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Exercise 11.1 Let X = (X;)
define the process

>0 be a continuous semimartingale null at 0. We

Z=€E(X):= X3l

(a) Show via Itd’s formula that
¢
Z, =1 +/ Z.dX,, P-as., fort > 0. (1)
0

Conclude that Z is a continuous local martingale if and only if X is a continuous
local martingale.

1
Hint: You may compute Ito’s formula for f(x,y) := e~ 2Y.

(b) Show that Z = £(X) is the unique solution to (|1)).
Hint: You may compute Z'/Z wusing It6’s formula, where Z' is another solution

of Equation .

(c) Let Y = (Y%),5, be another continuous semimartingale null at 0. Prove Yor’s
formula

E(X)EY)=E(X+Y +[X,Y]), P-as.

Hint: You may deduce this formula from the uniqueness proved at point (b).

Solution 11.1

T

(a) We apply Itd’s formula to the C*-function f(z,y) :=e ~3¥ and the continuous

semimartingale (X, [X],),,,. We obtain that

dZt = df(Xt7 [X}t)

0 0 1 02
= 5 PG IX])AX, o 0 FO [X])LX), + 5 (X0 X)) LX)
+ 5 el X XX, + 50 O (X)) [X, (Y]], Pas.

However, since X is continuous and [X] is continuous and of finite variation,
we have that [[X]} = 0, P-a.s., and [X, [X]} = 0, P-a.s. Moreover, a direct
computation shows that 8% f+ %88—;2 f=0and 6% f = f. We conclude that

t
A7, = Z,dX,, P-as., or Z, =1+ / Z.dX,. P-as.
0
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As Z is a C*-transformation of the continuous semimartingale (X¢, [X],),,, the
process Z is always a continuous semimartingale (hence predictable and locally
bounded). Therefore, Z € L% (M) for all continuous local martingales M. If
X is a continuous local martingale, then we conclude that Z is a continuous
local martingale.

Conversely, since Z is strictly positive by definition, X is given by
dX, = L dZ;, P X, = 'l —dZ,, P-
= — -a.8., or s,
t 7, ty £7-a.8., O Ay = 2 a.s.

Therefore, if Z is a continuous local martingale, then X is a local martingale
by the same reasoning as above.

(b) Let Z’ be another process such that
47! = Z/dX,, Z, =1, P-as.

Since Z' is necessarily a semimartingale, we can apply Itd’s formula to the
quotient 27/ = f(Z', Z) with the function f(z,y) = ~. A direct computation

yields
0 1 0 T
%f(x/y)_;a Fyf(xvy)__ﬁa
0? 0? 1 0? T

ox a9 (ZL’ y) 07 mf(l’,y) = aiyzf(l‘,y) = 2;

Y

Plugging these into [t6’s formula and using that dZ; = Z,dX; and dZ] = Z]d X,
gives that d[Z], = Z2d[X],, d[Z', Z], = Z,Z,d[X], which then yields

Z! Z! 1 Z!
d(2)=Laz - Ziaz, - Loz, z2,+ Lz
<Zt> Z, 7277 122], + 73 2,
7 7! Z! 7
X X, — 2td[x X
=gy X, + th[ h

=0, P-a.s.

Hence, we conclude that t =1, P-a.s., forallt > 0.

(¢) The product rule implies that
d(EX)EY)) = EX)AE(Y) + E(Y)AE(X) + d[E(X), E(Y)]

= E(X)EW)AY + E(V)E(X)AX + E(X)E(Y)[X, Y]
= EX)EW)A (X +Y +[X,Y]).

By uniqueness of the solution to dZ = ZdX for X replaced by X +Y + [X, Y],
we conclude that

EX)EY)=EX +Y +[X,Y)).
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Exercise 11.2 Let (Q, F,F, P) be a filtered probability space where the filtration
F = (Ft)iepo.n satisfies the usual conditions. Consider two independent Brownian

motions Wl = (Wt1>t€[0,T] and W? = (Wt2)t€[O,T]7 and let 51 = (gt1>t€[0,T] and

52 — (gf)te[oj,] be two processes with the dynamics

dS} = S} (mdt + odB}), P-as., Sy >0,
dS? = 57 (pdt + 02dBY) | Pas., S3 >0,

where B! := W' and B? := oW! + /1 — a2W?, for some o € (—1,1), uy, pz € R
and 01,09 > 0.

(a) Find the SDEs describing the dynamics of X! := % and X2 := %7 expressed
in terms of B! and B2.

(b) Fix some 1, 52 € R, and define the continuous local martingale
,(B1B2) . B!+ B W2,

Show that the stochastic exponential Z(%1:52) .= £(LP1:52)) is a true martingale
on [0,7].

Hint: You may use the independence of W1 and W? and Proposition 4.2.3 in
the lecture notes.

(c) Fix some f1,3, € R, and define the probability measure Q#1%2) which is
equivalent to P on Fr, by

dQ(ﬁl,ﬁz) — Z}Bl’BQ)dP.

