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Exercise Sheet 4 - Solutions

1. Show Prop. II1.3 (1) and (2).

Solution: ~ The point space {0} is compact, so 0 € #(V,W). If K C W is compact
and A € K, then AK is compact because it is the image of K under the continuous map
mx(w) := dw. For all T € 2 (V,W) and A € K — {0}, we have (A\T")(B<1(0)) = AT'(B<1(0))
because my is a homeomorphism. Thus AT € # (V,W). Let T1,Ts € ¢ (V,W). Then

(Th + T2)(B<1(0)) € T1(B<1(0)) + T2(B<1(0)) C T1(B<1(0)) + T2(B<1(0))-

The set T1(B<1(0)) + T2(B<1(0)) is compact because it is the image of the compact space
T1(B<1(0)) x T5(B<1(0)) under the addition map. In particular, it is closed in W (be-
cause W is Hausdorft), so T1(B«1(0)) + T2(B<1(0)) = T1(B<1(0)) + T2(B<1(0)). Thus
(T1 4+ T2)(B<1(0)) is a closed subspace of a compact space hence it is compact.

We have (BT A)(B<1(0)) = B((T'A)(B<1(0))). The space (T'A)(B<1(0)) is compact. Indeed,
A(B«1(0)) is bounded because A is continuous, so it has to be compact because T' is compact.

This implies that B((T'A)(B<1(0))) is compact because it is the (closed) image of a compact
space under a continuous mapping.

2. Let S be a separable Hilbert space and {e; : ¢ > 1} an orthonormal basis for 7.

(a) Prove: For all complex numbers A; € C, the operator

T: @(Cei — @Cei, e; /\iei

i>1 i>1

extends to a bounded operator on S if and only if sup; |A;| < .
(b) Show that if T is compact, then lim; o, A; = 0.

Solution:
(a) Suppose T': s# — # is a bounded operator with T'(e;) = \;e;. Then
(Al = [[Xeesl| = [|Teal| < [IT]-
Suppose sup; |A;| < co. Define
T( Z aiei) = Z Aiaie;.

for all v =3, a;e; € . This is a well-defined and bounded map T: 5 — H because

T2 = ||7 (X i)

for all v € J7.
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(b) Suppose T is compact. If lim; o, A; # 0, then there exists a subsequence (A;, ) and
e > 0 with |\;,| > € for all k. There can not be a subsequence of (Te;, ) = ()\ €k
which is Cauchy because [|A\;e; — Ajej|| = [Xi|? +|);|? for all i # j. This implies that T
is not compact which gives the desired contradiction.

3. Let . be a separable Hilbert space and %5(s#°) the space of Hilbert-Schmidt operators
equipped with the Hilbert-Schmidt norm. Prove that %s(5#) is a Hilbert space.
Solution:  Let {e; : i > 1} be an orthonormal basis for .#°. The parallelogram identity
implies

Ty + Tol3 + |7y = Toll3 =D (11 + Ta)esl* + [[(Th — To)es |

= 2(|Tvesl|* + [ Teeil )

=2(||T1|13 + I|T2][3).

Thus the Hilbert-Schmidt norm satisfies the parallelogram identity which means it comes
from an inner product.

Let (T,,)n be a Cauchy sequence in %3 (). This is a Cauchy sequence in Z(#) because
[| -1l < || -|l2. Let T be the limit of the sequence (T,), in B(). The triangle inequality
implies

M
DT = Teill? < ZHT Tm)edl|* + ZII To)eill?
i=1

< v M”T_TmH + ||Tm _Tn||2

for all n,m and N. Let € > 0. Pick M with ||T;, — Tp»||2 < € for all m,n > M. For all such
pairs the above inequality gives

M
DT = To)edl[2 < VM||T = T| + €.
i=1

By letting m — oo the above inequality becomes

M
DT = T)es||? < e
i=1

This inequality means ||T'— T}, ||2 < € when M — oo for all n > N. In particular, the operator
T is Hilbert-Schmidt and T is the limit of (T3,), in the space of Hilbert-Schmidt operators.

4. Let (X, B, 1) be a o-finite measure space such that L?(X, i) is separable.! Prove that every
Hilbert-Schmidt operator on L?(X, i) is of the form Tk for some kernel K € L?(X x X, ux ).

ISee this mathoverflow thread for a discussion on when L?(X) is separable. More general sources of examples
are Radon measures on second-countable LCH spaces, e.g. smooth measures on manifolds.


https://mathoverflow.net/questions/42310/when-is-l2x-separable
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Solution: Let {e;} be an orthonormal basis for L?(X, u). Write e} for the dual functional

ez‘:feLQ(X,,u)b—)/ fedp € K.
X

Define the Hilbert-Schmidt operators (e} ® e;)(f) := €} (f)e.
Let T: L*(X, ) — L*(X, i) be a Hilbert-Schmidt operator, then

N
2
HT— Z(Tei,ej>e;‘-®ei < Z |(Tei,e;)|* + Z |(Tei,e;)|*
3,j=1 2 i>1 i>N+1
J>N+1 i1

The dominated convergence theorem shows that the right side converges to zero as N — oo,
SO
T= Z(Tei, ej)e; ® e;.
i,
This shows that the e} ® e; form an orthonormal basis for the space of Hilbert-Schmidt
operators. We can obtain €} ® €; = TY,(4)f,(y) from unwinding the definitions. Consider the

kernel
K(z,y) =Y (Tei,e;)ei(x)e;(y).
,J
The assignment K — T is a continuous map into the space of Hilbert-Schmidt operators
(actually, the argument proves it is a bijective isometry), so we can combine the above
formulas to obtain
T=Tk.



