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1. Let T : V → W be a linear map between normed vector spaces. Assume W is finite-
dimensional. Show that T is continuous if and only if ker(T ) is a closed subspace.

2. Let V be a R-vector space and C ⊂ V a convex subset such that for all v ∈ V there exists
λ > 0 with v ∈ λC. Show that

p(v) := inf{λ > 0 : v ∈ λC}

is a gauge function on V with

{v ∈ V : p(v) < 1} ⊂ C ⊂ {v ∈ V : p(v) ⩽ 1}.

3. Let V be a normed space, E ⊂ V a closed subspace with E ̸= V and x0 /∈ E. Prove that
there exists f ∈ V ∗ with f(x0) ̸= 0 and E ⊂ ker(f).

4. Let V be a normed space. Given subsets A ⊂ V and B ⊂ V ∗, we define

A⊥ := {f ∈ V ∗ : f |A = 0},
⊥B := {v ∈ V : f(v) = 0 for all f ∈ B}.

(a) Show that A⊥ ⊂ V ∗ and ⊥B ⊂ V are closed subspaces.

(b) Let M ⊂ V be a vector subspace. Prove the equality M = ⊥(M⊥).
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