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Solution 9

1. Isometries of the Hyperbolic Upper Half-Plane

Let H? := {z+iy € C: y > 0} be the upper half-plane endowed with the hyperbolic metric (¢;;)(z,y) = 7712(523)
The group GL(2,R) acts on H? in the following way.

b
Let (a d) € GL(2,R), then the group action is given by

c
b

ﬂ, if ad — bc > 0,
cz+d

w, if ad — be < 0.
cz+d

a) Prove that GL(2,R) acts on H? by isometries.

b) Prove that the isometry group of H? is isomorphic to PGL(2,R) := GL(2,R)/{A\ : X # 0}, where I is
the identity in GL(2,R).

Solution:

a) We first show that GL(2,R) acts on H?:
For z = z 4 iy with y > 0 and ad — bc > 0, it follows that

az+b  (az+Db)(cz+d)  aclz]® +bd + bez + adz

cz+d lcz + d)|? B lcz + d|? ’
% b\ (ad— be)
o [ a2+ _ ad — bc)y 0
\S(cz—i—d) lcz + d|? -

and for z = x + iy with y > 0 and ad — be < 0 it follows that

N <a2+ b) _ (ad — be)(~)

> 0.

cz+d lez + d|?
As for compatibility, we compute

(1172225135 + by _ (arag 4 bica)z + (a1by + bidy)

ez pd; (g +dico)z + (aby + dodh)’

ap b ag b
which is < ! d1> < 2 d2> acting at z, and the other cases are similar. We now show that it’s an action
1 a1 C  da
by isometries. Notice that
az+b a ad—bc

cz+d ¢ z+cd

and therefore we can write every action as composition of maps of the form fi: z + az (a > 0), fo: 2+ 2+b
(beR), fz: z— —Zand fy: z+— —%. These are all isometries. We show the computations for fy:

Fall 2024 1



ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Differential Geometry I
D-MATH
Prof. Dr. Urs Lang

Let w:=1, v:=1 € TM,, then f4(z) =

|z

91, (2) (dfa(u), dfs(u)) = = <
4\ z ) y2
z|4
9o (o), dfa(v)) = 22 <
91200y (), dfa (o)) = 2L <
Y

4
z|4’|2|4>
7% Z%
z|4’|z|4>
72 7%
zl4’|z|4>

2 and f(2) =

EQ

Yy x

5= % Therefore
R 1
oy 2y 9:(t- )
I e e
IS = 9:(»,0);

b) The group action of GL(2,R) is transitive on points and on their tangent spaces. Indeed,

T4y = (

0

1

)

moreover for v € S € TH? = C we can find a point a + bi € S! with v

(a + bi)2. We define

b
flz) = ( “ ) - z. Then on one hand
—-b a
. ai+b
S0 = —bi+a
while on the other hand 2, g2 ( bi)?
a* + a+ bi
dfi(1) = = = .
)= Gicar = e =
With z — o 1) z = —Z we obtain also all orientation-reversing isometries of H~.

As an isometry of H? is completely determined by the image of one point and one orthonormal basis
of the tangent space at that point (since isometries preserve geodesics), we have found a surjective group
homomorphism ®: GL(2,R) — Isom(H?). We will now compute the kernel of ®.

The matrix is in the kernel of ® if and only if, for all z € H? it holds that
c
az+b 9
=z & cz+(d—a)z—b=0 = a=dand b=c=0.
cz+d

We conclude that Ker ® = {AI : A # 0} and hence

Isom(H?) = GL(2,R)/{\ : A # 0} = PGL(2,R).

. Differentiable Structures on R
a) Let ¢,19: R — R be defined as

x <0,
x > 0.

z,

2z,

o(x) =2> and (z):=

Do the atlases A; == {idr}, Az = {¢} and Az := {0} induce different differentiable structures on R?
b) Prove that if two C'°°-manifolds are homeomorphic to R, then they are diffeomorphic to each other.

