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Solution 1

1. Arc length
Let ¢ € C1([0,1],R™). Show that the metric definition of arc length coincides with L(c fo |/ (t)] dt.

Solution:

We’ll denote by I(c) the length of the curve ¢ given by the metric definition.
We first show I(c¢) < L(c). Let 0 =tg < ... <t, =1 be a finite partition of [0, 1], then

D d(e(tin), e Z| ) = elti- 1)I—Z /t c(r)dr

<Z/ |dT_/|c )| dr,
and thus l(c) < L(c).

We now show the other inequality: let € > 0 and choose n > 2 big enough such that h = h,, := % <e.
Consider the partition of [0,1] given by ¢, := £ for k =0,...,n, then

1

1-h 1 tn—1
. /O de(t), et + 1) dt = 5 /O d(c(t), et + h)) dt

1 n— tet1
== kz/ d(c(t), c(t + h))dt

-0 tr

n—2 h
1
- Z/O d(c(s + t), o5 + trsr)) ds
k=0
h n—2

1
= E/o l;)d(c(s-l—tk)m(s—i—tkﬂ))ds

1 h
< E/o I(c)ds = I(c),

where in the third equality we have used the substitution s =t — t;. Using Fatou’s lemma we obtain

1—¢ 1—e¢
(1)) dt = / lim

< liminf /1_5 d(c(t), e(t + hn)) dt < 1(c),
0

n—roo n

e(t + hy) —c(t)
Aol ol ’ at

and the statement follows by letting ¢ — 0.

2. Osculating circle

Let ¢ € C%(I,R?) be a curve parametrized by arc length. A circle S C R? with center ¢ € R? and radius 7 > 0
is called osculating circle to ¢ at the point ¢ € I if S coincides with ¢ at the point ¢(t) up to second order.

Show that if ¢”’(t) # 0 then there is a unique osculating circle S to ¢ at the point ¢. Find ¢, and a parametrization
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a of S with a(t) = c(t), &/ (t) = ¢/(t) and o' () = " (¢).

Solution:

We start with two remarks:

e Two curves «, 8 coincide up to second order at tq if

a(to) = B(to),  a(to) = Blto), dlte) = B(to).
e Every regular C?-curve c : I — R? is a Frenet curve. If ¢ is parametrized by arc-length then

e1(t) :== ¢(t),
ea(t) := e1(t) rotated g to the left.

From (¢é(t), é(t)) = 5(é(t), ¢(t))’ = 0 it follows that &(t) and ey (t) are parallel and é(t) = ko () - e2(t).
Therefore (for a Frenet curve)
E(t) # 0 <= Ko (t) #0.

We claim that the circle S with center

1

=c(t t
q:=c(to) + Hor<t0)€2( 0)
and radius .
ri=
|Kor (o)

is the unique osculating circle for ¢ at tg.
We parametrize S as follows

1
Ror (t0>

(sin (Fox (to) (t — t0)) - €1(to) — s (Kox (o) (t — to)) - eg(to)>.

alt)=q+

Then
o/ (t) = cos (Kor(to)(t — to)) - e1(to) + sin (Kor (to) (t — to)) - e2(to),
a’(t) = Hor(t0)< — sin (Kor(to)(t — to)) - €1(to) + cos (Kor(to)(t — to)) - 62(t0)).

At t =ty we have

alt) =q— ~ea(to) = c(to),

ﬁor(tO)
a(to) = e1(to) = ¢(to),
O[(t()) = ’{or(tO) . eQ(tO) = é(to),

and so S is an osculating circle for ¢ at .
We now prove uniqueness. Let T be another osculating circle for ¢ at ¢y and denote by 3 an arc-length
parametrization of T' (with 8(to) = c(to), B(to) = ¢(to) and B(to) = é(ty)). Let ay,as be a Frenet frame for

« and by, by a Frenet frame for 8, then
B(to) = c(to) = alto)

and
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b1(to) = B(to) = é(to) = é(to) = ax(to)
so also ba(tg) = aa(to)-
Moreover

Kor,5(to) - ba(to) = B(to) = &(to) = @(to) = Kor,a(to) - az(to),
and hence Koy g(t0) = Kor,a(to). Notice that circles have constant curvature , that is k(tg) = x(t), hence
Kor,a(t) = Kor,g(t) for all ¢. It follows directly from the Fundamental Theorem of local curve theory that
a(t) = B(t) and therefore S =T.

3. Curvature and torsion

a) Let ¢ € C3(I,IR3) be a Frenet curve. Show that for the curvature x and the torsion 7 of ¢ it holds that:

Ll e
|/ x ¢

b) Let 7, h > 0 and denote by o the following reflection of R?:
o:R* = R3 (2,y,2) — (z,y,—2).

Compute the curvature x(t) and the torsion 7(¢) of the following Helixes:

h
a(t) = (r cost,rsint, %t),

Cg(t) = Cl(ft),
c3(t) = oo (t).

