence

DEFINITION 1.2.1: OPEN DISK

The open disc of radius r centred at zp is denoted by D,(z9) = {z € C :

|z— 29| < r}. The corresponding closed disc is D, (z9) = {z € C: |z—zo| < r}.
The boundary of D, (zp) is the circle Cy(zp) = {z € C: |z — 20| = r}.

DEFINITION 1.2.2: CONNECTED AND DISCONNECTED

A subset A C C is called disconnected if there exist open sets U,V C C
such that U NV = &, both U and V have non-empty intersections with A,
and A CUUYV. A subset of C is connected if it is not disconnected, and is

called a region or a domain.
Remark. Any two points z1,20 € A where A C C is open and connected can be
joined by a polygonal path, hence A is automatically path-connected.

For a more in depth recap consider the Analysis I and Analysis II scripts of Prof.
Alessio Figalli (Analysis I) [2] and Prof. Joaquim Serra (Analysis II) [3].

1.3 Holomorphic functions

DEFINITION 1.3.1: HOLOMORPHIC FUNCTION

Let Q C C be an open set, f: Q — C. f is called holomorphic (or complex
differentiable) at zp € Q if the limit

g G = f20) _ . f(zo+ 1) = f(z0)
e - 1 h

exists, where h € C is chosen such that zg + h € Q. We call the limit the
derivative of f at zp and denote it by f’(z20). f is called holomorphic on
Q if it is complex differentiable at every zg € Q. f is called entire if it is

differentiable on C.
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Example 1.3.2

Let f:C— C,z+— 2. Then

lim f(z0+h) — f(20) — lim z0+h— 2 1

h—0 h h—0 h

PROPOSITION 1.3.3: BASIC PROPERTIES

Let H(2) = {f : Q@ — C | f is holomorphic on Q}, then H(QY) is a C-vector
space. Moreover, if f,g € H(Q2), the following holds:
1. af + Bg is holomorphic on Q for any o, € C, and (af + Bg) =
af + B4g'.
2. fg € H(Q) and (fg9)' = f'g+ fg
3. If g(z0) # 0, then f/g is holomorphic at zy and

7oy = 2521

Further, if f : QQ — U and g : U — C are holomorphic, the chain rule holds

(g0 f)(2) =g (f(2))f'(2) for all z € Q.
Remark. If f: Q — C is differentiable at zy € C, then there exists a complex
number ¢ € C such that

f(2) = f(20) + ¢(z = 20) + E(2, 20)

with F : Q — C satisfying
E(Zv ZO)

Z— 20

lim

Z—20

=0.

Here ¢ = f/(z0).
Example 1.3.4

f(z) = z if differentiable anywhere. This together with the previous proposition
gives us that every polynomial p(z) = a,2" + a,_12"" + --- + ag is differentiable

for all z € C, and for example, (2")" = nz""1.

Here is an important non-example.
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Example 1.3.5

f(z) =%, let zgp € C. Then we have

f(zo+h)— f(20) 20+h—7
h h

If we choose h = t, t € R with ¢t — 0, then this limit is 1. If we choose h = it,
then the quotient evaluates to —1, hence the limit does not exist as h — 0. Hence
f(2) = Z is not complex differentiable.

If we view f as a function of 2 real variables f : R? — R2, (z,y) — (z, —y), or

- 1 0 T
e, )()

f is linear and hence differentiable anywhere in R2, with Jacobian

1 0

0 -1/
Recall: F : R? — R? is differentiable at pg = (xq,0) if there exists a linear map
J : R? — R? such that

lim | F(p) — F(po) — J(p — po)|

- 0.
p—po P — pol|

Recall from Linear Algebra we can view C as a 1-dimensional vector space over C,
with basis {1} or as a 2-dimensional real vector space, with basis {1,7}. A map
T :C — Cis aC linear if T(z) = Az for some A € C. On the other hand T': C — C
is R linear if T'(z) = T'(x + iy) = «T(1) + yT'(i) = Az + pz, where

A= 5(T(1) = 7). p = 5(T(1) +T(0)

which can be seen using
z+z z—Z

TE Ty YT Ty

Hence any C-linear map is also R-linear (with ¢ = 0), but not every R-linear map
is C-linear. It is C-linear if and only if ;4 = 0, which is equivalent to 7'(i) = iT'(1).
If T(1) = a+ bi and T(i) = ¢+ di, then T'(3) = ¢T'(1) if and only if b = —c,a = d.




1.4 Cauchy-Riemann equations

If we identify C with R?, a R-linear map is also C-linear if its matrix
a by [a —c
c d c a)

Note the matrix corresponding to (z,y) — (x, —y) was

o)

How does this Linear Algebra fact reflect on the complex and real differentiability

of a function f: C — C?

and does not have the desired form.

1.4 Cauchy-Riemann equations

Let f : C — C holomorphic at zy, f(x + iy) = u + iv. We can also view f as a
function on R? defined by f: R? — R2, (z,y) — (u(z,y), v(x,y)). Then the limit

lim f(z) = f(20)

Z—20 zZ— 20

exists. First approach zg along z = z + iyg, ¢ — xo:

f(x +iyo) — f(xo + iyo)

f'(z0) = lim
T—TQ Tr — X
— lim u(x,yo) — u(xo, yo) L lim v(z,y0) — v(0,Y0)
T—TQ T — X T—T0 T — X0
- ua)(x(]vy()) +iUx($07yO)~ (11)

In the similar manner we can approach zg with z = zg + iy, y — yo, then there is
I'(20) = vy(20) — iuy(20) (1.2)

The two equations (1.1) and (1.2) must be equal, hence the Cauchy-Riemann

equations hold

Uy =vy and uy = —U,. (1.3)
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In terms of the real function f , we have

Jj= <8u/8x Bu/ﬁy)
ov/dx 0Ov/dy

where one can also see that the Cauchy-Riemann equations must be satisfied for the
matrix to represent a C-linear map. We also define the differential operator

o _1(o 0\ 0 _1(do .0
dz 2\0x Oy 0z 2\o0x oy)’

PRroPOSITION 1.4.1: 9z AND 0%

If f is holomorphic at zp and f(z) =u+iv. Then,

gi:(zo) =0 and f'(20) = O (20) = 22

If we write

(z,y) — (u(z,y),v(z,y))

so that f(z) = f(:v,y), then f is real differentiable with Jacobian

gi (M W) ot ) (me )
Uy Uy —Uy Uy Vg Ug
and det Jf = |f'(z0)[* = u2 + u2 = u + 2.

Proof.

of _1 2+2£ (u+iv)
oz 2\az oy v
= —(uy + vy + iuy — vy)

N =N

((uy — V) + i(vy + uy)) =0,

10
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where we applied Cauchy-Riemann equations (1.3). Adding (1.1) and (1.2) and
dividing by 2 we get

(z0) = 5 (o 0) + a(0) + vy z0) = iy (20)
= 2 (az0) + (20)) — i (g (z0) + ity 20))
9 ?
— 5 (g ftn) — i 1)
= if(zo)
Also we can see that
, | N
f'(20) = up + 10y = up — fuy = 26—1:.

Now we show the last part of the proposition. If zg = zg — iyo and h = hy + hoi.

Since f is holomorphic at zg, it means
f(z0+h) = f(20) = f'(20)h + e(h)h
with limp,_,ge(h) — 0. If f'(z0) = a + b,
f’(Z())h = (a + Zb)(hl + hQi) = ahy — bhy + i(bhl + ahg)
. a —b hl
b a ) \hy)
If we write f(z,y) : R2 = R2, then

|f((x0,y0)+(h1,h2)) — F(xo,y0) — (Z b> (g)‘
a 2

—0

|(ha, ha)

as || — 0, which means f is differentiable with a C-linear differential. A quick

computation shows that the Jacobian determinant takes the given value. 0

Remark. Recall

1. C can ba identified with 2 x 2 real matrices of the form

()

11
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2. f:R2 5 R2 (z,9) = (u(z,y),v(z,y)),

Jf = (“x “y).
Uy Uy

Now if f/(29) = a + bi, then the Jacobian of the corresponding f should be in

()

Hence we can see the Cauchy-Riemann equations.

the form

We have seen that f being differentiable at zy implies that f satisfies the Cauchy-

Riemann equations. There is a partial converse.

THEOREM 1.4.2: CAUCHY-RIEMANN EQUATIONS AND DIFFERENTIABILITY

Suppose Q C C is an open subset and f : Q — C with f =u+w. Ifu,v are
continuously differentiable and f satisfies the Cauchy-Riemann equations in
Q, then f if differentiable on Q and f'(zp) = %f(zo).

Proof. Let zp = (xo,y0) € Q and h = (hy, he). Since u and v are differentiable, we
have

u(zo + h) — u(20) = uz(20)h1 + uy(20)ha + |hle1(h),

where €1(h) — 0 as h — 0, and
v(z0 + h) —v(20) = vo(20)h1 + vy(20)ha + |hlea(h),
where €3(h) — 0 as h — 0. Hence we have

f(z0+h) = f(20) = (u+iv)(20 + h) = (u+iv)(20)
= (Opt — iDyu)hy + (Byu + i0pu)hy + [hle(h)  (1.4)
= (Opu — i0yu)(h1 + hai) + |hle(h),

where e(h) = €1(h) + iea(h) and we used the Cauchy-Riemann equations (1.3) in

12
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(1.4). This implies

_ | fo+h) = flz20)

(Ozu(z0) — i0yu(z0))

h
_ ’f(zo + h) — f(20) — (Ozu(20) — 10yu(20))(h1 + hai)
h
_ |hllem)]

Since limy,_q [e(R)| = limp_y0 \/21(h)? + €2(h)? = 0, using the definition of the limit
we conclude that
f(z0+h) — f(20)

}lzig(l) Y = O0,u(20) — 10yu(zp).

In particular the limit of the differential quotient exists and f is differentiable. Using

Proposition 1.4.1 we finally get

f'(20) = Opu(z0) — i0yu(z0) = 2?;:(20) = ZJ;(ZO).

Example 1.4.3

f(2) + 2% + y? + i2zy, then
Ot =2z Oov =2y

Oyu =2y Oyv=2x

Hence f is only differentiable at y = 0, that is, for any z = «.

1.5 Power series

Recall that a power series is a series of the form

o0
Z anz" z € C.
n=0

13
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THEOREM 1.5.1: POWER SERIES AND RADIUS OF CONVERGENCE

Let
[o¢]
> e
n=0

be a power series. Then there exists R € R with 0 < R < oo such that
1. if |z| < R, then the series converges absolutely,
2. if |z| > R, then it diverges.

Moreover, with the convention that 1/0 = oo and 1/o0 =0, R is given by

.
R= lim sup |an|"/".

n—o0
R is called the radius of convergence and Dr(0) = {z € C : |z| < R} is

called the disc of convergence.

Example 1.5.2

The exponential function is given by

One can check that

so the power series converges for all z € C.

THEOREM 1.5.3: RADIUS OF CONVERGENCE OF THE DERIVATIVE

The power series f(z) = Y -7 anz" defines a holomorphic function in its

disc of convergence and moreover,
[o.¢]
! —
fi(z) = g naypz"
n=0
and f' has the same radius of convergence as f.

Proof. Let R be the radius on convergence of f. Since lim nn = 1, limsup |a,n|"/" =

1/n

limsup |a,| /™ = R, hence Y o2 na,2""! has the same radius of convergence. Now

let z € C with |z| < R. Choose § > 0 such that |z|] + < R (for instance take

14
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d=(R—1z2])/2). Let h € C, |h| < 0, we want to show

h)
if(z—'— Znanz ‘
as h — 0. We have
h = ay, h)™ — a,
fz+h) Znan |: Za (z+ ])1 n? — napz" |
n=0

_ Z ‘an’ (Z) hk—lzn—k nzn—l
n=1 k=1
= Z |an| (Z) ph—1 n—k
n=2 k=2
oo n n -
< S lanlntn =) 3 (5 I 2Aer i,
n=2 k=2
(1.5)

where for (1.5) we used that for k > 2,

(1) =50 70) =i (2) =0 22)

It follows that

‘f<z+ N=IE S gt < ) Z Jan|n(n —1)(|2] + [h])"
n=0

h

-2
<\h|z\anynn—1)<R+2|z’> . (16)

In (1.6) we used that

R~ R+
B+ Je < 4 1o < B2l 2 2|Z|.
Note that
R
J;|Z|<R,

hence the power series converges for all |z| < R. Taking the limit as h — 0 gives

15
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that for all |z| < R

h h) —
a, =t Znan = = fi(z)=lim flz+ 2 f()
= 3 na,z" !

This concludes the proof.

Example 1.5.4

1. Exponential function:

CARp.
' )
— nl
(ez)/ — eZ
2. Trignometric functions
iz 4 iz 0 »2n
cos z = =>» (="
' )
2 o (2n)!

iz fiz

2n+1

oo
sz = gt = S D Gy

The trignometric functions are not bounded on C.

3. The geometric series o
>
n=0

converges in D;(0) (for |z| < 1).

4. The alternating harmonic series

n:l

converges for |z| < 1. It also converges for z = 1 (by Leibniz Criterion) but

diverges for z = —1, where it becomes the harmonic series.

16
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1.6 Complex line integrals

DEFINITION 1.6.1: SOME BASIC DEFINITIONS

A parametrised curve in C is a continuous function
v :la,b) — C

where [a,b] C R is a closed interval.

A smooth curve is a curve v : [a,b] — C with v(¢) = =(¢t) + y(t), for
which ~/(t) = 2/(t) + iy/(t) exists for all ¢ € [a, b] and +/(t) is continuous with
v (t) # 0 for all ¢t € [a,b]. Here

+(a) = lim 22 h) —~(a)

h—0 h
h>0

A piecewise smooth curve is a curve v : [a,b] — C which is continuous
and there exist points a = a9 < a; < --+ < a, = b such that v is smooth on
each [a;, a;y1].

A curve is called closed if vy(a) = ~(b).

A curve is called simple if it is not self intersecting i.e. y(¢) # ~y(s) unless
s=tors=a,t=0>0.

7 : [e,d] — C is called a reparametrisation of 7 : [a,b] — C if there exists
a function o : [e,d] — [a,b] which is bijective and o’(t) > 0 (orientation

preserving) for all ¢ € [¢,d] and ¥ =y o 0.

There are some elementary methods to change or combine curves

1. Change of orientation: If y : [a,b] — C. The reverse path is given by —~v or
v~, where —v : [a,b] = C,t — v(b+a —t).

2. If 71 : [a,b] — C and 72 : [a2,b2] — C two paths such that v1(b1) = v2(a1),
then the concatenation or the sum of the two paths v1,y2 is a path

Y1+ 72 ¢ [ar, b1 + by — ag] — C,

’yl(t) if al S t S b1
(11 +72) =
Y2(t — b1 + ag) if by <t <by+by— as.

17
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Example 1.6.2

1. Given z1, 29 € C, then the line segment between them is

v la,b] — C
t— (1 —t)Zl + t2o.

2. Let vy : [0,4] — C be defined by

t ifo<t<1
I4+i(t—1) f1<t<2
(3—1t)+1 if2<t<3

i(4—1t) if 3<4.

This is a concatenation of 4 curves to form a square.

3. A circle with centre zy and radius r has the paramatrisation

~v:1[0,27] — C

t—s 2o + re't.

Next we want to define complex path (line) integrals. Recall, if g : [a,b] — R

continuous then it is Riemann-integrable:

LZ@@

If h: [a,b] — C, we can define the integral as the integral of the real and imaginary

L%mmzl%mmH@[@@m

where h(t) = hi(t) + iha(t).

parts:

DEFINITION 1.6.3: PATH INTEGRAL

Suppose 7 : [a,b] — C is a smooth path and f: Q — C is a complex valued
function which is defined and continuous on y. We define the integral of f

along v by

b
z)dz = "(£)dt.
A 1(2) / Fve) (Bt

As long as we can show that the integral is independent of the parametrisation of

18



1.6 Complex line integrals

v, this gives a well-defined definition for the path integral. Indeed, one can prove

that for 4 : [¢,d] — C where 4 = (v o 0) for some o : [¢,d] — [a, ], then

Af(z)dz:Lf(z)dz

PROPOSITION 1.6.4: BASIC PROPERTIES OF PATH INTEGRALS

Let f,g: QQ — C continuous functions on v,7v1,v2, where v, v1 and vy are
piecewise smooth curves v,v1,7v2 : [a,b] — C. Then,
1. The line integral is linear, that is, if a,b € C, then

/7<af+bg>dz=a/7fdz+blgdz.

2. If v~ is v with the reverse orientation, then

/vf(z)dz = —[y_ f(z)dz

/%m /7 dz+/2 iz
/Yf(z)dz

where sup,¢., | f(2)] = SUD¢eq,b) |f(v(t)] and

4. We have

< S0 | f(2)[length()
zey

aH—l
length(~y Z / (t)|dt.

Proof. 1. Follows directly from the linearity of the Riemann integral.

2. If v : [a,b] — C, then we define the reverse path v~ : [a,b] — C by
7 () =v(a+b—1),

and its derivative is
v () == (a+b—1t).

This gives

b
/ f(z)dz:—/ Fyla+b—t)7 (a+b—1)dt.
. .
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1 PRELIMINARIES TO COMPLEX ANALYSIS

Now, let u=a+ b —t, so du = —dt. Then we have

a b
/b POt @ du == [ Fo0) (@) du

3. Follows directly if one writes it out.
4. We have

a1+1

DEFINITION 1.6.5: PRIMITIVE

A primitive of f on € is a function F' that is holomorphic on 2 and such
that F/ = f.

