D-MATH
Prof. Marc Burger Functional Analysis I HS 2024

Exercise Sheet 12

1. Let 6 > 0 and fs5 : R — R be defined as

1 for x € [-1,1]
fo(@) =< =67 Y| +1+67 ! forx e [-1 -8, —-1]U[1,1+ 4]
0 forz ¢ [-1—6,140

Compute f5 and show that limg_,q Hf5||1 =00

2. Show that there are f € Coo(R) with f ¢ L'(R). Proceed by contradic-
tion. Assume that Vf € C([-2,2]) we have f € L*(R). Apply the closed
graph theorem to obtain a contradiction using exercise 1.

3. Let f € L*(R™). For R > 0, show that fx<g € L'(R") and show that as
R — > -
fx<mr — Ff in L*(R")

where Ff is the L2-Fourier transform.

4. For an f1, fa, f3 € L*(R™) show that fi * fo = fo * f1 and

(fr*x f2) * fs = fu* (f2* f3).