Solution:
a) From e; = I%\ it follows that ¢ = |¢| - e; and from the first Frenet equation we have é; = |¢|k - ea, so
E=(le]-er) = e -er +1¢] - ér = el - er + ¢k - ea, (0.1)
and
exé=¢ -éxer +|¢Ph-éx ey
= ¢/ |é] - e x eq + |é[*k - e1 X eg
= |¢]Pk e X g
= |¢]3k - es,
thus |¢ x é| = |¢[?|k| = |¢|3k since the i-th Frenet curvature is positive for any 1 <4 < n—2 and any Frenet
curve in R™. Then we have o
_lex ¢
f?
Moreover, using (0..1) and the Frenet equation for é; we obtain
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e+ |el - ér + (162R) - e + |62k - e
e+ (lef'léls + (|é|2n)’) ceg + |2k - éo
=1¢|" - ex + (|¢]']¢|s + (|c'|2/£)’) g + |62k (=|¢|k - e1 + |¢|T - e3)
= (|¢|" — |¢|*K?) -e1 + (\c'|’|é|/£ + (|c'\2/-$)’) e + |¢)*KT -e3.
——

=A =B =C

Consequently we can compute det(¢, ¢, ¢) as follows:

det(¢,é,¢) = det (|¢] - e1,]¢]" - e1 + |¢]*h - €2, A-e1 + B-ea + C - e3)
= det (|¢] - eq, 1%k - ea, ¢ KT - €3)
= |¢[5K27 det (e1, €2, €3)
= |¢|°x%r
=7-]¢xd?,
which proves the statement.

b) We’'ll denote by k1, ko, ks and 71,72, 73 curvature and torsion of the curves ¢, co and cs, respectively.

We compute

h
c1(t) = (rcost,rsint, —t),
27
¢1(t) = (—rsint,rcost i)
) 7271' )
& (t) = (

¢'1(t) = (rsint, —rcost, 0).

—rcost, —rsint,0),

It holds that

h 2
€1 X C1 = (1"2— sint, TQ— cost,r ),
T
h2 1 h2 1
2 4\ 3 2\ 2
L X ¢l =(r"—+r =r(—s +7r
il = (0 + ) = () 40
h? 1
2
‘Cll = (T + 471.2)2’
and therefore
P |Cl X Cl| . T
1= 3 = —.
|éa] 12+ i
With
—rsint —rcost rsint
det(é1,éq, €¢'1) = det rcost —rsint —rcost
B 0 0
a2t 9 2 Lo 2£
—r2 cos“t+r smt—r2 ,
T
it follows that
T = det (él,él, Cl) _ 7’2% _ %
. . 2 2 .
jer x & [ P2 (f= +12)  dm A’
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For ¢5 we have
ca(t) = c1(—1),
Cg(t) = —él(—t),
Ea(t) = é1(—t),
¢o(t) = — ¢ (—t),
therefore
Co(t) X ot —C1(—t) X ¢1(—t r
alt) = O B0 _ OBl v
|¢2(2)] |=¢1(=1)] Ul v
and
det (éo(t), éo(t
ft) = A0, E2(0). E5(0)
|ea(t) x éa(t)?
det (—éq(—t t), — t 2
_ dae (—¢1(=t),é1(=t), = ¢1(=1)) =r(—t)= 27r —.
|—ér(—t) x & (=) oz T
Finally, note ¢3 = 0(¢1), é3 = 0(é1), ¢'3 = a(¢1), we have |é3 x &3] = |o(é1) x o(é1)| = |é1 x & | and
det (6.3,63, Cg) = det(a) det(él,él, Cl) = 7det(él,él, .C“l), SO
. r
K3 =K1 = ——5,
3 1 T2+%
h
27\'
3= —T1 = ——F% =
471'2 +r 2

4. Length of curve after normal perturbation

Let c: [0,]] — R2 (I > 0) be a C?-closed curve of constant speed one with Frenet frame (¢/,n). For § € R,
consider the parallel curve cs: [0,1] — R? defined by cs(s) := c(s) + dn(s) for all s € [0,I]. Show that there
exists an € > 0 such that if |§| < e, then the length L(cs) can be expressed solely in terms of I, 4, and the
rotation index p. of c.

Solution:

Let kor be the oriented curvature of ¢, and recall that

! l
/0 Kor(s)ds = /0 0'(s)ds = 6(1) — 6(0) = 2mp.

for any continuous function 6: [0,!] — R such that ¢ = (cos(),sin(d)). By the second Frenet equation,
n' = —koc, thus
cs=c +6n" = (1—0ko)d

Since ¢ has unit speed, |cf| = |1 — 0kor|. Let
= inf{|kor(s)| 71 : 5 € [0,1], Kor(s) # 0},

and note that e € (0,00) by continuity of ko, on [0,1] and since Koy # 0 (€ is the minimal curvature radius

Fall 2024 )



ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Differential Geometry I
D-MATH
Prof. Dr. Urs Lang

of ¢). If |§] < ¢, then |¢f| =1 — 0kor and thus

!
Lcs) = / 1 —dkor(s)ds =1 — 2mdp,.
0
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