THEOREM 1.6.6: PATH INTEGRALS AND PRIMITIVES

Let f : Q@ — C continuous on Q C C (open). If f has a primitive F in §2
and vy is a curve which begins at z; and ends at zo (v : [a,b] = Q,v(a) =

21, W(b) = ZQ)‘
Then

/f(z)dt = F(z9) — F(21).
g

Proof. Let F' = u(z,y) + tv(x,y). First, assume  is smooth. Define G : [a,b] — C,
t— F(y(t)) = F(x(t),y(t)), where v(t) = x(t) + iy(t). We compute
G'(t) = ug(x(t), y(1)) 2" (t) + uy (1), y(1)y' () +i(va (x(t), y(t)) + vy (x(t), y(1))y'(¢))-

The Cauchy Riemann equations say that

Uy = Vy and Uy = —Vy,
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1.6 Complex line integrals

G'(t) = ug(x(t), y() 2 (t) 4+ uy (x(t), y(1)y' (t) +i(va (2(t), y(t)) + vy (x(t), y(t))y' (1))
= (ug (2, )" — ve(z, y)y') +i(ve (2, y)2" + ue (2, y)y)
(

)
(uz(,y)z

= (ug(2,y) + ivg(z,y
(usz(z,y
)

N’ (t) + (—ve(x,y) + iva(2,9))y' (1)
= (uz(,y) + vz (2, y)) (2 (t) + /(1))
= Fu(z(t), y(1)"'(t)
= F'(x(t), y(t)Y'(t)

/ L
G(b) — G(a)
= f(v(b)) — f(~(b))
= f(22) — f(=1)

If ~y is piecewise smooth, then [a,b] = [a1,a1] U - U [an—_1,an] (a = ap,b = a,) and

Y=+ -+ v-1 each v; = Vias,ais1]- Then,

/f(z)dz:/ dz+'-‘+/ dz
0 71 Tn—1

F(y(a1)) = F(y(a1) + F(v(az)) — F(y(a1)) + -+ + F(y(an)) = F(7a,_,)
F(y(b)) = F(y(a)).

COROLLARY 1.6.7: CLOSED CURVE VS. PRIMITIVE

If v is a closed (y(a) = (b)) curve on an open set Q, f continuous on )

and has a primitive in §, then

L f()dz =
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1 PRELIMINARIES TO COMPLEX ANALYSIS

COROLLARY 1.6.8: f' =0

If f: Q — C is holomorphic where € is open and connected. If f' =0 then

f is constant.

Proof. We want to show that for any two points z,w € Q, f(z) = f(w). Since Q is
open and connected, there is a (polygonal) path ~ : [0,1] — € connecting z to w
such that v(0) = z,v(1) = w. Now since f is holomorphic, f is clearly a primitive

of f/, hence

[ £iaz=160) - #60)
g
= f(2) = f(w).
But since f’ = 0 the integral on the left is zero. Hence f(z) = f(w). O

Example 1.6.9

Let f: C\ {0} — C,z~ 1/z. Claim: f has no primitive on C\ {0}. Indeed, let
v : [0, 27] — C,~(t) = exp(it).

2 ) ) 27
/f(z)dz = f(e®) -iettdt =i dt = 2mi # 0.
.

0 0

This shows that f cannot have a primitive.

Example 1.6.10
What is

/ 22dz,
~

where v : [0,1] = C,t — t + 7wit?. F(z) = 23/3 is a primitive of f, hence,

)3
/?%z—qu»—me»—“+é).
i

An alternative solution is to directly use the definition of the line integral:

1
/szz - / (t+ wit?)? (1 4 2rit)dt
o 0

(1 + mi)3
—
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Chapter 2

Cauchy’s Theorem and Its

Applications

If f is holomorphic in

Q) C C an open subset and v C 2 a closed curve whose interior

is contained in €2, then

/7 f(z)dz = 0.

2.1 Goursat’s Theorem

THEOREM 2.1.1:

GOURSAT’S THEOREM

Let Q2 C C be an open set and T C C a triangular with 0T = -y, whose interior

1s contained in €.

Let f: Q0 — C a holomorphic function. Then

[yf(z)dz = 0.

Proof. Note that a triangle 7" is a closed curve, which is the union of 3 line segments.

If T has corners at

21, 29,23 € £, with line segments «y, as, a3 such that T =

o1 + ag + as = (21, 22, 23), where
e

a1(t) =21+t —-0)(22—21), 0<t<1,
ag(t)222+(t—1)(23—22), 1§t§2,
Ck3(t)=2’3+(t—2)(21—23), 2<t<3

A = {Z € C: z = t1z1 + tozg + t323,0 < tq,t9,t3,t1 + to + t3 = 1}, is the

smallest convex set containing z;, where 7 € {1,2,3}. Note that im(7") = dA. Define

23



2 CAUCHY’S THEOREM AND ITS APPLICATIONS

T — <z§n), zén), zﬁn)> as follows:
1. 7O =T

2. When T is defined as <z§n), zén), zén)>, then 7Y is one of the following
4 (counterclockwise) triangular paths formed by joining the midpoints of the

sides of T();

T1(n+1) _ <Z§n) +Z§n) Z(") Zén) _’_Z:())n)>7

2 2 2
D) R PO o™ + 27
2 2 »~3 2 )
Tt _ <Z§")+Z§”) RO +Z§")>
3 - ) y <41 2 )

ey _ 0D 0D 0
4 2 ’ 2 ’ 2 :

We notice that there will be some cancellations of line integrals along these paths,

this means that

/T(") fdz = /Tl(”+1) fdz + /T2("+1) fdz+/T§n+1) fdz+/T§n+l) fdz.
/TZ.(”“) f(z)dz|.

We choose T(™ as one of fl’i(n), 1 <i <4, so that

/ f(z)dz|.
T(n+1)

Let A(™ be the field triangle with A = T By construction,

Hence,

< 4 max
1<i<4

f(z)dz

T(n)

<4

f(z)dz

T(n)

A=AODSADSA® 5.

Put d, := diam (A(”)) = SUp, ,eam |2 — w| and p, = perimeter of A By

construction one can see that

d
= — and pn:&.

d"_?n on
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2.1 Goursat’s Theorem

Hence d,, — 0 as n — 0. Define

I:= < 4"

/dez

/ fdz
T(n)

Let 2z be the unique point such that zy € A™ for all n (which exists due to nesting

principle (Proposition 2.1.2)). Since f is holomorphic at zp, we have

f(z) = f(20) + ['(20)(z — 20) + E(z — =),

with

1o 1BG)]

Z—20 2 — 20

=0.

Clearly E(z) is continuous at zo and lim,_,,, E(z) = 0. We compute

(2)dz = ) f(20) + f'(20) (2 — 20) dz + E(z)dz.

T(n) T(n T(n)

~~

=0

The first term vanishes because

9(2) = f(20)z + ['(20)(2 — 20)?/2

is a primitive of the integrand. Hence we can reduce the estimate to
/f(z)dz / f(z)dz
T T(n)

E(z)dz
T(n)

I= < 4" =4" E(z)dz|.

T(n)

Not let
I, =

For given € > 0, choose Dg(zp) C © (§ > 0 small) such that

|B(2)| < elz — =]

for all z € Ds(29). Because d,, = diam (A(”)) — 0, there exists N € N such that
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

d, < & for all n > N. This implies that A ¢ Ds(zp) for all n > N and we get
1] = 4"|L|
/ E(z)dz
T(n)
<o [ 1BG)a]
(n)

< 4ne /m 12 — zo||dz|

< 4ned, / 1dz|
T(n)

=4"ed,p,

— 4

= 4”62—212)—2 = edypo.

This implies I = 0 as € > 0 is arbitrary. O

PROPOSITION 2.1.2: NESTING PRINCIPLE

If A > A 5 AR D ... g sequence of non-empty compact sets in C with
the property diam (A(”)) — 0 as n — oco. Then there exists a unique point
2o € C such that zg € A for all n € N.

COROLLARY 2.1.3: INTEGRAL OVER A RECTANGLE

If f is holomorphic in an open set € which contains a solid rectangle R and
its interior with R = R. Then

/R F(z)dz = 0.

THEOREM 2.1.4: GOURSAT 2ND VERSION

If f is continuous on Q C C and holomorphic on Q\ {20} for some zy € Q,
then

f(z)dz =0,
OR

where R is any rectangle whose interior is also in Q.

Proof. Assume without loss of generality that zg € R. Let n be a positive integer.
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2.2 Cauchy’s Theorem in a disk

Divide the big rectangle into n? congruent rectangles. Once again we have

/Rf(z)dz = Z Z f(2)dz.

k=1 =1~ Bre

If zp ¢ Ry then kaéf(z)dz = 0 by Corollary 2.1.3. If 25 € Ry, then

/RM fdz

where M = max,cr |f| and L = perimeter of R. The point zy can belong to at

L
< M - (perimeter of Rys) = M —,
n

most four rectangles, hence

AML
f(z)dz| < ,
R n
let n — oo we get
/ f(z)dz =0.
R

2.2 Cauchy’s Theorem in a disk
THEOREM 2.2.1: HOLOMORPHIC FUNCTIONS VS. PRIMITIVE

A holomorphic function in an open disc D has a primitive in that disc.

THEOREM 2.2.2: INTEGRAL OVER RECTANGLES AND PRIMITIVES

Let D be an open disc in C and f a continuous function on D with the property

that
/ f(z)dz=0
OR

for every closed rectangle R C D, whose sides are parallel to the coordinate

axis. Then f has a primitive in D.

We will use this theorem to prove Cauchy’s Theorem.
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.2.3: CAUCHY’S THEOREM IN A DISC

Suppose D C C is an open disc, f holomorphic in D (or more generally,

continuous in D and holomorphic in D\ {zo} for some zy € D). Then

[yf(z)dz =0

for every closed (piecewise smooth) curve in D.

Proof. Suppose f is continuous in D and holomorphic in D\{zp}. Then by Goursat’s

Theorem 2.1.4,
/ f(z)dz=0
R

for every rectangle, in particular also the ones whose sides are parallel to the coor-

dinate axis. Then by Theorem 2.2.2, f has a primitive in D, hence, by Corollary

1.6.7
/ f(z)dz = 0.
2l

O

Proof of Theorem 2.2.2. Let zy = xg + iyo be the centre of the disc D. Let z € D
with z = x + iy # z9. Let 21 = z + iyp and 20 = z¢ + iy. By assumption,

/R f(2)dz =0,

so we have

0:/:f(z)dz+/2:f(z)dz+/:1f(z)dz+/zjof(z)dz,

where the upper and lower limits are to be understood as begin- and endpoints of
the line integral along the edges of the triangle. We define F' : D — C as follows.
For z € D

P = [ flupdu+ :f(w)dw-

Using the previous equation we have

P = | flwdu + [ F(w)dw.
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2.2 Cauchy’s Theorem in a disk

We parametrise the line segments to get

F(z)=1 ’ fxo +it)dt + /w f(t +iy)dt (2.1)

Yo

or

F(z) :/xf(t+z’yo)dt—Iri/yf(x—i—it)dt. (2.2)

Yo
The Fundamental Theorem of Calculus states that if g : (a—7, a+r) — C continuous,

then
d X

= | gt = g(a).

We now use this result and differentiate (2.1) and (2.2) with respect to = and y

respectively to get
OF

=) = fla+iy)

and
oF

ETy(Z) =if(x +1y),

both of which are continuous by assumption, hence F is C! as a real function. If

we write F' = U + 1V, we get

_OF _oU oV
f(z) = Fr %‘H%
(W) v
oy oy oy oy oy

This shows that F satisfies the Cauchy Riemann equations. We can apply Theorem

1.4.2 to obtain that F' is holomorphic and F'(z) = a%F(z) = f(z). Therefore, we

conclude that f has a primitive F.

COROLLARY 2.2.4: INTEGRAL OVER A CIRCLE

f is holomorphic in an open set containing a circle and its interior, then

/C F(2)dz = 0.

THEOREM 2.2.5: CAUCHY’S THEOREM

If f is holomorphic in ), v is a closed curve whose interior is also in €,

then
/ f(z)dz =0.
5
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

Remark. Corollary 2.2.4 is in fact valid whenever we can defined the interior of a
contour unambiguously and construct polygonal paths in an open neighbourhood of
the contour and its interior. Any closed curve where the notion of interior is obvious
is called a “toy contour”. They are useful because we can deform every loop into a

circle which is homotopic to it, the domains are indeed simply connected.

Remark. Note that Cauchy’s Theorem does not say anything about the integral
of f over arbitrary closed curves. Indeed for f(z) =1/z, Q@ = C\{0}, and v = C1(0),

we have
1
/ —dz = 2mi # 0,
C1(0) #

because C \ {0} is not simply connected.

2.3 Applications of Cauchy’s Theorem

Now we will see some concrete examples of how to apply Cauchy’s Theorem on

integrals.

Example 2.3.1

Using Cauchy’s Theorem on a disc one can show

1
/ dz = 2mi,
R?— R0

where R is any rectangle with centre at zg.

Example 2.3.2
The Fresnel integrals are given by:

[e'e) 5 _/oo . ) _@
/0 cos(:z: )daz— ; 5111(1: )dx— 1

Proof. Note that exp (zx2) has real and imaginary parts cos 22 and sin 22. If we can

prove

/Oo exp(iz?)dz = (1 + 1) \/j?,
0

then we are done. In this way, we are led naturally to

f(z) =exp (izz) ,

which is holomorphic in C. The contour we choose is the one along the sides of a
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2.3 Applications of Cauchy’s Theorem

sector of m/4: first through radius =1, then through the arc ~2, and through the

radius again ~ys:

7=t 0<t<R,
Y2 = Re'* 0< T
3 = tet™/4 0<t<R.
Im
Reiﬂ'/4
-3
72
® > Re

Let v be the concatenation of the three paths. By Theorem 2.2.3 (Cauchy’s Theorem

in a disc) we get
/exp(izZ)dz =0,
.

which translates into

We claim that )
7(l —e %)

<
- 4R

-2
/ e dz
Y2

Indeed, we notice that the sine function is concave for x € [0, 7/2]:

(sinz)’ = —sinx <0 Vz € [0,7/2],
which means that the graph of sine lies above the line joining (0, 1) and (7/2,1). In

other words
2
sin(z) > =z V€ [0,7/2],
T
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

which is equivalent to
sin(2t) >

SEES

t Ytelo,m/4].

This implies that

2
/ e dz
Y2

/4 exp(i(Re™)?)iRe" dt
0

™

< / " Jexp (iR2(cos(2t) + i sin(2t))) | Rlie™|dt
0

= R/04 exp(—R*sin(2t)) ‘exp(z’R2 cos(2t))|dt

w/4
0 9 4
=—— —R?. Zt
Gyon (2]
_7r(1—e_R2)
- 4R

Hence the claim is valid and this integral converges to 0 as R — oo. As R — 0,

what we have left is only

00 R
A . . V2
/ e’ dg = lim 6”/4/ et = L \[/ Pt = Z)Tﬂ
0 0

R—0

2.4 Cauchy Integral Formulas

THEOREM 2.4.1: CAUCHY INTEGRAL FORMULA

Suppose f is holomorphic in an open set 2 C C that contains the closure of a

disc D. If C denotes the boundary of the circle on D with positive orientation,

then . fw)
w
%i/cw—zdw:f(z)

for all z € D.

Proof. Let z € D,(29), Dy(20) C Q. There exists ¢ > 0 such that D,;.(z9) C €.
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2.4 Cauchy Integral Formulas

For w € D,4.(2p), we define

fw)—f(z) if w £ 2

w—z

f'(z) if w=z.

g(w) :==

g : Dyic(29) — C is continuous and away from z it is holomorphic. By Theorem

2.2.3 (Cauchy’s Theorem in a disk) applied to g we have

/ g(w)dw = 0,
Cr(20)

JCEI Yo
Cr(z0) ’

i.e.
w— z

which implies that

fw) dw
dw = .
/Cr(zo) w—z v f(Z) /Cr(zo) w—==z

We will be done if we can show

d
/ vo_ 2ms.
Cr(zo) w—z

We define y to paramterize the circle in a special way: First let y(t) := zg + re®.

Another parametrisation is J(s) = z + p(s)e’. Here ¢t changes with s and p :

[0,27] = R, p(s) = |v(t(s)) — z| = |7(s) — z|. The derivative of 7 is

7'(s) = p'(s)e’ +ip(s)e”.

Hence,
/ dw /2“ p(s)e’ + ip(s)e“d
Crz) W =2 Jo p(s)e’
2m 2m
:/ p(s)ds—i-i/ ds
o p(s) 0
—_———
2 2mi
np(s)]|, =0
= 271,
since p(2m) = 0. O

Remark. Cauchy Integral Formula says that the value of f in D is only determined
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

by its values on the boundary C.
Example 2.4.2

We will show that e~™" is its own Fourier transform. For a function f:R—=C

which is Riemann integrable on every [a, b] and

/Oo F(B)]dt < +oo,

—0o0

i.e. converges, the Fourier transform is defined as
A~ S .
fo = [t
—0oQ

We claim that

f(&)=e",

for f(z) = e ™. We want to show that e=™ = 1= e~ e 2milz g which is

equivalent to

[e'S) ) oo .
_ / 677r:v26727r251267r£2dx _ / 6*7T($+2£)2dx'

—0o0 —00

o0 2
/ e ™ dx = 1.
— 00

We want to consider a rectangle with vertices at (—R,0), (R,0), (—R,§) = —R+i&
and (R,€§) = R+ i&, and let v the closed path along its sides. It is clear that

We know that

f(z)dz = 0.
TR

Note that on ~;, which is the horizontal side on the real axis,

R
2
/ e ™dr—1 as R— oo.
-R

The same happens for v3. Consider ~s,

3
f&ﬂz:/ ﬂR+wM%
Y2 0
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2.4 Cauchy Integral Formulas

hence,

/E e—n(R2+2iRy—y2dy’
0

/72 f(z)dz

2 ; 2
Sf sup ‘ewa '6727rzRy . e™ ’

0<y<{

< Ce—ﬂ'Rz

As R — oo the two vertical integrals go to 0.

THEOREM 2.4.3: CONDITION POWER SERIES EXPANSION

Suppose f is holomorphic in an open set ). Let zg € Q and r > 0, such that

D, (z9) C Q. Then f has a power series expansion at zo,

f(2) =) an(z—2)"
n=0
for all z € D,(z9). Moreover,

a -
" n! 271

_ M) 1 [
C

= - (z0) ('LU . Zo)n+1 o

Proof. Fix s € (0,7), let Cs(z0) be the circle of radius s, centred at zg. Then by
Theorem 2.4.1 (Cauchy Integral Formula),

for all z € Dg(z0) and ~ is the positive oriented parametrisation of Cy(zg). We

rewrite the expression above,

1 1 1 ( 1 )
w—z (w—2z9)—(2—20) w—2p 1— =
We are integrating on ~ for some w € «, so

zZ — 20

_ Al

w — 29 S
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

Hence we can write the expression as a geometric series

1 _Oo z—20\"
1—72%0_2 w — 2
n=0

w—z0

for w € v and z € Ds(29). The convergence is uniform due to the bound

|z — 20|

<1,
S

which does not depend on w. Substituting this expression into the equation we get

) = g [ 1) Y = 0= )

v s
= QL’]TZ io(z — ZO)” Wf(w)(w — ZO)—(n+1)dw

- Zan(z —20)",

n=0
wher
ere 1 fw) |
an = 27”[)/ (w_zo)nJrl w.

