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Exercise Sheet 12

1. Let δ > 0 and fδ : R → R be defined as

fδ(x) =


1 for x ∈ [−1, 1]

−δ−1|x|+ 1 + δ−1 for x ∈ [−1− δ,−1] ∪ [1, 1 + δ]

0 for x /∈ [−1− δ, 1 + δ]

Compute f̂δ and show that limδ→0 ∥f̂δ∥1 = ∞

2. Show that there are f ∈ C00(R) with f̂ /∈ L1(R). Proceed by contradic-

tion. Assume that ∀f ∈ C([−2, 2]) we have f̂ ∈ L1(R). Apply the closed
graph theorem to obtain a contradiction using exercise 1.

3. Let f ∈ L2(Rn). For R > 0, show that fχ≤R ∈ L1(Rn) and show that as
R → ∞

f̂χ≤R → Ff in L2(Rn)

where Ff is the L2-Fourier transform.

4. For an f1, f2, f3 ∈ L1(Rn) show that f1 ∗ f2 = f2 ∗ f1 and

(f1 ∗ f2) ∗ f3 = f1 ∗ (f2 ∗ f3) .
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