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Please hand in your solutions by 12:00 on Wednesday, December 11 via the course
homepage.

Exercise 11.1 Let X = (X;),, be a continuous semimartingale null at 0. We

define the process
Z=EX) = eX—2lX,

(a) Show via Itd’s formula that
t
Z; =1 —|—/ ZdX,, P-as., fort > 0. (1)
0

Conclude that Z is a continuous local martingale if and only if X is a continuous
local martingale.

1
Hint: You may compute Ito’s formula for f(x,y) := e*~zY.

(b) Show that Z = £(X) is the unique solution to (|1)).
Hint: You may compute Z'/Z wusing It6’s formula, where Z' is another solution

of Fquation .
(c) Let Y = (V3)

formula

+~o be another continuous semimartingale null at 0. Prove Yor’s

E(X)EY)=E(X +Y +[X,Y]), P-as.

Hint: You may deduce this formula from the uniqueness proved at point (b).

Exercise 11.2 Let (2, F,F, P) be a filtered probability space where the filtration
F = (F)iepo.r) satisfies the usual conditions. Consider two independent Brownian

motions W = (W))icor and W? = (W), and let St o= (gtl)te[O,T] and
5% = (S}) 0. be two processes with the dynamics
dS} = S} (mdt + odB}), P-as., Sy >0,
dS? = S7 (padt + 02dBY) , P-as., 53 >0,
where B! := W' and B? := aW! + /1 — a2W?, for some o € (—1,1), uy, s € R
and 01,09 > 0.
(a) Find the SDEs satisfied by X! := % and X? := g, expressed in terms of B!

SQ
and B2
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(b) Fix some 1, 52 € R, and define the continuous local martingale
LB1:B2) . — Blwl +52W2-

Show that the stochastic exponential Z(#1:%2) .= £(LF152)) is a true martingale
on [0, 7.

Hint: You may use the independence of W' and W? and Proposition 4.2.3 in
the lecture notes.

(c) Fix some S, 3> € R, and define the probability measure Q%) which is
equivalent to P on Fr, by

AQUB1B2) — Zgﬁlvf@?)dp‘

Show that Z(%1:%2) is the density process of Q#1%2) with respect to P on [0, 7.
Using Girsanov’s theorem, prove that the two processes W}l:=W}! — Bt and
W2 = W2 — B, for t € [0,T], are local Q¥#2)-martingales. Conclude that

B := W' and B? := B? — (af + V1 — a2By)t, fort € [0,T),

are local Q¥1%2)_martingales as well.

(d) What conditions on 1,3, € R make the processes X' and X? Q(51:52)
martingales? Can they be martingales simultaneously under the same measure?
Hint: You may rewrite the SDEs satisfied by X' and X? in terms of W' and
W2, and use the fact (without proving it) that W' and W? are independent
Brownian motions under Q1%2) (the reasoning is analogous to point (b)).
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