Hence f is the sum of the power series
o
Zan(z —20)", 2z € Dg(z0).
n=0
The derivative can be given by term-wise differentiation,
o0
F(2) =3 nan(z - z)"!
n=1

=3 (04 Dansi(z — 20)"

n=0
Evaluating at z = zg gives
ao = f(20)
la; = f'(20)

nla, = f™ ().
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2.4 Cauchy Integral Formulas

The coefficients are independent of s, hence the series converges in the whole disc.
O

Remark. Note this shows that if f is differentiable at zg, in fact it is differentiable

infinitely many times at zg.

COROLLARY 2.4.4: CAUCHY INTEGRAL FORMULA FOR DERIVATIVES

If f € H(Q), then f is infinitely many times differentiable in Q. If zo €

such that for r >0, D,(z9) C 2, then for all z € D,(2p),

n n! f(w)
f( )(Z) =9 e o) 7(10 — ) dw.

This is the Cauchy Integral Formula for derivatives.

Proof. We use induction on n.
n = 0: this is the Cauchy Integral Formula, which we proved.

Assume n — 1:

(-1, — (n—=1)! FW)
£ () ./CT(ZO)( _d

27 w— z)

Choose h small such that z and z + h stays away from the boundary circle and we
have

SO VG +h) = f V() (1) f(w) 1 1
/C’r(zo) <(w )") dw.

h 271 —z—h)" (w—=z

Now if you have a™ — b", then

a" —b" = (a—b)(a" P +a" 204+,

with
1 1
a= and b= ,
w—2z—nh w— 2
then
a—b_> 1
h (w— z)?
and
n
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

for h — 0 and the convergence is indeed uniform. Hence we get

. fO DG R) - f D) (n—- 1) 1 n
ilzlg%) h 2w /Wf(w) ((w —2)% (w— z)”_1> dw,

which is exactly equal to
|
L; / gy,
2mi J, (w — 2)

Again, here v denotes C;(zp). O

COROLLARY 2.4.5: CAUCHY INEQUALITY

If f € H(RQ), then f is infinitely many times differentiable in Q. If zop € Q

such that for r >0, D,(z9) C Q , then for all z € D,(z9) we have

]| flle, z0)

rn ’

£ (e0)| <

where ||f||Cr(zo) = SUD|y—zg|=r |f(w)|

Proof. This follows from

f"(20)

n!

R )

an| = — e
lan] ’ 27 Je, (z) (W — 20)" !

and then

n!

[nlan] = /" (0)] = 5

SRy CER Y
2 Jq rn

_ ntliflle

- 2m rn

An immediate corollary from these results is the remarkable Liouville’s theorem.

THEOREM 2.4.6: LIOUVILLE’S THEOREM

If f € H(C) and bounded, then f is constant.

Proof. Since C is connected, to show that f is constant, it suffices to show that

f'=0. Since f is holomorphic everywhere, by Corollary 2.4.5 (Cauchy Inequality)
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2.4 Cauchy Integral Formulas

we have

‘f/(Z())‘ < Hf”C’r(zo) .

r

But f is bounded, say f(z) < M, then

M
|f'(20)] < —
,
for all » > 0. Let r — oo to get f'(2) = 0. O

COROLLARY 2.4.7: FUNDAMENTAL THEOREM OF ALGEBRA

FEvery polynomial P(z) = apz"+-- -+ ap of degree n > 1 has precisely n roots

in C, counting multiplicities, and

Proof. Idea: We first show P has a root in C. Suppose not, let Q(z) = 1/P(z), then
Q(z) € H(C). The idea is to show that @ is bounded in C, which will imply Q(z)

is a constant, hence P(z) is constant, contradiction. O

Remark. In Liouville’s Theorem, the assumption that f is holomorphic on all of
C is essential: Let Q = {z € C|Re(z) > 0} and f: Q — C,

is bounded but not constant.

Our next goal is to show that if Q is open, connected f € H(§2) and f vanishes on
an infinite set Z of distinct points, with a limit point zp € 2\ Z then f = 0.

Remark. Holomorphic functions can have infinitely many zeros. For example
f(2) = cos(z), which has zeroes at z = (2k + 1)7/2. But we will see that the zeroes
are isolated, which means that we can find at each zero a neighbourhood of it such

that there are no other zeroes in this neighbourhood.

It can also happen that f has no zeroes, like the exponential function f(z) = e*.

DEFINITION 2.4.8: LiMIT POINT

zp € Cis a limit point of a set Q, if there exists a sequence (2,,)22, C Q\ {20}
such that lim,, o 2, = 29. Hence for r > 0, QN (D, (20) \ {20}) # 2.
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

DEFINITION 2.4.9: ORDER OF NULL

Let © be open, zp € Q and f € H(2). The order of zero of f at zy, denoted
by ord., f, N (f), or vs,(f), is either oo if f)(z) = 0 for all k > 0, or the
smallest positive integer k such that f(z0) = f'(z0) = --- = f*V(z) = 0,
but £ () # 0. If f(z0) # 0, then k = 0. In symbols,

ord,, f = min{k € N: f®)(2) # 0}.

PROPOSITION 2.4.10:
Let Q open, zy € Q and f € H(QY). Then
1. If ord,, f = oo then f(z) = 0 for any z € D,(20) and D,(z9) C Q is
(i.e. f is locally zero).
2. If ord,, f # oo, then there exist a disk Dy(z0) C Q, a unique h €
H(Dy(z20)), and a unique n € N such that

f(z) = (2 = 20)"(2)

for all z € D,(z0), where h(zp) # 0, n = ord,, f.
3. For any f,g € H(Q) there is ord,,(f + ¢g) > min{ord,, f,ord,, g},
ord,,(fg) = ord,, f + ord,, g.

Proof.
Proof of 1. By a previous theorem, since holomorphic functions are analytic, there

exists 7 > 0 such that for all z € D,(z9) C 2, we have

0 r(n)(,
=3 L)

n!
n=0

for all z € D,(z0). Hence if f(™(z9) = 0 for all n € N then f =0 in D, (2).

Proof of 2. If ord,, f # oo, then by definition there exists k& > 0 such that f(zg) =
f'(z0) = -+ = f®=D(z) = 0. Again as above we can use the power series expansion

of f to claim that there exists r > 0 with D, (zy) C 2, such that for all z € D,(2),

) (. 0 p(n)(s
O D DA < TEE
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2.4 Cauchy Integral Formulas

which leads to

f(k)(ZO) e f(m+k)(ZO)

_ . k _ m
f(2) = (2 — 20) x 2 Ty ) (2 — 20)

#0

#0 at z=z¢
Now let
M) = 3 A (o g

Z) = — (2 — Z
= (m+ k) 0

for all z € D,(29), where h € H(D,(z0)) and h(z9) # 0. Note as h € H(D,(20p)), it
is also continuous. h(zp) # 0, h together with continuity implies the existence of ¢

with 0 < & < r such that h(z) # 0 in D.(2o).

Moreover, h and ord,, f = 0 is unique. Assume not, then

f(2) = (2 = 20)"h(2) = (2 = 20)"9(2),

with h, g holomorphic and non-zero at zg. If m > n, we get h(z) = (z — z0)™ "g(2)
for z # z9. But now taking limit z — 2y we get h(zp) = 0 unless m — n = 0. Hence
m =n and g(z) = h(z).

Proof of 3. For the third part, note that for any k, (f+¢)* (20) = %) (20)+9® (20),
so ord,, (f 4+ ¢g) > min{ord,, f,ord,, g}.

For the order of fg at zg, we write f(z) = (2 — 20)*%0/hy(2) and g(z) = (2 —

20)°"4=0 9h5(2), hence
fg — (Z _ Zo)ordzo f+ordz, ghl(z)h2(z)’

where hi(z)ha(z) # 0 at zp. This shows that ord,,(fg) = ord,, f + ord,, g. O

THEOREM 2.4.11:

Let Q C C open, f € H(Q), z0 € Q. Assume f(z9) = 0, ord,, f > 1. If
ord,, f # oo, then there exists § > 0 such that f(z) # 0 if z € Ds(20) \ {z0}-

Proof. By previous proposition there exists r > 0 such that for all z € D,(z),
f(z) = (2 — 20)"h(z) with h(z9) # 0. Using the continuity if necessary we can go
to a similar disk Ds(z0), 0 < § < r, such that h(z) # 0 on Ds(zp), which means
(z — 20)" # 0 on Dj(2). Hence f(z) # 0 on Dj(2o). O

41



2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.4.12:

Let Q open and connected, f € H(SY). Let Z be an infinite set with a limit
point zo € Q, z0 ¢ Z. If f(z) =0 for all z € Z, then f = 0.

COROLLARY 2.4.13: PRINCIPLE OF ANALYTIC CONTINUATION

Suppose f,g € H(Q), Q open and connected and f(z) = g(2) for all z € U C
Q, U open, nonempty (or more generally for all sequence of distinct points in

Z), with limit point in Q, then f = g.

Proof. We apply Theorem 2.4.12 to f — g. O

Note if U C 2 open and U # @, then for zy € U, there exists D,(zp) such that
(0. ]

D,(z9) C U. The sequence <zo + 7#1) ) C D,(zp) C U has a limit point 2y €
n=

n+1
on this sequence of distinct points, hence we can apply Theorem 2.4.12 to obtain

f—g=0.

oo
Q\ (zo + L) . Now by assumption f agrees with g on U and in particular,
n=

Remark.

1. Corollary 2.4.13 is is called principle of analytic continuation because if f €
H(Q), Q open and connected and Q C © open and connected, then there is
at most one f € H(Q) such that f(z) = f(z) for all z € Q. f is called the

analytic continuation of f and is unique if it exists.

2. The assumption that €2 is connected is essential. If Q = Q7 U, Q; # & open,
Q1 NQy = @, one can defined f,g:Q — C with flo, =1, flo, =0,9=0. f

and ¢ coincide on €2y but not on ;.

3. The condition that limit point of zeroes is in € is also crucial. Consider

f:C\{0} —C

. ™
ZrH—sin|—).

‘We know that

and
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2.4 Cauchy Integral Formulas

f has a sequence f (1) =sin(rn) =0for alln > 1, but lim1 =0 ¢ Q.
Example 2.4.14

Let f(z) = 3.0°, 2" on D1(0) = Q, let f(z) = L with Q = C\ {0}, but the two

functions do not agree everywhere.

We will prove the following theorem which proves Theorem 2.4.12.

THEOREM 2.4.15:

Let Q be open connected, f € H(Y). Then the following are equivalent
1. f=0.
2. There exists a point a € Q such that £ (a) =0 for all n > 0.
3. {z€Q: f(z) =0} has a limit point in Q.

Proof. Clearly 1. = 3. We will show 3. — 2. — 1.

3. = 2.| Define Z := {z € @ : f(z) = 0} which has a limit point a € Q. Let
r > 0 such that D,(a) C Q, where a is a limit point of Z. By definition there
exists (2,)5% € Z \ {a} such that lim, o 2, = a. But then 0 = lim,_,~ f(2,) =

n=0
f(limy, o0 2,) = f(a). We claim that £ (a) = 0 for all n > 0. We suppose this
is not the case, then there exists n > 0 such that f(a) = --- = f™ Y(a) = 0 but

f™(a) # 0. fis analytic, it means that there exists D,(a) C  where f is equal to

its power series expansion

f(2) =) a(z—a).
k=0

Similar to the proof of Proposition 2.4.10, it follows from the power series represen-
tation that f(z) = (2 —a)"g(2) for a function g(a) # 0 and analytic in D,(a). Again
using continuity we have g(z) # 0 for all z € D.(a) for some € > 0. Then, f(z) # 0
for all z € D}(a), so ZN D(a) = &, which contradicts that a is a limit point.

Let A={z¢cQ: f™(z2) =0Vn € Ny} be the set of points such that

derivatives of all orders are zero. By assumption this set is non-empty. We will
show that A = Q which will show f = 0 and hence 1. holds. Recall, for an open set
Q connected means that the only both open and closed sets are @ and (2. Hence to

show that A = 2, since it is not empty, we need to show A is open and closed.

Claim 1: A is open.
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

Let ¢ € A and r > 0 such that D,(c) C 2, and
f(z) =) an(z—¢)"
n=0

for all z € D,(c), with

ARG

=0 since c € A.
n!

Gnp

Hence, f(z) =0 for every z € D,(¢) and D,(c) C A, thus A is open.
Claim 2: A is closed.

We want to show that if (2x)72, is a sequence of points in a and limg_,~ 25, = ¢ € €2,
then ¢ € A, i.e. A contains all its limit points'. We have that £ (z;) = 0 since

2zt € A, and since (™ are all continuous,

0= lim f0(z) = £ (hm Zk) _ ()

k—o0
Hence ¢ € A. O

COROLLARY 2.4.16: IDENTITY THEOREM

fyg € H(Q) open and connected, 2 # &. Then the following are equivalent.
1. f=g.
2. There exists a € Q such that £ (a) = ¢ (a) for alln > 0.
3. {z€Q: f(z) =g(2)} has a limit point in Q.

Remark. The Identity Theorem makes it clear that the identities we have for
sin(z), cos(x) and e® can be extended to the complex values. For example, sin(z),

cos(x) are entire and for z = x € R we have
sin?(z) + cos?(x) = 1.

Let f(z) = sin?(2) +cos?(z) and g(z) = 1. Since f and g agree on the real line, they

have to agree on all of C, so we have

sin?(z) 4 cos?(z) =1 VzeC.

1Strictly speaking, c¢ is not a limit point because it may not be distinct from z; for all k € N.
However, on the one hand, we know that A is closed if and only if all convergent sequences in A
converge in A, which is shown here; on the other hand, A containing all its limit points also implies
it is closed.
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2.4 Cauchy Integral Formulas

Remark. The Identity Theorem has a natural extension to function of 2 variables.

We first consider the following example.

exp(x +y) = exp(z) exp(y)

for all z,y € R. We first conclude that
exp(z + y) = exp(z) exp(y)

Vz e C, fixed y € R, y arbitrary. Applying the Identity Theorem once more we get
exp(z + w) = exp(z) exp(w)

for all z,w € C. Now we have a look at the general result.

Let © € C be open and connected, containing a set U C €2 which itself contains a
sequence of points with limit point also in U. Let F(z,w) be a function defined for
z,w € Q such that F(z,w) is analytic in z for fixed w and vice versa. If F(z,w) =0

whenever z,w € U, then F(z,w) =0 for all z,w € Q.

THEOREM 2.4.17: fg =10

Let f,g € H(Q), where Q is open and connected. If fg = 0 then either f =0
or g =0.

Proof. Suppose fg =0 and f # 0. We want to show g = 0. Since f # 0, there exists
a € Q such that f(a) # 0. By continuity of f there exists & > 0 such that D.(a) C Q
and f(z) # 0 in D.(a). By assumption, f(z)g(z) = 0 for all z € D.(a) C Q. Since
f # 0, it implies g = 0 for all z € D.(a). We can now apply the Identity Theorem
to g and conclude g = 0. O

Remark. Let 2 C C be an open set, then analytic functions on Q, H(f2) is a ring.
What Theorem 2.4.17 says is: if Q is connected then H(€2) is an integral domain.

Recall that Goursat’s Theorem 2.1.1 states that if f : Q@ — C is a holomorphic

function and T' C 2 is a triangle whose interior is contained in €2, then

/T F(2)dz = 0.

A converse to this is the following theorem.
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.4.18: MORERA’S THEOREM

Let Q C C be an open set and f : Q — C a continuous function. Assume that

for any open disc D C Q and any triangle T whose interior is also in D we

/T f(2)dz = 0,

have

then f is holomorphic on €.

Proof. Let zp € Q and D, (z9) C Q. Let z € D,(2p), we define

where

v::[0,1] — C
t— 20(1 —t) + 2(t),

denoted by 7, = [20, z]. Then for small h with z + h € D,(zy) there is
F(z+h)—F(z) = / f(w)dw,

where o, = [z, z + h], since by assumption

/ f(w)dw = 0.
T(z0,2,2+h)

Using continuity of f we can show

lim F(z+h) — F(z) — 1(2).

h—0 h

More specifically, we proceed as follows.
Fetm = FE) = [ )+ 6) - S
2,2+

— () /[mh] dw + /[mh] £(2) — flw)dw

=h Shsupye(z,z4n) |f(2)=f(w)]
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2.5 Sequences of holomorphic functions

Since f is continuous, sup,e, .44 |f(2) — f(w)| — 0 as b — 0. This gives

F(z+h)— F(2)
h

—f(2)] =0 as h—0.

Hence F is holomorphic and F' = f for z € D,(z). It follows that f is also

holomorphic being the derivative of the holomorphic function F'. O

2.5 Sequences of holomorphic functions

In Real Analysis one sees that if f,, converges pointwise to f and f, is continuous,
then f is not necessarily continuous. This can be corrected if we have uniform
convergence: the uniform limit of a sequence of continuous functions (f,,)22, is also

continuous. Also the line integrals

/7 Fu(@)ds — A f(z)ds.

But even if f, ’s are differentiable, f does not need to be.

Recall: A sequence fi, fa,---: Q — C is called uniformly convergent to f if for all
€ > 0 there exists N € N such that for alln > N and z € Q

[fn(z) = f(2)] <e.

DEFINITION 2.5.1: LOCALLY UNIFORMLY CONVERGENT
Let Q@ C C open and f, : @ — C a sequence of functions. (f,)5 is called
locally uniformly convergent or uniformly convergent on compact sets if
one of the following equivalent conditions are satisfied.
1. For all a € Q there exists € > 0 such that D.(a) C Q such that fy|p, ()
converges uniformly.

2. For every compact set K C €2, fp|, converges uniformly.

PROPOSITION 2.5.2: UNIFORM CONVERGENCE AND CONTINUITY

Let (fn)o2 be a sequence of continuous functions f, : Q@ — C. If (fn)o,

converges uniformly on a compact set to f, then f is continuous.

Proof. Exercise. O
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.5.3: UNIFORM CONVERGENCE AND HOLOMORPHICITY

Let (fn)oe be a sequence of holomorphic functions on Q C C, Q open. If
(fn)S converges uniformly in every compact subset of 2 to f, then f is also

holomorphic.