Hint: Prove that every differentiable structure on R is diffeomorphic to the one induced by A;.
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Solution:

a) The three atlases induce different C*°-structures on R as the identity map ir from (R, A4;) to (R, A;),
i # 7, is not a diffeomorphism (i.e. the charts are not C'*°-compatible).
b) Let (M,.A) be a C*°-manifold and ¢: M — R a homeomorphism. Then

A ={(0(U), w007 : (Uw) € A}

is a C°-atlas on R and ¢: (M, A) — (R, A’) is a diffeomorphism. We will now show that (R, .4’) and
(R, A;) are diffeomorphic. By transitivity this will show that that any two smooth manifolds homeomorphic
to R are diffeomorphic to each other.

We will first show that there exists a (global) chart (U’,¢’) € A’ with U’ = R. Choose charts
{(U},¥})}iez € A’ with U/ connected, such that {U]};cz is a covering of R. We can assume that U] =
(ai, b;) and a; < bj—1 < a;+1 < b;. We can also assumeﬂ that the maps .’s are strictly monotonically
increasing and ¥((a;, b;)) = (c¢i,d;) with d; < ¢;41, ¢ = 00 (i = o0) and ¢; & —o0 (i = —oc0). In
particular the ¢}’s have the same orientation.

Now, let {\;: R — [0, 1]};ez be a subordinate C*°-partition of unity. Notice that it can be chosen such
than A (4, 5,_,) is monotonically increasing and A

We define the map ¢': R — R,

ai+1,b;) 18 monotonically decreasing.

W () = Nilt) (L)
i€z

This map is strictly monotone, since for s < ¢ € U] NUj, it holds that

P (s) = Xi(8)Yi(s) + (1 = Xi(8)) ¥z (s) < Ai($)Yi () + (1= Xi(8))hipa (1)
= Pi () + Ni(s) (Wilt) = ¥iy (1)) < i () + X () (1) — Yigq (1)
W >
= Ni()i(t) + (1 = Xi()¥i 14 (t) ='(t).

Hence 1’ is a homeomorphism. Moreover for a chart (U”,¢") € A’ we have

Yo=Y (Niod" ) (Yioy"!) € C=(R),

€L

since the \;’s are smooth and the (¢;01""~1)’s are change of coordinates in A’. If now (U”, ") is positively
orientedEl, we also have

GWioy" () > 0.
So for any t € " (U NU{,; NU"), there exists ¢ > 0 (possibly depending on ¢) such that

GWio" (1), G0y () 2 e
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Then

(e
= %((Ai o) () - (Yo" 1))+ (1 — (Mo 1)(t)) - (Wj4q 0 wl)@))
=L(Xog" () (W 0" M)(t) — (Wi 0" 1)(2))

<0 <0
+ 0" TH(t) - G Wi ()
>e
+ (1= oy (1) - G (Wi 0" N)(t)
>e

> (v ou)(B) 2 + (1L (A ou (D) e =2 > 0.

Therefore by the inverse function theorem 1" o 9)'~1 = (¢ 0 4)”~1)~1 is smooth and so (R, ') € A’'.
Now set ¥: (R, A’) = (R, Ay), ¥(t) := ¢/(t). For a chart (U”,4") € A’ it holds that

id]R oW Ow/lfl — ’l)[}, Owllfl

is a diffeomorphism, because it’s a change of coordinates in A’.
This shows that ¥ is a diffeomorphism between (R,.A") and (R,.A4;).

1Up to taking smaller intervals and composing with the multiplication by —1 or translations in the image.
20therwise make it positively oriented by composing it with the multiplication by —1 in the image. If we prove that the
positively oriented one is a diffeomorphism then also the negatively oriented one will be.

3. Proper Functions

A function f: M — R is called proper if f~1(K) is compact for every compact subset K C R.
Let M be a C'°°-manifold. Prove that there exists a proper C'*°-function on M.

Hint: Use a partition of unity.

Solution:

Let {U;}22; be an open covering of M, such that U; is compact. Let {\;: M — [0,1]}2°; be a subordinate
C®° partition of unity. The we define f: M — R by

o0

Fp) =" iXi(p).
i=1
As the sum is locally finite, it follows that f € C*°(M).
Now, let K C [N, N] be a compact set. We claim that f~!(K) C Uf\;ﬁt Indeed, if p ¢ Uf\;l U;,
then \;(p) =0 for ¢ =1,..., N and therefore

=Y x> Y Nap) =N Nip) = N.
i=N+1 i=N+1 i=1

This proves the claim and since f~!(K) is a closed subset of the compact set UZ\LI U, is itself compact.
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