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Solution 13

1. Pullback
Let M, N be smooth manifolds and F: N — M be a smooth map. For w € Q%(M) and 6 € Q'(M) prove that
a) F*(wA0) = F*w A F*0,

b) F*(dw) = d(F*w).

Solution:

a) Let pe M and vy ...,vs4y € TM,, then

(F*(wA0))p(v1y...,vs41)
= (WA O) py (dFp(v1), ..., dFy(vsy))
= Z sgn(cr) . wF(p) (de(UU(l)), e ,de(UU(S))) . ep(p)(de(UJ(s+1)), ey dFP(UU(S+t)))

Uess,t

= Z sgn(a) ! (F*w)p(va(l)v s 7UU(S)) : (F*e)p(va(s+1)a cee ava(s—i-t))

0ESs t

= (F*wAF*0),(v1,...,0s41),

where S5 :={0 € Ss1¢:0(1) <---<o(s),0(s+1)<---<o(s+t)}. Aspe M and vy,...,vs4s € TM,

were arbitrary, the assertion follows.

b) Let (¢,U) be a chart of M. It suffices to prove the formula for w = fdp® A ... A dp'. We proceed
by induction on s. If s = 0, then w = f and for p € F~}(U) and X € TN,:
(F*(df)p(X) = df pp) (dFp (X))
=d(f o F)p(X)
= d(F" f)p(X),

where we have used the definition of F* in the first and third equalities, and the chain rule in the second.

Now let s > 1 and suppose that the formula holds for s — 1, then

w=fdp" A... Adp't Adp's = fdet Ady's,

i=dep!
and
A(F*w) Y d(F* (f do') A F* (dg™)
= d(F*(f dp")) AN F*(dp™) + (=1)* ' F*(f dp") A d(F*(dp™))
= d(F*(f dp")) N F*(dg")
= F*(d(f d¢")) A F*(de™)

*F*(df/\dcp )) A F*(de™)
@ P (df A dip? A dipt)
= F*(dw),
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where in the third equality we have used that d(F*(dy™)) = d(d(F*¢’)) = 0 and in the fourth the

induction step.

2. Volume Forms

Let M be an m-dimensional manifold. A volume form w on M is a nowhere vanishing m-form, that is, w, # 0
(€ A (T'My;)) for all p e M.
Prove that there is a volume form on M if and only if M is orientable.

Solution:

Suppose that M is orientable. Let {(¢qa,Uqs)}aca be a locally-finite oriented atlas and {74 }aca a subor-
dinate partition of unity.
For all o € A define
Toa dpl Ao Ade™  on U,

Wy =
0 otherwise.

and set w =) ., wa € Q™ (M). For all p € M there exists o with 7,(p) > 0 and also
0 0 = Toz(p)a 5 =«
wg)pl=—1,- .y =—
( w”(@% p T Opn p) >0, B +#a,

since {(¢a,Ua)}aca is an oriented atlas. Therefore

0

0
“rlogt

9oy ZTa >0
, B ) (»)

p

and w is a volume form.

For the other implication let w be a volume form on M and {(¢a,Us)}aca an atlas on M. Notice that
for each a € A,
(o) wlu,) = fa dz* Ao A da™
T
for fo € C°(p(Us)) nowhere vanishing (beacuse w is a volume form).
We can modify the atlas {(¢a,Uqs)}aca such that f, > 0 for all a € A.
For «, 8 € A consider the change of coodinates H = yg o ¢ L, then on ¢, (U, N Upg) it holds that

fawo = H*(fgwo) = (fpo H) - H*wo = (fg o H) - det Jy - wo.

Since f, > 0 and fz o H > 0 we conclude that det Jg > 0 and thus {(¢a,Uqs)taca is an oriented atlas.

3.

Let M and N be two compact, oriented smooth manifolds of dimension m. Show that if F,G: M — N are
smoothly homotopic maps and w € Q™(N) is an m-form on N, then

/F*w:/ G*w.
M M

Solution:
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Let H: M x [0,1] — N be a smooth homotopy from F to G. By the theorem of Stokes, and since
dw € Q™L(N) = {0} (as dim(N) = m),

/ H*w:/ d(H*w):/ H*(dw) = 0.
(M x[0,1]) Mx[0,1] Mx[0,1]

Consider the inclusion maps

io: M — M x {0} C 9(M % [0,1]),
le—>M><{1}C8(M><[0,1])7

and note that F*w = (H o ip)*w = i§(H*w) and G*w = if(H*w). Regardless of how M x [0,1] is
oriented, exactly one of the maps ig, 41 is orientation preserving with respect to the induced orientation on

O(M x [0,1]). We can assume that i; preserves orientation. Then
/G*w—/ F*w:/ H*w—|—/ H*'w =0.
M M Mx{1} Mx{0}

Alternative. One can also use the degree formula mentioned just before Theorem 11.6 (Stokes) in the
lecture notes. For this, however, one has to revert to the case of connected target manifolds (otherwise
the mapping degree is not defined). If H is a homotopy as above, and M’ is a connected component of
M, then the restriction of H to M’ x [0, 1] is a homotopy from F|ps to G|y with values in a connected
component N’ of N. Then

| Pl = deaFlae) [ o= dest@la) [ w= [ (Glye.

and the general result is obtained by summation over the (finitely many) connected components of M.

Fall 2024 3