Proof. By Proposition 2.5.2, f is continuous and we will show that it is also holo-

morphic by using Morera’s Theorem 2.4.18, i.e., it is enough to show that

/T f(w)dw =0

for any disc D and triangle T', whose interior is contained in D. Let D = D,(zy) C Q
and T any triangle contained in D. We have that

/T fulw)dw = 0

for all n € N by Goursat’s Theorem 2.1.1. Since (fy)52, converges to f on compact

'/Tfn(z)dz—/Tf(z)dz

sets,

< /T Fal2) — F(2)[d2

< sup|fu(2) = f(2)] - length(T).
zeT

Since f,, — f uniformly on compact sets and in particular on 7', we have

lim Tfn(z)dz = /Tf(z)dz =0,

n—oo

and by Morera’s Theorem 2.4.18, f is holomorphic. O

THEOREM 2.5.4: UNIFORM CONVERGENCE OF THE DERIVATIVE

Let (fn)o2, be a sequence of holomorphic functions on @ C C such that
fn = [ uniformly on every compact set of Q. Then f, — f' uniformly on

compact sets of §2.

Proof. Let zy € Q and D,(z9) C . By assumption f,, — f uniformly on D, (zp).

For s > r such that Ds(z9) C Q and let o := (r + s)/2. For z € D,(z0) C Dy (20),

by Cauchy Integral Formula for derivatives 2.4.4 we have

o L[ dw
/ (2) 2 /Ca(zo) (’LU —z)Qd ’
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Similarly we have
/ _ 1 / Jn(w)
ful2) = 21 Je (z) (W — z)zdw'

We want to show that the latter integral converges to the first one. It holds that

1£1(2) = £(2)| = | /C ( )de

27 (w—2)?
1 —
=)
2 weCo(zo) | (W —2)
In the integral above, w € Cy(2) implies |w — zp| = o, and z € D,(zp) implies
|z — zo| <. This leads to
lw—z|=|w—20+20—2| > Hw—Z(]|—|Z—Z()H >o0-—r.
So from the inequality above we get
fo(w) — f(w)
faz) = f(z)| <0 sup |
} " ‘ weCy(z0) w = Z)2
o

sup [ fn(w) — f(w)].

N (U - T)Q weCs(20)

—0 as n—o0

This shows that f](z) — f/(z) uniformly for z € D, (z9). Since any compact set is

contained in a finite union of such discs we get the result. O

Remark. These theorems are often used to prove holomorphicity of functions
defined by infinite series. Let (f,)22, be a sequence of holomorphic functions.
Define

n=0

and

N
SN = Z fn(z)
n=0

the sequence partial sums. If (Sy)o2, converges uniformly on compact sets, then

limy_soo Sy = F' is also holomorphic.

The following theorem is useful.
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.5.5: WEIERSTRASS M. TEST

Let f, : Q@ — C be a sequence of functions and U C €2 a non-empty set.

Suppose there exists a sequence of real numbers M, > 0 such that

for alln € N and z € U, and that

o
Z M, < co.
n=0

Then -
i
n=1

converges absolutely and uniformly on U.

Proof. For each fixed z € U, we have the inequality
[fn(2)] < M.

Since the series > 7, M,, converges, by the comparison test, it follows that the

D12l
n=1

also converges. Therefore, the series Y 7 | f,(2) converges absolutely for each z € U.

series

Next, we show that the series Y 7, fn(z) converges uniformly on U. To do this,
we use the Cauchy criterion for uniform convergence. Let € > 0. Since Y .~ M,

converges, there exists an integer N > 1 such that for all p,q > N,

q
Z M, <e.
n=p

Now, for all z € U and for all p,q > N, we have

q

PG| EDBITABIES SIS

n=p

Thus for all z € U, we get

< €.

Z fn(2)
n=p
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2.5 Sequences of holomorphic functions

This shows that the sequence of partial sums of Y o2 | f,(z) satisfies the Cauchy

criterion uniformly on U. Therefore, the series Y | fn(z) converges uniformly on
U. O

COROLLARY 2.5.6: UNIFORM CONVERGENCE AND SERIES

Let -
Sy = fal2).
n=1

If (Sn(2))¥~; converges uniformly on a compact set then lim, o Sy =

o2 fn(2) is also holomorphic.

Example 2.5.7

For s € C with s = 0 4+ it and n € N the function s — n® := exp(slogn) is an

analytic function on C. It holds that

S| — |e(a+it) logn| — ealog(n) — O

In n.

This leads to the Riemann (-function which we investigate below.

PROPOSITION 2.5.8: RIEMANN (-FUNCTION
The series

)=
n=1

converges absolutely and uniformly on every half plane Us := {s € C : Re(s) >
1+ 6} with 6 > 0 and is holomorphic in {s € C : Re(s) > 1}.

Proof. For each 6 > 0, if Re(s) = 0 > 14+ > 1 then the series is uniformly bounded
by

o0

1
> ite <0
n=1
Hence,
o o
1 1
OIS S
n=1 n=1
=1
= Z ite <
n=1

o1



2 CAUCHY’S THEOREM AND ITS APPLICATIONS

We know that -

1

ns
n=1

converges uniformly on every half plane Res > 1+ § > 1 for all 6 > 0. Now, let

i}
n=1
For each N € N, Sy defines a holomorphic function on Re(s) > 1. Also, every com-
pact subset of Re(s) > 1 is contained in one of the half-planes Us. Combining these
two with the result that Sy converges to ((s) uniformly on every Uy (in particular

on every compact subset), we conclude that the limit ¢ is also holomorphic. ]

Remark. The Riemann (-function given as an infinite sum converges for Re(s) >
1. The Riemann Hypothesis says that if {(s) = 0, then Re(s) = 1/2, given it is not

a trivial zero.

Example 2.5.9
For z € H:={z € C:Imz > 0} we define the (single-variable) ©-function

@(Z) — Z 627rin2z

ne’l
00
=142 2 :627rin2z_
n=1

We can consider

@4<2) = Z Z Z Z eQTri(n%Jrn%Jrnngni)z

ny n2 n3 n4g

o0
_ Z a(m)€2mmz’
m=1
where a(m) = #{(n1,...,n4) € Z* : n? + n% + n3 + n? = m}. This can be used to
prove Lagrange’s Four-square Theorem.
We want to show that the ©-function converges uniformly on every set of the from

Hs :={z € C:Im(z) > 6} for § > 0 and defines a holomorphic function on H.
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2.5 Sequences of holomorphic functions

Proof. Let z € Hs, 2z = x +iy,y > 6 > 0. We then have

;2 2 _ 2
‘627rzn z| ’6271'171 z| o 2mn‘y

_ 2 _
—e 27rny§6 2mny

for all n € N. Since y > 4,

e—27ry < e—27r(5 <1

)
we have
-2
‘ § e27rzn 4

in2 . .
Hence S~ e?™°% converges uniformly on Hjs. Since every compact set of H of con-

< Ze—ané < oo,

tained in Hs for some § > 0, the sum converges uniformly on compact sets and

hence O(z) is a holomorphic functoin on H. O

There is a relation between

((s) = O(2)

which is given by
1 [ dt
720 (s/2)¢(s) = 3 / (O(it) — 1)t5/27 for Re(s) > 1.
0
One can also show that in fact
oo dt
/ (O(it) — 1)t5/2=
0 t

makes sense also for every s € C\ {0,1}. This gives the analytic continuation of

((s). The trivial zeros of  are at the negative integers, which correspond to places

where the I'-function blows up but the integral has no singularity. Lecture 12

Many special functions of mathematics are defined using integrals of the form

b
f(z):/ F(z,t)dt.

For example the I'-function

I'(z) ;== lim e "t — = lim e tdt.
M —o0 1/M t M —oc0 1/M
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2 CAUCHY’S THEOREM AND ITS APPLICATIONS

THEOREM 2.5.10: INTEGRAL AND HOLOMORPHICITY

Let Q@ C C be open and I = [a,b] C R, closed and bounded interval. Let
F :Q x 1 — C be a function with the following properties:

1. F is continuous on € X I,

2. For each tog € I, the function fi,(z) = F(z,t0) is holomorphic.
Then the function

s holomorphic on Q.

Proof. The idea is to use Riemann sums to approximate the integral. Let’s consider

the standard Riemann sum

- () e (s (52)).

We now have that f,(z) is a finite sum of holomorphic functions and hence holo-

<

morphic. We want to show that f,(z) converges uniformly on compact subsets of
Q) and then use Theorem 2.5.3. Let K be a compact subset, then F': K x I — C
is uniformly continuous, which means that for every € > 0 there exists § > 0 such

that for all (»zi;ti) e Kx1,if ’Zl — 2’2’ < § and ‘tl — tg’ < § then

€
b—a

|F(21,t1) — F(22,t2)| <

Now let N be large enough so that b*Ta < d. We claim that for all z € K we have

fal2) = f(2) = nZl/aH(jH)b"a {F <z,a + <b — “)) - F(z,t)] dt.

L b— n
j=0 7 ati"5®

This is because by definition
b
F(z) = / Pz, t)dt
aa+u

-,

b—
a+2°-% b

F(z,t)dt +--- + / F(z,t)dt,
a—i—(n—l)b_T“

F(z,t)dt +/

a+b—a

n
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2.5 Sequences of holomorphic functions

and f,, is defined by

- (5B (oo ()
:Z/W:tl) (z,a+j (b;a>>dt

J= n

independent of ¢

We see that the integrals are independent from t. For ¢ € [a + 552 a + (7 + l)b_Ta] .

(b—a b—a
)

The other variable stays the same and satisfies 0 = |z — z| < 0. Hence

‘F <z,a+j <b;a>) —F(z,t)' > bia.

Using uniform continuity of F' it follows that

i
L

€ b—a

FCRECEr =

Il
=)
3

for all z € K. Hence f,, — f uniformly on K and f is holomorphic. O

Remark. With more work, one can also show that

b
f’(z)z/ F'(z,t)dt VzeQ.

a

Example 2.5.11

The J-Bessel function

1 [T . . .
Jn(z) — / ezzsm(t)e—zntdt

27 J_ .

is a holomorphic function.
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Chapter 3

Meromorphic Functions and the

Logarithm

The goal is to extend Cauchy’s Theorem to functions with singularities. We will
first talk about singularities of a function that are isolated. We will see that there

are three types of singularities: we consider the functions
sinz 1

., =, and /%,
z oz

all of which have singularities. In the first case, the limit z — 0 is finite, so we can
extend the function analytically at 0, this is called a removable singularity. For the
second function, the limit z — 0 is unbounded, we say that is has a pole at 0. In
the third case, the behaviour of the function is more complicated and 0 is called an

essential singularity.
We will also see that if z = zg is a pole, so a singularity of type

1t
(2 — 20)F’

then in fact in a neighbourhood of zy f will look like

— G
J(z) = (z — zo)" + +2720

+ G(z),

where G is a holomorphic function in D} (2p). a_; is called the residue of f at z = 2.

This will lead us eventually to the Residue Theorem.
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3.1 Singularities and poles

3.1 Singularities and poles

DEFINITION 3.1.1: ISOLATED SINGULARITY
Let z9 € C, 2 is called a (possible) isolated singularity of a function f if
there exists 7 > 0 such that in the punctured disc D} (z9) = Dy (z0) \ {20}, f

is holomorphic.

Example 3.1.2

Let f(2) = tan% has singularities at %, %, %, ...,0. Note that 0 is not an isolated
singularity of f, the others are isolated. We will be only interested in isolated

singularities.

DEFINITION 3.1.3: REMOVABLE SINGULARITY

An isolated singularity zo of a function f € H(2\ {z0} is called removable if
f is holomorphically extendable to all of {2, i.e., there exists F' : { — C such
that F'(z) = f(z) for all z € Q\ {20}.

We have the following theorem.

THEOREM 3.1.4: RIEMANN’S CONTINUATION THEOREM

Let zg € Q C C, then the following for a function f € H(Q\ {z0}) are
equivalent.
1. f is holomorphically extendable to Q.
2. f is continuously extendable to €.
3. f is bounded in a deleted neighbourhood of zy, that is, there exists r > 0
so that f is bounded in D}(z).

4. lim,_,, (2 — 20) f(2) = 0.

Proof. Notice that the implications 1 = 2 = 3 = 4 are elementary. We are
left to show that 4 = 1. Introduce the function

z2f(z) z#0
0 z=0

and set k(z) = zh(z). By assumption 4. h and k are holomorphic in C\ {0} and
continuous in the whole complex plane C. Since k(z) = k(0) 4+ zh(z) we deduce
that k is complex differentiable in zero and hence holomorphic in C. By Taylor

representation of holomorphic functions, k(z) = ag+ a1z +az2% +. .. for coefficients
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

ag, a1, - € C. Since k(0) = 0 and k'(0) = 0 we deduce that k(z) = a22% + azz® +
- = 2%(ag + azz + ayz® + ...). Now, recalling that k(z) = 22f(z) for z # 0 we

deduce that g(z) := ag + a3z + as2® + ... is indeed an holomorphic extension of f
in C. 0
Remark. This means that when we assumed in Cauchy’s Theorem that the

function was holomorphic except at one point and continuous everywhere is not
really a weaker assumption, because we can extend the function analytically at this

point and integrate the new holomorphic function.

As a corollary we have:

THEOREM 3.1.5: RIEMANN’S THEOREM ON REMOVABLE SINGULARITIES

Suppose f is holomorphic in an open set 2 except possibly at zg € Q. If f is

bounded in D} (z9) for some D, (z9) C Q, then zy is a removable singularity

of f.

Proof. This is just 3. = 1. of Theorem 3.1.4 (Riemann’s Continuation Theorem).
O

Example 3.1.6

flz) = % with 29 = 0. Using 4. from Theorem 3.1.4 (Riemann’s Continuation
Theorem) we have

li = lim sin z = 0.
Zl_I}(l)Zf(Z) lim sin 2 0

Also note lim,_,g f(z) = lim,_,o Shzlz = 1. Or, note that

& Z2n+1
. . e A
smz—Z( 1) @n 1 1)
n=0

for all z € C and hence

Z2n

sin z s
= B i a——
z nZ:%( ) (2n+1)!

The power series above gives the holomorphic extension of *2=.

If f does not have a removable singularity at zg, then f is not bounded near z;. We

can ask whether its unboundedness is similar to ﬁ for some n? In other words,

o8



3.1 Singularities and poles

we can ask whether
(z—20)"f(2)

is bounded near zy for sufficiently large n?

DEFINITION 3.1.7: POLE, ORDER OF POLE AND SIMPLE POLES

If such an n € N exists, then zj is called a pole of f and the natural number
m =min{n € N: (z — z9)" f(2) is bounded near 2} is called the order of the

pole of f at zy. Poles of first order are called simple poles.

Example 3.1.8

For example
1

(z —z9)™

has a pole of order m at z = 2.

Recall from proposition 2.4.10, f is holomorphic in a connected open set €2, f has a
zero at zg € 2. Then there exists r > 0 such that D,(z9) C 2, g € H(D,(z0)), and

a unique n such that
f(z) = (2= 20)"9(2)
for all z € D, (z9) with g(z9) # 0.

THEOREM 3.1.9:

For m € N withm > 1 and f € H(Q\ {20}), the following are equivalent.
1. f has a pole of order m at zyp.
2. There exists > 0 and g € H(D,(20)) such that g(z0) # 0 and f(z) =
(z — 20)"™g(z) for all z € D}(zp).
3. There exists v > 0 such that Dy(zo) C  and h € H(D,(20)) such that
h(z) # 0 for all z € D}(29), h has a zero of order m at zy with

1

f(Z):%

for all z € D}(z).

Proof. f having a pole of order m at zp means that (z — z9)™ f(z) is

bounded near zp, and m is minimal. Theorem 3.1.4 (Riemann’s Theorem) says that
there exists g € H(D,(z0)) such that g(z) = (z —20)"" f(z) whenever z # 2. If g(20)
were zero, then it would imply by the Proposition 17 that g(z) = (z — z0)h(z) where
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

h is holomorphic in D,(z). Consequently this will give

h(z) = (2 = 20)" ' f(2)

is bounded near zy, which will contradict the minimality of m. Hence g(zg) # 0. It

follows that
f(z) = (2 — 20) "g(2)

for z € D}(z9) and g € H(D,(zp)) with g(zo) # 0.

Suppose there exists g € H(D,(zp)) such that g(zp) # 0, for which
f(z) = (2 —20)"™g(z) for all z € D}(zp). Let

(z — 20)™

") =

for all z € D,(zp). If necessary, we move to a smaller disk in which g does not
vanish. Then, h(z) # 0 for all z € D} (z9) and h € H(D,(z0)). We also get that

1

() =g(2)(z—20)"" = f(2)

for all z € D}(z9). Note that h has a zero of order m at zy because

h(z)=(z— zo)m@

and ¢ is a non-vanishing holomorphic function in D, (zp).

Suppose there exists 7 > 0 such that D,(z9) C Q and h € H(D,(2p))

such that h(z) # 0 for all z € D;(zp) h(z) has a zero of order m at zp and
f(z) = Vz € D} (2p).
Since h has a zero of order m at zg, there exists g € H(D,(z0)) such that

h(z) = (z — 20)"g(2)

and there exists s > 0 such that g(z) # 0 for all z € Ds(z9) C D,(z0). Since g is
holomorph and non vanishing 1/g is holomorph in Dg(zp). But then

F(z) = h(lz) — (s zo)mg(lz) Wz € D¥(0)
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3.1 Singularities and poles

would imply that z — 2(*(z) = ﬁ

extension 1/¢(z) in Dg(zp) (1/g is holomorphic onnDg(zy) since g # 0 on Ds(2)).

is holomorphic on D(zp) and has a holomorphic

By Riemann’s extendability theorem (z — z9)™ f(2) is bounded in a neighbourhood

= (1) ()

of zp. Moreover

is not bounded since

1
# 0 and — 00 as z — 2.
9(%0) Z = Z0
Hence m is minimal and f has a pole of order m at z. O

Example 3.1.10

1. f(z) = ﬁ has a pole of order 1 at z = 0. We can see this using

f(lz):ez—lzz(l—l—;—l—---).

1/f has a zero of order 1, hence f has a pole of order 1. f also has simple

poles at z = 2nmi.

2. f(z) = 5 has a zero at z = 0 and a pole of order 1 at z = +1.

22

0= (s57) = -0 7ae)

‘We can do the same for z + 1.

THEOREM 3.1.11: EXPANSION OF f AT A POLE

If f has a pole of order n at z = zy, then there exists r > 0 such that

. _(p— _
A= ——t g Dy O

(z—20)" (22— 2z)" ! z — 29

for all z € D (zy), where G € H(D,(2p)).

