
Differential Geometry I
D-MATH

Prof. Dr. Urs Lang

Exercise Sheet 5

Due: To be handed in before 28.10.2024 at 12:15.

1. Elliptic Points

A point p ∈ M ⊂ Rm+1 on a hypersurface is called elliptic if the second fundamental form is (positive or

negative) definite. Show that if M is compact then it has elliptic points.

2. Mean Curvature

Let M ⊂ R3 be a surface and p ∈ M a point. Fix 0 ̸= v0 ∈ TMp. Let H(p) be the mean curvature in p and

denote by κp(θ) := hp(v, v) the normal curvature in direction v, where v ∈ TMp, |v| = 1, forms an angle θ with

v0.

Prove that

H(p) =
1

π

ˆ π

0

κp(θ) dθ.

3. Local Isometries

Let f, f̃ : R≥0 × R → R3 be two immersions, given by

f(x, y) := (x sin y, x cos y, log x),

f̃(x, y) := (x sin y, x cos y, y).

a) Show that f and f̃ have the same Gauss curvature (as functions of (x, y)).

b) Are f and f̃ (locally) isometric?

Hint: Consider the level sets of the Gauss curvature and the curves orthogonal to these.
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