Proof. f has a pole of order n at zp, so f(z) = (z — z,) "g(2) for all z € D}(zy) and
g € H(D,(2p)). We expand g(z) in a power series
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

For z € Dj(2),

_9(2)
flz) = =20
= (z—lzo)" (g(zo) + g’(z0)<z — ZO) 4+ g(n)(ZO)(Z_n!ZO) + .. )
__9(x) i 9'(20) n gV (20)

CEE R RN OIS T CE
z— 20

+ <g(n)(Z0)71! +g(n+1)(20> 1) 4. > )

=G(2)
O
Remark. In the expansion above, the part
_ G_(p— _
(2 Ci ;0)” (z _(20)2,1 et Za— 1Zo
is called the principle part and a_; = res,, f the residue of f at z.
Remark. If f has a pole of order 1 (f(z) = Zajzlo + G(2)), then

lim (z — 20) f(2) = a—1 = res,, f.
Z—r20

Conversely, if lim,_,,, (2 — 20) f(2) exists then (2 —2p) f(2) is bounded in some neigh-
bourhood of zy. Hence zj is a pole of f(z) of order at most 1. If the limit is actually

0, zp is a removable singularity.
More generally, we have
THEOREM 3.1.12: METHOD TO CALCULATE res,,

If f has a pole of order n at 2y, then

n—1
res;, f = lim (n—ll)'c?z"—l((z = Zo)nf(z))

Z—r20

Proof. We have

and
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3.1 Singularities and poles

Example 3.1.13

1.
1
res; ————
2241
1 1
lim(z — i) 5—— = lim = —.
Z2—i 2241 zoiz4+i1 2
2.
1
f(Z) - (22+1)2
d (z=49* . d 1 1

resif =l e T LT T E

LEMMA 3.1.14: RESIDUE OF f/g

If f, g are holomorphic at zy and g has a simple zero at zy. Then f/g has a
simple pole at zg and res,, f/g9 = f(20)/9 (20).

Proof. If g has a zero of then

9(2) = (2 = 20)9(2)
for some neighbourhood D, (zp) with §(z) # 0 in D,(29). Then

(2)
(2)

in D} (zp). Hence f/g has a pole of order 1 at zy. To calculate the residue we use
Theorem 3.1.12

L a0

~

S}

=res,, = = lim (2 — @
G Ty ¢ O)9(2)
= lim f(z (2 = 20)
= B 1)) ot
f(20)
9'(20)
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

Example 3.1.15

Remark. If f(z) = P,,(z) + G(z), where P,, is the principle part and G(z) holo-
morphic, for all z € D}(zp). Let C be a circle centred at zp and contained in D, (2).
Then

/PZO(z)dz:/ e B dz = a_12mi.
C C(

z—29)" z— 20

d
/ i = 271
Cc % %0

1
/dz:O
c (z—z)"

for n > 1 using Corollary 2.4.4 (Cauchy Integral Formula for derivatives). The

This is because

and

integral of G vanishes due to Cauchy’s Theorem as G is holomorphic.

3.2 The Residue Formula

THEOREM 3.2.1: RESIDUE FORMULA

Let Q@ C C open and F = {z1,...,2,}. Suppose f € H(Q\ F) except for poles
in F. Lety be any circle contained in ), counter-clockwise oriented such that

YN F =@. Let D be the open disc bounded by . Then

/f(z)dzsz' Z res,, f.
-

z;,€FND

Remark. Only the poles inside the curve do contribute for the residue theorem,

not all poles in 2.

Example 3.2.2

Let « be a circle |z| = 3. We want to evaluate

The function has to double poles ¢, —¢ which are both inside the circle. According
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3.2 The Residue Formula

to the residue theorem 3.2.1 we get

d
/ ﬁ = 2mi(res; f +res_; f)
¥

Where res; = %, res_; = 7171 (Lemma 3.1.14), so we finally obtain

dz
/7 Eray il

Mock exam. Lecture 16

Lecture 15

Mock exam discussion.

In the following we give the proof of residue formula. Lecture 17

Proof of Theorem 3.2.1. Let’s first assume f is holomorphic in an open set {2 con-
taining a circle and its interior except for a single pole at zg, inside . By theorem
3.1.11

f(2) = Py (2) + G(2) Vze Dr(x),

where G(z) is holomorphic in a neighbourhood D, (zp). The principle part is given
by

a_n a—1
on(z):m+"'+z_zo.

The function f(z) — Ps,(z) extends holomorphically to € in the following way. Note
that P,,(z) is holomorphic in all C\ {z} and let

f(z) = Py(z)  z2€Q\{z}
(;(Z) FAS l)r(ZO)'

Then ¢(z) is the holomorphic extension of f(z) — P,,(z). Hence
/f(z) — P,,(2)dz =0,
.

which means

((1—71++ a-1 )dz
(z — zp)" z— 2

Recall Theorem 2.4.1 (Cauchy Integral Formula), for C = 0D, D C €, and F €

65



3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

H(R2), for any z € D we have

o,y [ Flw)
F7(z) = 27 Jo (w — z)ntl dw.

Applying the formula with F =1, we see

d qr—1 0 ifn—1>1
/ = 2w (1) =
o (2= 2) dz omi ifn = 1.
For the general case we assume f is holomorphic in €2 except for poles F' = {zg,..., 2, }.

For each z;, let P, (z) be the principle part of f at z = z;. Define

9(z) = f(z) = Y Pu(2).
z,€F
If z ¢ F, then g € H(Q2\ F) and in fact g can be extended holomorphically to all of
Q. To see this, let z9 € F and r > 0 such that D,(z9) C D, D}(z) N F = @. Then,
f(2) — Py, (2) is holomorphic in D} (zp) and for z € D}(zp),

9(2) = > Po(2) + (f(2) = Py (2)).
z, €F
2 #20

Now the first sum is holomorphic in D,(z9) and f(z) — P, (2) = G(z) extends
holomorphically to D,(zp). Hence g(z) has an extension to (2 \ F') U {20} = 2\
{z1,...,2n}. We can do this for each z; to get an extension to all of Q. By Cauchy’s
Theorem 2.2.5

hence

Remark.

1. Another way to prove this is to use a “keyhole” contour . Inside I'.5 f is

holomorphic, so by Cauchy’s Theorem 2.2.5

/ fdz =0.
FE,5
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3.2 The Residue Formula

We then make the width of the corridor § — 0 and use continuity of f to show
that the two sides cancel. The remaining part becomes two circles, the large

circle v and the small circle C..

/ f(z)dz+ | f(2)dz=0
v Ce
—2miresz, (f)

This gives the result.

"4

Figure 3.1: Keyhole contour !

2. The best way to understand Cauchy Integral Formula 2.4.1, Cauchy’s Theorem
2.2.5 or residue formula is using homotopy. If one path can be continuously
deformed into another path while staying in the region where f is holomorphic,

the integrals over these two paths are equal.

Remark. If v is not a circle but a rectangle, polygon or any curve which has a

parametrisation

v i [a,b] — C\ {20}

t s 20 + r(t)e?®)

for some C' functions 7,0 : [a,b] — R satisfying r(t) > 0, 7(a) = 7(b), and (a) = 0,
6(b) = 2m. It holds that
r(t) = Iv(t) — 2

IThis figure was created by Joshua Dreier. His personal lecture notes and more brilliant diagrams
you will find under his personal webpage [1].
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

and
00 _ () —z0
[v(t) — 20

Then ~'(t) = 7/ (t)e?® + ()i’ (t)e?®®) | hence

1 / dz /b v (t)
2w )y 2 — 20 a r(t)ew(t)

b . b
:/ ') dt—H’/ 0/'(t)dt = 2ri.
a a

r(t)

=0 211

Example 3.2.3
Show that

/Oo dz
= .
oo L+ 22

Idea: To choose a function f and a closed contour v so that part of the contour

leads to the real integral.

In this particular case we guess

and we choose the path along the boundary of a semicircle with radius R.
Im

TR

For fixed R we get
/ f(2)dz = 2mires; f = 7.
TR

R
1 d
7r—/ f(z)dz-/ 2d:):+/ 722,
YR _R1+.’If FR1+2

Hence,
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3.2 The Residue Formula

where I'g is the curved part of vgp. We take the limit R — oo to get

/OO dx T / dz
= — im — .
oo L4222 Rooo Jp, 1422

1 1

On I'g, ’z2 +1| > R? — 1 implies that et < @7

‘ , hence

1 TR
/FR1+Z2dz'§R2_1—>O as R — oo.

Example 3.2.4

The same technique works well to evaluate integrals of the form
o0
P
/ () 4.
—00 Q()

where P,@Q € Clz] and @ has no zeros on the real line. We also require deg @ >
deg P + 2, because this is needed to show that

P(z2)
rp Q(2)

dz—0 as R— 0,

which appears in

P(z) . [T P) . P(2) ;
[,R Q(z)dz‘/_R o™t e ™

To show exactly why we need this, let deg @ = n and deg P = m. On the semicircle
I'r of radius R, for large R we have that |Q(z)| > B|z|™ for some B, so we can give
bound

P(2) R™ _
<(C—=CR™™™
20| <“m
For the integral we have
P(z) ' B 1
dz| < CR™" "7R < C———-.
' Q(Z) Rm—n—l
To obtain
(2)dz -0 as R — oo,
T'r

we need n —m — 1 > 0, which is equivalent to n > m + 2.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

Example 3.2.5
Show that

/oo dx o
oo (24 a?)? 2a3

Example 3.2.6

Some contour can by used to evaluate the integrals of rational functions multiplied

with sin(az) or cos(az), for example

* P(x)
/_OO Q) cos(az)dx.
As f(z) we take P(2)
f(z) = wemz
and not P(2)
o) cos(az)

because cos(az) behaves “badly” on the upper half-plane.? On the imaginary axis

for example

grows exponentially as ¢ — oo, whereas

]

- ez’(xﬂ'y)‘ —ev<

is bounded by 1 for z € H™.

Example 3.2.7

Show that -
/ 0(2)s Wl = me
oo TE 1
Let )
ezaz
fz) = 2241
then it holds that
—a
res; f = T

2Note that cosz + isinz = e'* is not the real-imaginary decomposition of e**. Nonetheless e'*
is still bounded for Im(z) > 0 because cos z and sin z cancel each other out.
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3.2 The Residue Formula

So (choosing vg as in Example 3.2.3) we get

f(z)dz = me .
TR
We bound the integrand
eiaz 1
<
2241~ R2-1
on I'g and hence
R
. f(z)dz| < R;T_ T 0 as R— oo.

Taking real parts on both sides gives us

00 eiaz
27(1.% = 7T€7a.
oo TE+1

Example 3.2.8

An other class of integrals that we can solve using the residue theorem is

2™ P(cost,sint)
o Q(cost,sint)

where P, are polynomials and Q(z,y) # 0 for all 7,y € R with 22 +¢>+1. A

/27r de .
— a>1
o a+cosf’

we have

specific example of this is

On the unit circle z = %

1z

Also note that cos can be written as

cosf — e 4 =10 _ z2+1/z
2 2 '
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

Hence we can write a + cosf = a + (z + 1/z), which gives

/27r de _/ 1 dz
o a+cost Juia+i(z+1)iz

_2/ dz
g |2|=1 224 2z4+1"

A minor computation shows that the poles are at —a & va? — 1, and both points

are inside the unit circle. This gives us the final result

/ deo ) 27
————— =2mires,, f = ———.
|z=1] a+ cosf a2 —1

PROPOSITION 3.2.9:

Suppose [ has an isolated singularity at zg. Then zy is a pole of f if an only

if the limit im,_,,, | f(2)| = oo.

Proof. If f(z) has a pole of order k > 1 at zp, then there exists r > 0 such that

f(z) = g(2)(z = 20) 7
on D?(zp), where g € H(D,(20)) and g(z0) # 0. This gives us

. T - -k _
Jim [f(2)] = lim |g(2)ll2 - 2ol 00,

since lim,_,,, g(2) = g(20) is finite. Conversely, if lim,_, [f(z)] = co. Find r > 0
such that |f(z)| > 1 Vz € D}(2). In particular f(z) # 0 in D}(zp). Then

1
h(z) = ——
¥ =70
for z € D}(zp) is holomorphic in D}(z9) and |h(z)] < 1. Hence by Riemann’s
Theorem 3.1.4 h(z) extends to a holomorphic function in D, (z), by defining h(zg) =
lim,,,,1/f(2) = 0. If N is the order of the zero of h at z = zp, then f(z) has a

pole of order N at z. O

We have seen that if zy is removable then lim,_,,, f(2) exists and finite. If zp is
a pole the lim,_,., |f(z)| = co. Recall that if 2z is an isolated singularity, then zo

is called an essential singularity if it is neither a pole nor removable. For example

1/x

e/ has an essential singularity at z = 0. Note that e!/* — 0 as © — 0 along the
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3.3 Meromorphic functions

1/x

negative reals and e*/* — oo as  — 0 along the positive reals.

THEOREM 3.2.10: CASORATI-WEIERSTRASS

Suppose f is holomorphic in D} (z9) and has an essential singularity at zp.

Then the image of D}(z9) under f is dense in C.

Proof. We want to show that for every w € C and every € > 0 there exists z € D} (z)
such that |f(z) — w| < e. We argue by contradiction. Assume that this does not
hold, then we show that zy is either removable or a pole. Assume on the contrary

that there exists wg € C and § > 0 such that for all z € D} (zp),
|f(z) —wo| > 9 > 0.

Let
1

9(2) = 70—’

with z € D}(z9). ¢(z) is bounded by 1/6 in D;(zp), hence by Riemann’s Theo-
rem there is a holomorphic extension of g to D,(zp), and in particular, the limit
lim,_,,, g(2) exists. Since |f(z) —wp| > 0 and by definition of g, it is zero free in
D7 (zp). Hence its reciprocal has an isolated singularity in D, (zp). This singularity
of 1/g is either a pole or removable depending on whether lim,_,,, g(z) = 0 or not.
In particular )

f(z) = wo + g
has at most a pole at zp, which contradicts the assumption that zy is an essential

singularity. O

Remark. There is another theorem of Picard (1879) that states that if f €
H(D;(20)) and has an essential singularity at zp. Then C\ f(D;(20)) contains
at most one point. This exceptional point can exist! For instance exp(1/z) never

takes the value 0.

3.3 Meromorphic functions

We now look at functions whose singularities are poles. Since around a pole zg,

lim,_,,, | f(z)| = oo, we might want to add the “infinity” to C.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

DEFINITION 3.3.1: EXTENDED COMPLEX PLANE

Define C := C U {oo}, where oo is an ideal point at infinity and is unsigned.
C is called the extended complex plane. We can supplement the rules in C
by

1. cot 2z =24 00=00.

2. 00-2=2-00=00

3. z/oo=0

4. z/0 =00
The expressions 0o + 00, 0o/00, 0/0, 0 - co are not assigned a meaning in C.
A sequence ()22, C C converges to oo if limy,_o |2,| = 0o. Similarly we
say lim,_,,, f(z) = oo if lim,_, | f(2)]| = oc.

DEFINITION 3.3.2: MEROMORPHIC FUNCTIONS

Let Q be an open subset of C. f:C — C is called meromorphic on 2 if the
following the conditions are satisfied.

1. The set Sy = {z € Q: f(z) = oo} has no limit points in Q.

2. The points in Sy are poles of f.

3. The restriction f|qo\g ; is holomorphic.

Let M(€2) be the set of all meromorphic functions on €.

Example 3.3.3

1. Let P(z),Q(z) € C[z] with no common zeros. Then f(z) = P(2)/Q(z) €
M(C), where we let

P(2)/Q(z)  Q(2) #
00 Q(z) =

flz) =

o o

In this case Sy is the set of zeros of Q.
2. f(z) =cotmz = 2T= then f is meromorphic in C and Sy = Z.

3. f(z) = e#/(2* — 1) is meromorphic for C\ {0}, gut is not meromorphic for

C, because it has an essential singularity at 0.

Now we want to investigate more properties of meromorphic functions. To begin
with, we consider the following situation. If we have two functions f, g € M () with
pole sets Sf, Sy, then (f+9)(2) = f(2)+g(2) is z € Q\(SpUSy). If z9g € S;US, then
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3.3 Meromorphic functions

we can write f(z) = Py(2)+ f(2),Y 2 € Df(20), f € H(Dr(20)), 9(2) = Py(2)+§(2).3
Then

(F +9)(2) = Pr(2) + Py(2) + f(2) + 3(2).
This shows that f + g € M(Q), where Sy 4, C SFUS,.

PRrROPOSITION 3.3.4:
Let 2 C C open, then
1. M(Q) D H().
2. If f,g € M(Q), then so is af +bg € M(Q) with a,b € C. Hence M(£2)

1S a vector space.
3. f,g € M), 20 € SfUS,. Let f = Pf—i—f and g = Py + g, with
£, € H(Q). Then

(f9) = (Py + /)Py + §) = Prg + G,

where G € H().
4. If 0 £ f € M(Q),Q connected and the zeros of f do not have a limit
point in Q, then 1/f € M(Q).

Proof. 1. Obvious but note we identified a holomorphic function f : Q — C with
the corresponding function f : Q — C where f =io f,i: C < C.

2. The same argument for f 4 g works with af + bg.

3. Let f=P;+ f,g= P, +§. Let 20 € S; U S, then

fg=(Pr+ f)(Pc+3)
= Pfg + G

where Py, is a linear combination and G is holomorphic in D,(z). Now

(consider example 3.3.5)

fg= ( > ar(z - Zo)k> ( > bz - Zo%)

k=—n l=—m

o0

= Z Z akbN_z (Z - Zo)N.

N=—(n+m) k.l
k+l=N

3If 2o € Sy but not Sy, g if holomorphic in a neighbourhood if zy and the argument still applies.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

Similar to f 4+ g we can define

f(2)g(z) it z2€Q\(SfUS,)
00 if z € (SyUSy).

fg=

then fg is meromorphic in M(2) with Sy, C SfUS,.

4. If f € M(QQ). If zg € 2\ Sy and f(z0) # 0 then 1/f is holomorphic at z. If
2o € Q\ Sy and f(z9) = 0 then 1/f has a pole of order k = order of zero of f
at zg. If zp € Sy then

Z—20

‘ 1
f(2)
hence 1/ f has a removable singularity at zg. So if zeroes of f has no limit point
in 2 then the poles of 1/f have no limit point in Q and hence 1/f € M(9Q).
O

Example 3.3.5

a_1 > n
f= z—zo+7§a"(z_zo)
b_o b_q
= by (z —
g (Z_ZD)2+Z_ZO+Z (2 — 20)

Then

b_sa_y boag +b_1a_1  a_1by + apb_1 + b_sa;

(z — 20)3 (z — 20)? z — 2 +G.

fg=

Recall from Theorem 2.4.15 that if f : Q@ — C, © connected, and f € H(2), then

the zeros of f have no limit point in 2.

PROPOSITION 3.3.6:

If Q open and connected, 0 # f € M(Q), let Z :={z € Q: f(z) = 0}, then
% has no limit point in €.

Proof. Assume on the contrary there exists (zy,), C 2, such that lim,, . 2, = b €
Q and f(z,) = 0 for all z,. Let Sy = poles of f. Then 2\ Sy is also connected. By
theorem 2.4.15, the limit point b ¢ Q\ S;. But now b ¢ Sy either, because if b is a
pole of f,

lim f(z) = oo,

z—b
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3.3 Meromorphic functions

ie., |f(z)| > 0 with |z — b|] < ¢ for some ¢ > 0. But this contradicts that z, — b,
ie., |z, — bl < e for n > ng and f(z,) =0. O

Remark. Let f € M() zp a pole of f. Then there exists » > 0 such that
D} (z9) NSy = 0. If the order of pole at zg is k then we can write f as

f(2) = (2= 20)"g(2).  g(z0) #0, g(z) € H(Dr(20))-

We see that locally we can write a meromorphic function as the quotient of holo-
morphic functions. It is non-trivial but true that if € is connected then we can do

this globally,

M(Q):{ggng,geﬂ(ﬁ),ggé()}.

Remark. This is the analogue of constructions of Q as field of fractions of the

integral domain Z. Recall H(2) has no zero devisors if € is connected.

DEFINITION 3.3.7: ORDER FOR MEROMORPHIC FUNCTIONS
Let 2 € Copen, 29 € Q, f € M(), f # 0. Define the valuation of f at zg or
the order of f at zp, denoted ord,, f, v,,f to be the integer k£ € Z such that
1. If zp is not a pole of f, i.e. f(zp) # oo, then k > 0 is the order of zero
of f at zg.
2. If f(z9) = o0, i.e., zg is a pole of f, then k < —1 is minus the order of

pole of f.

Le. if ord,, f > 0 then 2 is a zero, if ord,, f < 0 then 2y is a pole and if ord,, f =0

then f(z0) # 0, f(20) # oc.

PROPOSITION 3.3.8:
If fe M(Q), f#£0, 2 € Q.
1. k = ord,, f < there existsr > 0 and h € H(D,(20)) such that h(zg) # 0
and f(2) = (z — 20)*h(2).
2. ord,,(fg) = ord,, f + ord,, g.
3. If f+g#0, then ord,(f + ¢g) > min{ord,, f,ord,, g}.

Example 3.3.9
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

z has a zero of order 1 at z = 0, ¢ — 1 has zero of order 2 at z = 0, ¢ — 1 has zero

of order 2 at z = 2mwin, n # 0.
ordg f = ordg z — ordp(e® — 1)2 =1-2=-1.
So f has a pole of order 1 at z = 0.
ordarin f = ordagin 2 — ordagin(e* — 1)2
f has poles or order 2 at z = 2min.

Remark. C = CU {oo} and Riemann sphere. Let S? = {(x1,x9,23) € R3 :
23 +a3+25 = 1} C R3 be the 2-sphere. We identify C with the plane (z1, z2) sitting
in R3. Let N = (0,0, 1) be the north pole. Define IT : S? \ {N} — C as follows. For
p €S2, p# N, let TI(p) be the intersection of C with the ray that starts at N and
passes through p. Explicitly

H(p) = (z1, v2, 23)

il i)
= 7770
<1—a;3 1—.%3 >

€1 xo .
: eC
1—x3+1—x32

Note the equation of the ray that starts at IV and goes through p is
N+tlp—N)

for t > 0 and
I(p) = N +to(p — N)

where tg is the unique real number so that
(07 07 1) + to(l’l, r2,T3 — 1) = (yla Y2, 0)
for some suitable y1,y2 € R. Defining II(n) = oo gives a bijection

m:S?> - C.
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3.3 Meromorphic functions

Conversely given z € C one checks

2x 2y |22 -1
22+ 17 |2+ 17 |22 + 1

I 1(z) = ( ) c §*\ {N}.

II is called a stereographic projection.

C = (z1,)-plane Y

Figure 3.2: Riemann sphere. 4

DEFINITION 3.3.10: ISOLATED SINGULARITY AT 00

For a function f which is analytic for |z| > 1/R for some R > 0, we say f
has an isolated singularity at infinity (which will be called removable, pole,
or essential) if g(z) := f(1/z) has an isolated singularity at z = 0 (removable,
pole, essential respectively).

A meromorphic function in the complex plane that is either holomorphic
at infinity (i.e. f is holomorphic at 0) or has a pole at infinity is called

meromorphic in C.
We will use the following notation Dj(c0) := {z € C||z| > %} ,D¥(c0) C D%(o0)
when R < S.

Example 3.3.11

1. An entire function is analytic in D} (c0) for every R > 0 for any R > 0. For
example f(z) = e* is holomorphic in C but has an essential singularity at oo
since f(1/z) = e'/* has an essential singularity at 0.

2. p(z) € Clz] has a pole at oo since
an,
p(1/z) = g

3. f(z) = tan(z) does not have an isolated singularity at infinity because f(z)

4This figure was created by Joshua Dreier. His personal lecture notes and more brilliant diagrams
you will find under his personal webpage [1].
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

has a pole at z = 7/2 + km, hence

9(z) = f(1/2) = tan(1/z)

has singularities at S = {(7/2 + kn)~! : k € Z} accumulate at 0. The

singularity of tan(1/z) at z = 0 is not isolated.

THEOREM 3.3.12:

If f: C—C meromorphic, then f is a rational function:

where P,Q € C[z].

Hence

3.4 Applications of the Residue Theorem

Our goal is to show the argument principle 3.4.2, which allows us to count the

number of zeros and poles of a given function f € M(2) inside a closed curve.

LeEMMA 3.4.1: f'/f

Let Q C C an open and connected set, f € M(Q), f #£0. Then f'/f, called
the logarithmic derivative of f, is also meromorphic in Q. Moreover, f'/f
has poles of order 1 at zy € Q for which ord f,, # 0,i.e. zo is either a zero or

a pole of f. Then res,, f'/f = ord,, f.

Proof. By assumption the zeros of f do not have limit points, hence 1/f € M().
Clearly f' € M(Q\ S¢), where Sy is the set of poles. If zg € Sy is a pole of order n,

then we can write f as
f(z) = (z—20)"9(2)

for all z € D}(z0), where g € H(D,(z0)) and g(z0) # 0. Taking the derivative we
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get

/ _ —n 5 1 /(4
f(z) = =) Zo)n+19( )+ ! (2)

1

= iy (L = 20)9'(2) —mg(2))

:=h(z)

where h € H(D,(zp)) and h(zg) = —ng(z0) # 0. Hence f’(z)/f(z) has a pole of
order 1 at zy. Similarly, if zg is a zero of f of order n, then f’ has a zero of order

n — 1 at zg, this gives

—(n+1)—(—n)=-1 2o is a pole
ord,, f'/f = ord,, f' —ord., f = (n—1)—n=-1 zp is a zero

>0 otherwise.

Next, we want to compute the residue at zeros/poles. If zy is a zero, so that
f(z) = (# — 20)"g(2), then

f'_n(z—20)""9(2) + (2 — 20)"g' ()

f (z — 20)"g(2)
_n_ 9@
z—2z20  g(2)

That shows that res,, f'/f = n = ord,, f. The calculation is similar in the case

when zg is a pole of f. O

THEOREM 3.4.2: ARGUMENT PRINCIPLE

Let Q C C be open and connected, f € M(Q) with f £ 0, and let v be a circle
(or any closed path so that the Theorem 3.2.1 (Residue Formula) applies). If

f has no zeros or poles on ~y, then

1 I
o ?g 7dz = Z ord,, f+ Z ord,, f = Z ord, f = Z—P.

20€Z5N int(y) zo€S N int(7y) z€ int(y)

ord, f#£0
Where 2 = zero set of f, Sy = poles of f, and int(y) denotes the interior
enclosed by . Also Z = number of zeroes and P = number of poles (counted

with multiplicity and order) of f inside 7.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

Proof. This follows from Lemma 3.4.1 and res,,(f/f’) = ord, f

1 rf Y _

z; €inty

where Z = number of zeroes of f inside v counted with multiplicity and P = number

of poles of f inside v counted with multiplicity. O

§ .

can be interpreted as 27i times the winding number of the path f(v) around the

Remark. The contour integral

origin.

THEOREM 3.4.3: ROUCHE’S THEOREM

Suppose f,g holomorphic in an open set ) which contains a circle C and its
interior. If |f(2)| > |g(2)| for all z € C, then f and f + g have the same

number of zeros inside C.

Proof. Lett € [0, 1] and define fi(z) := f(z)+tg(z), so that fo(z) = fand f1 = f+g.
We have that
[fe(2)| = [£(2) +tg(2)| = |[f(2)] = tlg(2)]] -

For z € C we have |f| > |g|, hence |fi(z)| > (1 —t)|g(2)| > 0, hence |fi(z)| > 0 for
z € C. Applying the argument principle 3.4.2 to f; gives

e,

" om e 1)

where n; is the number of zeros of f; in C. Since f; is continuous in both t and z, n;
is a continuous function of ¢.5 Since n; is an integer-valued function and continuous,
it must be constant. In particular ng is the number of zeroes of f and nq is the

number of zeroes of f + ¢g and they are equal. O

Example 3.4.4

Let p(z) = 254824 +23+22+43 and let’s prove that the numbers of zeros of p(z) inside
|z| = 1 is 4. In this case choose f(z) = 8z* (big on C) and g(z) = 26+ 2° + 22 + 3
(small on C). For |z| = 1, we have 7 = |25 + 23 + 22 + 3| < |82%| = 8 by Rouché,

Recall from real analysis; f : [a,b] X [c,d] — R continuous on [a,b] X [c,d] then h(t) :=
fcd f(t,z)dz is continuos on [a, b].
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f, f+g = p(z) has the same number of zeroes inside |z| = 1, since f has four zeroes,
so does P(z).

Example 3.4.5

One can give a “nice” proof of the Fundamental Theorem of Algebra using Rouché’s
Theorem 3.4.3. Let p(z) = 2" +a,_12" '+ --+ap. For |z| large |2"| dominates the
rest. If |z] = R, with R large enough f(z) = 2", f(2) = a2 ! + -+ + ag satisfies
|f(2)| > |g9(2)| on |z| = R. Hence f, f 4+ g = p has the same number of zeroes inside

|z| = R. Since f has n zeros, so does f + g = p. Quod erat demonstrandum.

THEOREM 3.4.6: OPEN MAPPING THEOREM

Let Q be an open and connected set in C and f € H(2) a non-constant

function, then f is open.

Proof. Let z9g C U C 2, where U is an open set, and let wg := f(29). We want to
show that a neighbourhood of wy is also contained in f(U), i.e., if w is near wy, then

there exists z € U such that w = f(z). Let » > 0 such that D,(zp) C U and such
that f(z) —wo # 0 in D#(20) (we can do this since zeros of holomorphic functions
are isolated). In particular f(z) — wg # 0 on Cy(zp). Cr(20) is compact, hence we
can find § > 0 such that |f(z) —wg| > 6 for all z € C.(29). Let w € C such that

|lw —wp| < 9, i.e. w € Ds(wp). Define
F(z) = f(z) —w = (f(2) = wo) + (wo — w).

We want to show that F'(z) has a zero inside the circle C.(zg), because this would
mean that there exists z € D, (29) such that f(z) = w. We can now apply Rouché’s
Theorem 3.4.3 with f := f(2) — wp and § = wy — w. On the circle Cy(zo) we have
\f| > ¢ and |g| < §. Hence by Rouché’s theorem 3.4.3, fand f+ g = F has the
same number of zeroes inside C,.(zp). In particular since f has a zero, namely z,
inside C'(2p), so does F. O

Remark. This theorem says for example that if f is a holomorphic function, then
the image of a disc D under f cannot be completely contained in R, since any subset

of R is not open in C.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

THEOREM 3.4.7: MAXIMUM MODULUS PRINCIPLE

Let Q C C be an open and connected set, and let f € H () be a non-constant

function. Then there is no zg € Q) such that

|f(2)] < [f(20)]

for all z € Q, i.e. |f| cannot attain a mazimum in Q. In particular if Q is

bounded and f is continuous on ), then

max | f(z)| = max [f(z)]

2eQ 2€Q\Q

Proof. Suppose f € H(2), non-constant and suppose f attains a maximum at zg €
2. By Theorem 3.4.6 (Open Mapping Theorem) f is an open map, hence if D =
D, (z0) C Q then f(D) is open. Hence f(D) contains a disc around f(zp). But this
means there are points z € D such that |f(zo)| < |f(z)| which contradicts that f

attains its maximum at zg. ]

Remark. The assumption about { being bounded is important. For example

consider
Q::{ZE(C'—;T<Imz<72T}

is open and connected, but its closure is not bounded. Let f(z) = exp(e?®), then

floa = exp (e””ii”ﬂ) = exp(+ie®). So on the boundary

‘f!aﬂ =1,

but on the interior of Q, f(x) = exp(e®*) — 0o as x — 0.

3.5 Homotopy and simply connected domains

The key idea to understand the homotopy version of Cauchy’s Theorem 3.5.3 is the
following: If f : © — C holomorphic and if we can deform v; C € into another
curve y2 (both ~y1,v2 are either closed or have the same endpoints) continuously
while staying in €2, then

fdz = fdz.
Y1 Y2
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DEFINITION 3.5.1: HOMOTOPY

Let © C C be open and 7 : [a,b] — C and 7, : [a,b] — § be two curves such
that yo(a) = v1(a) and ~(b) = v1(b). We say that ~y is homotopic to 7, in
) with fixed endpoints if there exists H : [a,b] x [0,1] — Q, (¢, s) — H(t,s)
continuous, such that

1. H(t,0) =~o(t) and H(t,1) = 1 (t) for all ¢ € [a,b].

2. H(t,s) =: ~s(t) is continuous for all s € [0,1] and ¢ € [a,b], and
H(a,s) = v(a) = m(a), H(b,s) = v1(b) = 71(b), i.e. -~ has the
same endpoints as vy and ;.

Similarly, if 79 and ~; are closed curves, we say 7 is homotopic to v; in €2
is there exists H : [a,b] x [0,1] — € such that

1. H(t,0) =~o(t) and H(t,1) = y1(t) for all ¢ € [a, b].

2. vs = H(t, s) is a continuous curve and H (a, s) = H(b, s) for all s € [0, 1].

Y0

Ao__-7
-

Figure 3.3: Homotopic curves vy and 7; with fixed endpoints

Figure 3.4: Closed homotopic paths g and ~;

Example 3.5.2

1. Let © = C and ~1,v2 be two closed curves. Then they are homotopic in C.

In fact there are homotopic to the constant curve o : [a,b] — C,t — ¢ € C.

85



3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

We can define a homotopy between the two paths as

H :[a,b] x[0,1] — C

(t,5) — (1 = 5)70(t) + s71(1).

H is continuous, being a combination of continuous functions, satisfying

H(t,0) = o(t)
H(t,1) = n(t)
H(a,s) = (1—-s)v(a)+ sm(a)
H(b,s) = (1= s)y0(b) + s71(b).

Since yp(a) = 7o(b) and v1(a) = 71(b), we have H(a,s) = H(b,s) for all
s € [0,1]. Note here we defined the line segment between 7o(¢) and v (t) as

our homotopy. The same works for any domain in C which is conver.
2. Take Q = C\ {0}. Let

Yo(t) : [0, 7] —

t— et
and

7(t) : [0, 7] — Q
t— e
We will see that they are not homotopic once we see the homotopy version of
Cauchy’s theorem.
3. Take Q@ = C\ (—o0, 0], then € is not convex, but we can still deform a closed
curve o to 1 as follows: choose a point on R, say 1, and the constant curve

o:la,b] = Q,t— 1. We can deform vy to 1, and 1 to ;. Explictly,

=
»
~
S~—
Il
—
—
[a—
|
DO
VA
N—
—~
3
—~
~
S—
|
—_
SN—
o
IN
VA
IN
—_ N

—
+
—
[\
»
|
—_
N—
—~
)
=
—~
~
S~—
|
—_
~—
D=
A
»
IN

Remark. If vy is homotopic to 1 in 2 we write v9 ~q 1. If Q is fixed we just

write v ~ 1. Note that ~ is an equivalence relation.
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THEOREM 3.5.3: HoMoTOPY THEOREM

Let Q@ C C be an open set and ~yy,v1 two curves in  such that either (i) vo
and 1 are both closed and homotopic, or (ii) vy is homotopic to v with fized
endpoints. Then for f € H(Q),

/vofdz—[ﬂfdz.

Proof. We will give proofs for different versions of the theorem. We will begin with

a simpler version under more assumptions.

‘ Simpler version ‘

If we also assume that H(t,s) has continuous second partial derivatives, then by

Schwarz’s Theorem
O’H  0°H
0sot  Otds

for all (,s) € [a,b] x [0,1]. Recall from analysis that for

h:la,b] x [0,1] — R
(t,s) — h(t,s),

if Oh/0s exists and is continuous, and we define
G:[0,1]] —R
b
s— G(s) = / h(t, s)dt,

then G is differentiable and

b oh
I —
G'(s) = s (t, s)dt.

We will apply this to the real and imaginary parts of the following integral. Define

OH

b
I(s) == / F(H (s, 1) 5 (5 5) e
)

h(t,s
b
= | fOs(t)vs(t)dt.

a
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

We have that
1(0) = / fdz
Y0

I(1) = L fd.

We want to prove 1(0) = I(1) and we will do this by showing that I is constant.

b9
9= 3
b9
Ix:

and

Taking the derivative we get

0

(rtarte.sn o)) at
O

8H
%) e

Using chain rule we have

b 2
1) = [ |t G e 5w + G| d

Notice that the part inside [...] is equal to

% (f(H(t,s))aasH(taS)> :

Hence we have

We now prove the theorem with no extra assumptions. We will use the following

two facts:

1. If K = H(Ja,b] x]0,1]), then K is compact. This allows us to use the following

lemma.

Lemma. If K is compact, then there exists € > 0 such that for all z € K, the
disc D.(z) is contained in (.
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3.5 Homotopy and simply connected domains

Figure 3.5: Two curves, v,,n and 7(,_1)/n, covered by discs

Proof of lemma. Assume that such an & does not exist. Then for all n > 1
there exists z, € K such that D;/,(2,) is not contained in , i.e. there
exists w, € C —  such that |z, — wy,| < 1/n. (2,)02, is a sequence in K
and since K is compact, there exists a convergent subsequence (z,, )32, with
limy_yo0 2n, = 2 € K due to the closedness of K. Since |w, — z,| < 1/n, we
also have |wy,, — zn, | < 1/ng, hence w,, — z as well. But w,, € C\ €2, which

is also a closed set, this means that z € C\ €2, which is a contradiction. ]

2. H is continuous on the compact set [a,b] x [0,1] implies that H is uniformly
continuous. Now we divide [a, b] X [0, 1] into N x N small rectangles, each with
size 1/N x (b —a)/N, we consider the image of the rectangle with vertices at
Tmms Tm—1ns Tmmn—1, a0d Tymiint1 (We write Ty, for (tm,sn)). Due to

uniform continuity, there exists N > 0 such that
’H(t7 S) - H(tm7 Sn)| <e

whenever |(t,s) — (tm, sn)| < 2/N. Since the diameter of Qun = [tim, tm+1] X
[$n, 8n41] is V/2/N, we can use the above remark to get H(Qumn) C De(Zmn),

where zpn = H(Tmn)-

We use induction on n, 0 < n < N to show that

(2)dz = [ f(z)d=.

Tn/N Y0
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

If n =0 it is clear. Assume for n > 1 that

/ fdz:/ fdz,
Y(n—1)/N Yo

then it is enough to show that

/ fdz = / fdz.
V(n—l)/N Yn/N

For each 0 < m < N, let ’y((;n_)l)/N = %_I/N‘[tm,th]. Let o, be the line segment
between z,, ,—1 and 2, , and analogously for o,,11. Now we apply Cauchy’s The-
orem in the disc D.(2m n—1), which we have chosen to be contained in  and to

(m)

contain the segments Vn-1)/N and '7((77?—)1)/N‘

77(;7131 f(z)dz — Lm+1 f(z)dz — L((;n) f(z)dz + /Um f(z)dz =

Summing over m gives

N-1
/V(nI)/N m= 0/((:7)1)/1\1
N-1 -1
= /( f(z dz—i—Z(/ f( dz—/ f(z)dz)
-0 n/N -0 Om Om+1

Now if we have two homotopic curves with fixed endpoints, then oy and oy are

trivial and both integrals vanish. If we have two closed curves, then o9 = o because

Yn-1)/n (@) = Yn—1),n(b) and 7y, n(a) = vy,/n(b). This concludes the proof. O

Example 3.5.4

In Example 3.5.2 (2), 70 # m in Q, because if they were homotopic, then that
would say for f(z) =1/z € H(Q),

/ fdz:/ fdz,
Y0 m
1
/ —dz =0,
ro-mn #

which implies

but we know the integral is 27i.
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3.6 The complex logarithm

3.6 The complex logarithm

DEFINITION 3.6.1: SIMPLY CONNECTED

An open set 2 C C is called simply connected if it is connected and if every

2 curves with the same endpoints are homotopic.

THEOREM 3.6.2: SIMPLY CONNECTED AND PRIMITIVE

Any holomorphic function on a simply connected domain has a primitive. In

/fdzzO
v

for every closed curve. Any 2 primitives differ by a constant.

particular,

Proof. Fix zg € Q. For z € (2, since {2 is connected, there exists a curve y connecting

zp to z. Define

ﬂ@:LfWMw

The function F' is well defined since €2 is simply connected: if 4 is another curve

from zg to z, then v ~ 4 and by Theorem 3.5.3 (Homotopy Theorem),

wamwzéfWMw

Now we show that F' is indeed the primitive of f. Choose h small so that the line

segment connecting z and z + h is contained in €2. Then, by definition

z+h
F(z4+h)—F(z) = / f(w)dw.

Arguing as in the proof of Theorem 2.1 (this is the numbering in the book, not in
our notes), or using continuity of f as below we get

lim F(z+h)— F(z) — 1(2).

h—0 h

This concludes the proof. In the following we elaborate on the argument using

continuity. By uniform continuity in a compact set (here [z, z + h] denotes the line
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

segment from z to z + h),

J f@O—ﬂ@mvé< sup uwo—ﬂaon
[z,24h] wE

[z,2+h]
Hence
F(z+h) - F(z
FEEREEE g6 < s (5 - £
wE|[z,2+h]
But f is continuous. Hence sup,c. .4n [f(w) — f(2)] — 0 as h — 0. O

For a given z € C\ {0}, we want to define a logarithm as a complex number w such
that e = z. If z = re’® we can set log z = log 7 + if. The problem with this is that

this is not single valued. For example if we choose z = 1, we have
V=1

but also
ek =1, keZ.

DEFINITION 3.6.3: BRANCH OF THE LOGARITHM
Let 2 € C be an open set. A branch of the logarithm, logg, on Q is a

holomorphic function such that exp(logg(2)) = 2.

Remark.
1. Since exp z # 0 for all z € C,logq, function can exist only if 0 ¢ Q.

2. Let Q = C\ {0}. Even though
exp:C— C\ {0}

is surjective, there is no holomorphic choice of logarithm in C\ {0}. If it
existed f € H(C\ {0})
exp(f(2)) = =

differentiating we get

f(2)exp(f(z)) =1 VzeQ

where

F(z) = % VzeC\ {0}
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3.6 The complex logarithm

But then
1
/ —dz
N Z

should be 0 for any closed curve in € because f is a primitive of 1/z, which is

not true.

. If © is open and connected, and ¢ = logqg : 2 — C is a logarithm on Q. If lis

also a logarithm on Q then ¢ — ¢ = 27in for n € Z. That is because
exp(l(z)) = z,exp (g(z)) =z
which implies
exp (e(z) - E(z)) =1 = 0(2)— l(z) € 2miZ for all z € Q

U2)—4(2)

21

Hence it is a single point n. Conversely if £/ = ¢ + 2min then exp (@(z)) =

ie. is an integer valued continuous function on a connected set 2.

exp({(z)) exp(2min)) = exp(¢(z)) = z.

THEOREM 3.6.4: EXISTENCE OF BRANCH OF LOGARITHM

Let Q C C\ {0} be simply connected. Then there exists a branch of logarithm

on €2, i.e.

F:Q—C

such that F is holomorphic and exp(F(z)) = z for all z € Q.

Proof. Since 0 ¢ Q we have 1/z € H(f2). Since 2 is simply connected 1/z has a

primitive, call it f(z). Let

G(2) := zexp(—f(2)).

The derivative is

G'(2) = —f'(2)zexp(~ f(2)) + exp(— f(2)) = 0.

Since  is connected G(z) = a = ze~7(*) is a constant which is non zero since z # 0
and exp # 0. So there exists b such that a = exp(b). Let F(z) = f(z) +b. Then

exp(F(2)) = exp(f(2)) exp(b) = 2,

z/a a
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

i.e. F(z) is a branch of logarithm on €. O

DEFINITION 3.6.5: PRINCIPAL BRANCH OF LOGARITHM

Let 2 := C~ := C\ {—00,0]. The principal branch of logarithm is the unique
logg, € H(Q2) such that log(1) = 0.

Remark. Sometimes the principal branch of logarithm is denoted by Log.

PROPOSITION 3.6.6: CALCULATION OF THE LOGARITHM

If z =re? € C~ withr > 0,—7 < 0 < 7 then the principal branch is given by

log z = log r + 6.

/ dw
log z := —
L w

be a primitive of 1/z where we take the path -, which starts at 1 and ends at z.

Proof. Let

Note that by definition log1 = 0. If z = re?®, r < 1, take the path -, which goes on

the real line from 1 to r, then on the circular arc to z. We have

1 —0 .0
d _ (1
log z = —/ e + / Le.tdt = logr + 0.
r I 0 re—*t
—— —

on the x_ axis  on the arc z=re—%, 0<t<6

O
Remark. r > 1 is similar and was an exercise.
Remark.
1. The identity
log z + log w = log(zw)
does not hold for all z,w,zw € C~. If w = re®, z = se®, zw = rse? and

—7 < a, 3,0 < m. Then there exists v € {—2m,0,27} such that § = a+ 3+ 1.

Then we have

logwz =logrs+1i0 =logr +logs +i(a+ B +7)
= (logr +ia) + (log s + if8) + .

This implies logwz = logw +logz & v=0< a+ 8 € (-7, ).
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3.6 The complex logarithm

2. For the principal branch of log one has the Taylor expansion

> _1n—1 — 1"
logz:z( i ), |z — 1] < 1.

mn
n=1

Take the derivative of both sides then the left hand side has derivative (LHS)" =
1/z and the right hand side

P NSy 1 _1 _
(RHS)_;Q 2) =0 9" |z —1] < 1.

The right and left hand side differ by a constant. Choose z = 1 to see that

the constant is 0.

3. The image of the punctured circle {z € C | |z| =7, —7 < argz < 7} is the
vertical interval {w € C | Re(w) = log|z|, —7 < Im(w) < 7}, as shown in
Figure 3.6

if r <1 then Rew < 0,

if > 1 then Rew > 0.

Im Im
7T ffffff
|2l =r
—r 7" Re log(r) " Re
—m < arg(z) <m —m-----

Figure 3.6: The punctured circle {z € C : |z| = r, —7 < arg(z) < 7}(left) and its
image under the principle branch of log (right)

4. The image of {z € C | Argz = 0}, a ray from 0 to oo, is the horizontal line
{w € C | Imw = 0}, as shown in Figure 3.7.

5. We can define a holomorphic branch of logarithm for any

Q:=C\({z|Argz=a}U{0}).
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

log e\

LS 2 o

Figure 3.7: Image of {z € C | Argz = 6}

DEFINITION 3.6.7: POWER FUNCTION

Let 2 C C\ {0} which is simply connected and logg : @ — C a branch of
logarithm. Let a € C, z € 2, we define

(e

2% := exp(alogq(2)).

Note that this definition depends on the choice of logg. If we choose logn +2mik

instead, then

a627rzka )

exp(a(logg z + 2mik)) = 2

In particular if we choose the principal branch with log1l = 0 and @ = 1/m then

Zl/m — gl/mlogz Yy get

(zl/m>m ~ exp <10gz> ---exp(lng>
m m

= exp(@ log z) = 2.
m

THEOREM 3.6.8:

If f € H(QY), Q simply connected, f(z) # 0 for all z € Q. Then there exists a
holomorphic function g : Q — C, called logarithm of f such that e9*) = f(z).

Proof. Exercise. Define g as a primitive of f'/f. O

COROLLARY 3.6.9:

If f € H(Q), non vanishing and Q simply connected. Then f has a square
root in Q, i.e. there exists h : Q — C holomorphic such that h(z) = f(z).
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3.6 The complex logarithm

Proof. Take h = exp(% log f) = exp(%g(z)). Then h? = exp g(2) = f(2). O

DEFINITION 3.6.10: WINDING NUMBER

Let zp € C and ~ a closed curve in C, such that zyp ¢ . The winding

number of v around zg is

1 dz
= ind = — .
wnlen) =ind (z0) = 5 [ T
Remark. Let y(t) = 2o + re't, 0 < t < 27n, then
1 dz
— =n.
211 N Z— 20
If v= 2 +re, 0 <t <2rmand # 20, then
1 / dz )1 = €int(y)
2mi Jy 2 — 21 0 21 ¢ int(7).

To get an intuition, let v be a smooth curve v : [0,1] — C, v(0) = ~(1),

[ s

This looks like log(y(t) — 20) i:é = 0, which is wrong. We need to use the complex

logarithm: with the principle branch we get

log(v(1) — o) —1og(7(0) — 20)
= log|y(1) — 20| — iarg((1) = 20) — (log |¥(0) — 20| + 2 arg(7(0) — 20))
=i(arg(y(1) — 20) — arg(v(0) — 20)).
There is an ambiguity in defining the argument, but geometrically we can understand

it as the total change in argument as y(¢) moves around zp. In particular, since the

start and endpoints are the same, the difference in argument is a multiple of 2.5

5The argument here is not completely rigorous, it is mainly to show the intuition behind the
definition and later we will prove the key properties of the winding number.
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3 MEROMORPHIC FUNCTIONS AND THE LOGARITHM

PROPOSITION 3.6.11:

Let 7y be a closed curve in C and Q = C\im(~), which is open. Then the map
wy : 0 — C takes values in Z and is continuous. Hence it is constant on any

connected subset of Q. Moreover, wy(z) = 0 if || is large enough.

Proof. Let v : [a,b] — C be a parametrisation of . Let

Gt) = / J(S)f‘i .

Note G(a) = 0 and G(b) = 2miw,(z). G(t) is continuous and except possibly for
finitely many points, it is differentiable, with

Hence H is constant: H(t) = (y(t) —2)e %" =c € C,s0y(t) —z = ce®® for all t €

[a,b]. Moreover, we have ¢ = ce%(® = ~y(a) — 2, which implies v(b) — z = ce¢®) = ¢

as well. This gives e“(®) = 1, so G(b) = 2miw,(2) € 2miZ.

If M := supscpqy [7(t)|- Let [2] > M, then

1/ dw < 1 length(y)
2 )y w— 2z

|'UJ7(Z)| = = 27T |Z| _M }

since |w—z| > |lw| —|z|]| > ||z] — M|. When |z| — oo, LHS goes to 0, and in
particular, there exists R such that for |z| > R, |w,(2)| < 1/2. Since w,(z) is an

integer, this implies w,(z) = 0 for z large enough. O

THEOREM 3.6.12: RESIDUE FORMULA VERSION 2

Let Q € C be simply connected and f € M(Q), V = Q\ Sf, where Sy is the

set of poles. For a closed curve v in V, we have

/fdz = 2mi Z w~(20) r€sy, f.
.

ZQESf
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3.6 The complex logarithm

Proof. For any zy € Sy, let P, (z) be the principle part of f at zo,

where N(zp) is the order of the pole.

Case 1. S is finite. Then

f:f_zpzo

20€Sy

has removable singularities at 29 € Sy and hence has a holomorphic extension. This

means the integral of f along v is 0 and hence

Lfdz =Y /‘;1_(2)@: 3w, (z0)a1(z0).

ZQESf i ZESf

Case 2. S; is infinite. Pick R > 0 such that Dg(0) contains v and wy(z) = 0
if |z2| > R. Then Sy N Dg(0) is finite because Sy is a discrete set. Similar to the

f:f_ Zonv

20€Sy
|Z0|<R

previous case, let

which is holomorphic in 2N Dg(0). Hence we have

/fdz:O,
.

which implies

/7 fdz= > / P, (z)dz

zoESf v
|z0|<R

= 2mi Z (resz, fwy(20)

20€8y
|zo|<R

= 27 Z (resy, f)w'y(z())7

Z()GSf

since w (29) = 0 for any zy € Sy outside Dg(0). O

99



Chapter 4

Conformal Mappings

MoTIVATION: We want to answer the following questions:

1. Given U,V C C, when does there exist a holomorphic function
U=V

that is a bijection? We will see that f~! : V — U is automatically holomor-

phic.

2. When does there exist a holomorphic bijection between 2 C C and the unit
disk?

4.1 Conformal equivalence

DEFINITION 4.1.1: CONFORMAL MAP

Let U,V C C be open sets. An injective holomorphic map f : U — V is
called a conformal map. If f is bijective, then it is called a conformal
equivalence, and we say U and V are conformally equivalent. Other
terms used to describe conformal equivalences include biholomorphism and

holomorphic isomorphism.
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4.1 Conformal equivalence

PROPOSITION 4.1.2: HOLOMORPHICITY OF THE INVERSE

If f : U — V is conformal (i.e. holomorphic and injective), then for all
2 €U, f'(z) #£0. The inverse of f defined on its image

L fU)-U

is also holomorphic.

Proof. Assume on the contrary that there exists 29 € U such that f'(z9) = 0. We
want to show that in this case f cannot be injective. Let h(z) = f(2) — f(z0),
then h(zo) = h'(z0) = 0. This implies that k := ord,, h > 2. If k = oo, then
f(2) = f(z0) = const, which is not possible due to injectivity. Hence k < oo and

there exists r > 0 such that for all z € D, (o),

9 (5
£ - £le0) = Lo (o )t 4 @)z — 20
and o)
k!o =:a#0.

Since the zeros of f’ (which is holomorphic) are isolated, we can choose r > 0 such
that f'(z) # 0 in D}(z0). Now we want to use Rouché’s Theorem 3.4.3 to show that

for some w € C,

9(2) := f(2) = f(20) —w

has the same number of zeroes as a(z — 29)* — w in some disc around zy. To do this,

we write for z € D (zg)

f(2) = f(z0) = w = a(z — 20)* + G(2) (2 — 20)" " —w
= (a(z — )k — w) + G(2)(z — z0)F L.

We apply Rouché 3.4.3 as follows: Let C' = sup|,_.|—/2 |G(2)]. Pick 0 < s <r/2

with s < 1, and let
N
< —_
wl < al (3)

Then on the circle |z — 2| = s,

sk s\ k
ol =)t | 2 (jals* = Jalf3) =l (5)
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4 CONFORMAL MAPPINGS

We also have that
G(Z)(Z _ Zo)k-i-l < Csk—‘rl

on |z — 29| = s. So if we choose a(s/2)¥ > Cs**1 ie. s < a/(c-2¥), then we can

apply Rouché 3.4.3 to conclude that g(z) = f(z) — f(z0) — w has the same number

of zeros in |z — zg| < s as a(z — 29)F — w for |w| < |a|(s/2)F. Note that if w = re®,
then the zeros of a(z — zp)" are at z, for n =0,1,...,k — 1, satisfying
1-k . nm
Zn— 20 = ‘9‘ (5.
a
But then |z, — 20| = |w/a|"/* < s/2 < s. Hence, all roots are inside Dy(zg), with

s < min{|a|/(C-2%),7/2,1} and |w| < |a|(s/2)*. Hence for a suitable choice of w, g

k namely k zeros. Let 21, 20, . .., 2, be the

has the same number of zeros as a(z — zg)
zeros of g. If we choose w # 0, which we can do, then these zeros are not equal to
20, because if z = zp, it implies 0 = g(zx) = f(20) — f(20) —w # 0. Since f'(z) #0
in Df(29), we have that ¢'(z) = f'(z) # 0 for z € D}(zp). Hence each zero has order
1 and they are distinct. That means f(z;) — f(z0) — w = 0 for k distinct 2z, which

contradicts injectivity. This proves that f/(z) # 0 for all z € U.

Note that f : U — f(U) is bijective, so without loss of generality assume f(U) =V,
which means f~! : V — U is bijective and continuous, as f is an open map. Let

wp € V and w € V be close to wg. Write w = f(2),wy = f(z0). For w # wy we

have
) —fwo) 2=z 1
w — Wy f(z) — f(zo) f(z)—f(z0)
2—20
Now we take the limit w — wq to show that (f~1)’ exists. O
Remark.

1. Proposition 4.1.2 says that if f: U — V is a conformal equivalence then f~!

is also a conformal equivalence.
2. Conformal equivalence is indeed an equivalence relation because
(a) U ~cUasid:U — U is a conformal equivalence;
() f U~cVby f:U—=V, then V~cUbyf1:V—=U;

(c)iftUn~eVbyf:U—=V,V~cgWhbyg:V —W,then U ~c W by
gof:U—=W.
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4.1 Conformal equivalence

COROLLARY 4.1.3:

If f:U — V is a conformal equivalence, then the map

T:H(V) —s H(U)
¢r—>¢of

18 a linear isomorphism between two vector spaces.

Example 4.1.4

Consider half plane H := {z = x + iy € C : y > 0} and the unit disc D := D;(0).

The map
f:-H—D
z—1
Z— -
zZ+1

is a conformal equivalence (a Mobius transformation), as shown in Figure 4.1, with

inverse
14+w

.
1—w

£ w) =

For any z € H with 2z 4+ ¢ # 0, so f is clearly holomorphic on H. The function
g = f~!is also holomorphic. To see that g(w) € H we calculate

(14w ) _ s 14+w
(i) i ()

21

g(w) =
1wl

14w

One can check directly that f(g(w)) = w and g(f(w)) = =.

Example 4.1.5

Consider the map

f:U—H

z— 22,

where U = {z € C : 0 < arg(z) < 7/2}, then g(z) = f'(w) = w'/? =
exp(log(z)/2) (with log the principle branch). Note f is injective: if 23 = 22, then

21 = £z and only one of them can be in U. To show surjectivity, let w := re,
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4 CONFORMAL MAPPINGS

Figure 4.1: Conformal equivalence between H and D

0 < 6 < 7. Then z = r'/2¢%/2 ¢ U satisfies 22 = w. In general the map z — 2"

maps a sector S = {z € C:0 < arg(z) < 7/n} to H conformally.

Example 4.1.6

Any horizontal strip of length 27 is conformally equivalent to a cut plane (split

plane). Someone make this diagram.

Example 4.1.7

An important non example: Let U = C,V = D, then there is no conformal
equivalence between C and I because otherwise f : C — D would be a holomorphic

and bounded function. Hence by Liouville’s Theorem 2.4.6, it would be constant.

4.2 Riemann Mapping Theorem

THEOREM 4.2.1: RIEMANN MAPPING THEOREM

Suppose 2 C C non-empty, simply connected. If zy € 2, then there exists a
unique conformal equivalence F : Q — D such that F(z9) = 0 and F'(z) > 0.

Idea of proof:

1. Uniqueness: this boils down to finding all conformal automorphisms of the
unique disc. f1 : @ = D, fo :— Q — D two conformal equivalences, then
faofit:D—D.

2. If Q # C we will show that there is a conformal map f : Q@ — D with f(z9) = 0.

Hence 2 is conformally equivalent to a subset of the unit disk D;(0).
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3. Step 2 shows that the set F := {f : Q@ — D, f conformal, f(z9) = 0}. We will
see that s : supsex |f'(2)] exists and there exists f € F such that |f'(z9)| is

maximal. This f has maximal expansion speed.
4. The function f found in step 3 is actually surjective. Lecture 26
Proof. Step 1. Automorphisms of D and uniqueness.

THEOREM 4.2.2: AUTOMORPHISMS OF D

If f: D — D is an automorphism of D. Then there exists 6 € R and o € D

such that
fz)=e <1—az>'

Then f(0) = ea and f'(0) = e?(|af* — 1). Conversely every map of this

form is an automorphism of D.

The next corollary will give the uniqueness in Riemann’s Theorem.

COROLLARY 4.2.3:

The map in Riemann’s Theorem is unique, i.e. f; : Q — C, fi(z0) =
07 le(z()) > 071 S {1,2}, then fl = f2’

Proof of Corollary 4.2.3. Let g = fo0 ffl, then ¢ : D — D an automorphism of D.
Hence by Theorem 4.2.2,

for some 6 € R and a € D. Since fi(z9) = 0, g(0) = 0, which implies & = 0 and

g(z) = —€?z for some z € D.

g/(O) — _eiG
= (f20 f1 1) (0)
= (O (0)

~ fa(=0)
= Fo) Y

—e > 0 implies that § = 7 + 27k, hence g(z) = z so we have f; = fo. O

Remark. If f(0) = 0, then f(0) = ¢a =0 = a = 0. If a = 0 then

f(z) = =2 = €2, ie. fis a rotation.
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To prove Theorem 4.2.2 we need another important lemma.

LEMMA 4.2.4: SCHWARZ LEMMA

Let f : D — D holomorphic with f(0) = 0. Then the following holds:
1. |f(2)] < |z| for all z € D.
2. If for some zy # 0 with |f(z0)| = |20|, then f is a rotation (i.e. there
exists € R such that f(z) = ez).
3. |f'(0)] < 1. We have equality | f'(0)] = 1 if and only if f is a rotation.

Proof of Lemma 4.2.4. We will use Maximum Modulus Principle 3.4.7.

1. Since f(0) =0, ordg f > 1. Let

o) = T e ).

z

Fix z € D, choose 0 < |z| < r < 1. For |w| = r, we have by Maximum Modulus
Principle 3.4.7,
l9(2)] < max [g(w)].

|w|=r
We write
1
l9(2)] < max |g(2)| = — max | f(w)]
|w|=r T jw|=r

1
< o
r

since |f(w)| < 1 for all z € D (f is an automorphism). The above is true for

any r, letting r — 1 we have |g(z)| < 1, which means |f(2)| < |z|.

2. Let g be as in the first part, so sup.cp, (o) [9(2)| < 1. But if we have |f(z0)| =
|z0| for some zg # 0, 29 € D1(0), then the maximum of g is attained inside the
disc. This will contradict the Maximum Modulus Principle 3.4.7 for g, unless

it is constant. This means that there exists ¢ € C so that

flz)
> - g(Z) =¢
hence f(z) = cz for all z € D1(0). We also have |f(zo)| = |20| for some z,

0

this implies |¢| = 1, so ¢ = €% for some 6 € R, and f(z) = ¢z, a rotation.
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4.2 Riemann Mapping Theorem

3. We have
o0 = tiy 72
N ORI0)
z—0 z—0
= f'(0).

Hence |f'(0)] = |g(0)] < 1. If | f/(0)| = 1 then again 0 is a local maximum of
g, which can not happen unless (by the Maximum Modulus principle 3.4.7) g

is a constant. As above this gives f is a rotation.

Proof of Theorem 4.2.2. Let

for o € C with |a| < 1.

Claim. ¢,(z) is an automorphism of D.

Proof of claim.
1. For |a] < 1 we have |1 —az| # 0 for |z| < 1. Hence ¢, € H(D).
2. If vo(2) = pa(w), then

10‘__; - 10‘__@“1’0 = (1-|aP)r=01—|oPw = 2=uw.

This shows ¢, is injective.

3. Finally we show ¢, (D) C D. If |2| = 1 then z = ¢

=w
—
i0
0y _ a—e¢ _ | —e||®] _
#ole) = | Gt ) |5 =1

By Maximum Modulus Principle 3.4.7, for z € D, |p,(2)| < 1.
4. One sees that (¢q 0 9a)(2) = 2z, hence v = 4.
This shows the claim. n

Now suppose f is an automorphism of I, there exists a unique o € I such that

f(a) = 0. Now consider g = fo,, then by definition ¢g(0) = 0. By Schwarz Lemma
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4 CONFORMAL MAPPINGS

4.2.4 applied to g, we have |g(z)| < |z| for all z € D. Since g~(0) = 0 and g~ * is
also an automorphism of I, we get that } g_l(w)‘ < |w] for all w € D. Applying this
to w = g(z) we get that |z| < |g(z)| which implies that |z| = |g(z)]|, and from this it

follows that g is a rotation by Schwarz Lemma 4.2.4. Hence
g(z) =¢€"z
for some 6 € R and by construction,
¢z = (o ga)(2) = 9().

Replace z by ¢, (z) we obtain

id
¢a(2) = (f © a)(Pal(2)) = (f ©Pa o pa)(2)
= J(2)
This proves Theorem 4.2.2. ]

Remark. Combining automorphisms of I with the Cayley map

F:H—D
zZ—1
z ;
Z+1

one can show the following.

Theorem. FEvery automorphism of H is of the form

(2) = az+b
= d
a b
for ( ) € GL2(Z), ad —be > 0.
c d
Proof. Read in the book. O

Step 2. If Q is a proper and simply connected subset of C, then Q) is

conformally equivalent to a subset of D.
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4.2 Riemann Mapping Theorem

PROPOSITION 4.2.5:

Let Q) C C,Q # @, simply connected and open. Then there exists f : Q — D
such that f is conformal and 0 € f(Q), i.e.  is conformally equivalent to a
subset of D.

Proof. By assumption (2 is a proper subset, i.e. there exists o € C such that a ¢ .
By replacing 2 with Q@ —a = {z — a : z € 2}, we may assume a = 0. Hence 2 C
C\ {0}. Then there exists logq : 2 — C with logg C H(€2), a holomorphic branch of

logarithm. Note logg, is also injective since if logq z = logn w, exponentiating gives

z = exp(logg 2)
= exp(logg w)

:w7

i.e. logq is conformal. Now let w € . Then note that for any z € Q, logg 2z #
logn w + 27, since otherwise exponentiating gives z = w, but then logg 2 = log w.
In fact, logn(z) stays away from logg w + 2mi in the sense that there exists § > 0
such that Dys(logg w + 27i) N logn(2) = @. Assume not, then for every n > 0
we get a sequence (z,)2, C € such that |logq 2, — (logg w + 27i)| < 1/n. Hence
logq zn, — logn w+2mi. Exponentiating gives z, — w and hence, using continuity of
the logarithm, logg 2z, — logg w, which is a contradiction to logg 2z, — logw + 2.
In the sequel we omit €2 in logq, but we always refer to this branch of logarithm,

logq, defined on 2. Now we consider the following map

F:Q—C
1

i log z — (logw + 2mi)

Since log z # logw + 27¢ for any z € ), F' is holomorphic. Now F' is also injective
since log z is injective, i.e. F is a conformal map. Since Dys(logw +27mi)Nlog Q) = &

we have log z — (logw + 27i) > 2. Hence

1

F(z)—0| =
[F (=)~ 0l log z + (log w + 27i)

| =

<1<
— 2

Hence F'(2) C D;/5(0). We can now translate and rescale to find the function we

are looking for, namely
1)
4

f(z) = 7 (F(z) = F(w)).
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4 CONFORMAL MAPPINGS

Then f: Q — C is conformal, because F' is conformal. We also have f(w) = 0 and

o /1 1 1
<2(=42) <=
ran<s(3+3) <3
which implies f(©) C D1(0). O

Step 3. An extremal problem.

Define .# := {F : Q@ — D : F conformal, f(z9) = 0}. By Step 2, .# # @. We start

with the following lemma.

LEMMA 4.2.6:

The set of walues {|f'(z0)| : f € F} is bounded in [0,00), that is,

sup e | (20)| = s < oo.

Proof. Let 6 > 0,Dys5(z9) C Q, f € #. Cauchy Integral Formula for derivatives

2.4.4 gives
/ 1 / f(2)
. )4,
fz0) 270 J ey (z0) (2 — 20)? :

which implies

‘ -

215 - max,eCs(zo) ‘f(Z)‘
i 62

|/ (20))

IN

VAN
SR

)

since |f(2)] < 1. O

PROPOSITION 4.2.7:

There exists f € F such that |f'(z0)] = s.

Step 4. Surjectivity of f from Proposition 4.2.7.

PROPOSITION 4.2.8:
Let f € F be such that |f'(z0)] = s = sup|f'(z0)|, then f is a conformal
fez

equivalence, i.e. f is also onto D.

Proof. To show that f is surjective, we assume this is not the case and find g € F,
such that ¢'(z0) > |f'(20)]- To do this, we will use ¢, for some appropriate a,

and the squaring map. Since f is assumed to be not surjective, there exists o € D
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4.2 Riemann Mapping Theorem

such that f(z) # a for all z € Q. Recall that ¢,(0) = o and ¢o(a) = 0. Then
va o f:Q — Dis conformal and 0 ¢ (p, o f)(2). If 0 were in the image, then
(pa © f)(2) = 0, which implies f(z) = « for some z. Since 2 is simply connected,
0 ¢ (¢aof)(), alogarithm and thus the square root of ¢, o f exists. There exists a
holomorphic map f : Q — C such that f2(z) = (pq 0 f)(2), for all z € Q. Note f is
injective, because if f(z) = f(w), then (a0 f)(2) = (¢a o f)(w), this means z = w
as pq and f are both injective. We also notice that f(zg) # 0 as @a(f(20)) # 0. Let

f(z0) = 8 and consider

QOBZ]D)—HD)
Z—s 6_f.
1-p8z

Let g : © — D defined by g(z) = ¢g o f, then g(z0) = 0.
Claim. |g(20)| > |f'(20)|-
Proof of claim. We first formally construct g : & — D as described above. We
already have the function ¢, o f : @ — D — . Let h be the square root function,
h:(paof)(Q) — D
(3%7)
w —> exp §logw ,

sohopaof:Q—D. Weset f =howyo f. Then we compose this with g to get
g : Q — D, where

g=wgof
=pgohop,of,
—_———

f
and gpgl og=hoypsof= f. By construction
(p5'09)? = aof.

This implies

0o o(pzlog)? =T
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4 CONFORMAL MAPPINGS

Let s(z) be the squaring map, so

f=¢tosopzlog=dog.
—————
]

® : D — D is holomorphic and not injective, because the squaring function is not.

We have that

®(0) = (¢, 05095")(0)
=0, (8,

since 4,051(0) = . It holds that
8% = (f(20))* = (¢a © f)(20)

since 8 = f(z0). Hence ®(0) = (¢3" 0 pa 0 f)(20) = f(0) = 0.

Applying part 3 of Schwarz Lemma 4.2.4 we get |®'(0)| < 1. We note that |®'(0)| #
1, otherwise ® would be a rotation and hence injective, but as said before ® is not

injective. By construction f = ® o g. Applying the chain rule we get

|f'(z0)] = |®"(9(20))g (20)| = |®'(0)g(20)| < |g'(20)].

Hence we can conclude.

Proof of Proposition 4.2.7. Recall:

1. For a bounded set U C R there exists a non-decreasing sequence (a, )y, C U
such that lim, oo a, = s = supU . Hence if f, € .F with |f](z0)] — s, we
want to show that f, — f € Z.

2. We have seen that a sequence of holomorphic functions that converge uniformly
on compact set has a limit which is also holomorphic. But we can not expect
that an arbitrary sequence of holomorphic functions f;,, is uniformly convergent

on compact set.

3. In a finite-dimensional vector space R", every bounded sequence has a conver-

gent subsequence.

We are looking for an analogue of this, which is provided by
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4.2 Riemann Mapping Theorem

THEOREM 4.2.9: MONTEL’S THEOREM

Let Q C C be open, (fn)n C H(Q). Suppose for all compact sets K C ) there
exists My > 0 such that |fn(2)| < My for alln > 1 and for all z € K. Then

there exists a subsequence (fy,) which converges uniformly on compacta.

Proof. No proof. O

We apply this theorem in our case, since (f,) C %, fn : Q2 — D, so |fu(2)| < 1 for
all n and for all z € Q. Hence by Montel’s Theorem 4.2.9 there exists (f,,) C F#
which converges uniformly on compact sets with limy_,« fn, = f, f holomorphic.
We still need f € %, i.e. we want to show that f is injective and f(Q2) C D (we
already have f(z9) = 0 since fy,(20) = 0).

PROPOSITION 4.2.10:

Let (fn) be a sequence in F and suppose fn, — f for all z € Q uniformly on

compact sets. Then either f is constant or f € F, limy,_,00 f1(20) = f'(20)-

Proof. First note f,, — f uniformly on compact sets, hence f € H(Q) and [ (z9) —
1'(20). We still need

1. f(©2) C D,
2. f is either injective for constant.

For 1. note |f,(z)] < 1, since f, : & — D. Hence |f(z)| = lim|f,(z)] < 1. But
if for some z € Q, f(z) = 1, then f attains its maximum in a point inside D. By

maximum modulus principle, it is constant. This means that if f(z) is not constant,
then indeed f(Q2) C D.

To prove injectivity we use the following lemma.

LEMMA 4.2.11:

Q C C open, connected. f, : @ — D conformal. If f, — f uniformly on

compacta, then f is either constant or injective.

Proof. Suppose f is not injective, we will show that f it constant. Let z; # 29 € Q
such that f(z1) = f(22) and suppose f is not constant. Since zeros of non-constant

holomorphic functions are isolated, we can find a disc Ds(z2) C €2 such that

f(z) = f(22) #0
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4 CONFORMAL MAPPINGS

in z € Dj(22). In particular for all z € Cs/5(22), f(2) — f(22) # 0 and 21 ¢ Cs/2(22).
We apply argument principle 3.4.2.

1 f'(z)
S (N 2 " P
2mi / f(z) = f(z1)
since zg is a zero of f(z)— f(21) in Ds/5(22). Moreover f,, — f uniformly on compact

sets, in particular on Cy/p(22). Also, fn(2) # fu(z1) for all 2 € Cs/a(22) (fn's are

injective and 21 ¢ Cs/2(22). Now consider

£4(2) f(2)
Fo) — falz1)  F2) = f(z1)

which converges uniformly on Cs/5(22). Hence

A 7'(2)
Cs/a fn(z)*fn(zl) Cs/2 f(Z)*f(Zl)‘

However, the function on LHS is holomorphic, so the integral is always zero and

cannot converge to a non-zero value, thus we have a contradiction. This proves the

injectivity. O
This concludes the proof of proposition 4.2.10 0
This shows Proposition 4.2.7 and completes Step 3. O
This finally proves the Riemann Mapping Theorem. 0

COROLLARY 4.2.12:

Any two proper open subsets of C which are simply connected are conformally

equivalent.

4.3 Exam preparation

General suggestions:
1. For every definition, know an example and a counterexample.

2. For all theorems and formulas, have some examples in mind and know where

and how they are used.

3. Know the ideas of proofs of main theorems.
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