Show that Z(%172) is the density process of Q#1%2) with respect to P on [0, 7.
Using Girsanov’s theorem, prove that the two processes W' := W}' — it and
W2 = W2 — Byt, for t € [0, 7], are local Q¥#2)-martingales. Conclude that

B':= W' and Ef = B? — (afy + V1 —a2By)t, for t € [0, 7],

are local Q¥1%2)-martingales as well.

(d) What conditions on 3,3, € R make the processes X' and X2 Q(¥52)-
martingales? Can they be martingales simultaneously under the same measure?
Hint: You may rewrite the SDEs describing the dynamics of XlNand XQNZ'TL
terms of W' and W2, and use the fact (without proving it) that W' and W?
are independent Brownian motions under Q1%2) (the reasoning is analogous

to point (b)).

Solution 11.2
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(a)

(b)

Take ¢ # j, where i,j € {1,2}. By Ito’s formula, we get

. oj . 3 o . Si
dXZ:d<b:i>:}idSJ— > a8 - A8, 8 +
S S (S1) (S7) (S7)

= X' ((Nj — i + 01-2 — ao;o;)dt + Udej — aidB’) , P-as.

5d[S']

Fix some B31, f; € R. Then, L¥%) is clearly a martingale, whose quadratic
variation satisfies, for all ¢ € [0, 717,

{L(ﬁhﬁﬂ}t = [BW! + BW?], = Bt + B3t, P-as.,

where we have used that [W?', W?] = 0, P-a.s. Moreover, by independence of
W1 and W? and Proposition 4.2.3 in the lecture notes, we have

th(fglﬁ?) 6/31Wt1+/32Wt2*%(ﬁ%+f3§)t
E|\———|F| =E - T | Fs
Z§61762) eBle +p2W?2 *5(51 +83)s
E[ BrW] =W )+ (WP =W3)—5 (B1+53) (t—s) ]:S}
— o3 (BB (t—s) E{ BLW W) +B2(W2 -W2) ;S}

_ B [P0V WD) = 4830=0) p [BaW—2)]

=1, P-as., for s,t € [0,T] with s < ¢,

so ZP182) has the martingale property. Adaptedness is clear and the in-
tegrability follows from the fact that Zt(/B 1) g g log-normally distributed
random variable for all ¢ € [0, 7], and we know that all moments of log-normal

Zt(ﬁl B2) -

distributions are finite. Therefore, is a martingale.

We prove that 7% = 2561,62)7 P-as., for any t € [0,T], where Z(1:52)
denotes the density process of Q?1%2) with respect to P on [0,7T]. Let us fix
t € [0,7], and some A € F;. It holds that

Ep [11421551752)} _ EQ(51,52)[1A] = Ep {1AZ;51,52)] =FEp

14 Ep [2;31’52)|ft]].

Using the martingale property of Z#1:%2) we deduce that
E[l Zt('Bl 52)} E [1 Z(ﬂl 52)]

Z(ﬂl B2) _ Zt(ﬂlﬁz)

and we conclude that , P-a.s., by the arbitrariness of A.

By Girsanov’s theorem in the form of Theorem 6.2.3 in the lecture notes, we
know that
W — [LP%2) W and W2 — [LP#2) 172
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are local Q#1%2)-martingales. Thus, it suffices to show that for all ¢ € [0, 7],
we have

[LOPD W = Bit, P-as., and [LP%) W2, = By, P-as.

But this follows immediately from the independence of W' and W? and the
definition of L(1:52),

To conclude, we simply write the definition of the corresponding process B2 to
get

B} := B} — (B + V1 — a2B)t := a(W}! — Bit) + V1 — a2(W2 — fat)

— N 2
= oW} + V1 —a2W?, fort €[0,T], @)

which is a linear combination of local Q(*#2)-martingales.

First, we note that X' and X? still satisfy the same SDEs under Q#1-%2) with
the only difference that B' and B* are in general no longer Brownian motions
under Q¥1%2) Using that B' and B? are local martingales under Q#1-%2) we

get by [(a)| that
dX" = X' ((4; — pi + 07 — a0,0;)dt + 0;d(B + ;t) — (B + ;)
= X' ((1j = pi + 07 — @030 + 055 — ovyi)dt + 0;dB) — 0,dB) - (3)

where 71 := B, and v = af + V1 —a?f,. Next, X' is a local Q¥1-52)-
martingale if and only if the drift component in vanishes, i.e.,

Wi = Wi+ 07 — aoioj + oy — 0y = 0. (4)

Now, we express the local martingale components in terms of W1 and W2 (see
Equation ([2))),

O'ldél - O'QdEQ = (0'1 — O'QO()dWl — 02V 1— OéZdWQ,
09dB? — 01d B! = 09y/1 — a2dW? — (o — agoz)dﬁ/l.

Since W' and W2 are independent Brownian motions under Q142 we may
argue analogously to @ that X' and X? are true Q”v%2)-martingales provided
that holds.

Finally, either X! or X? can be a martingale but not both simultaneously. In
fact, because X? = 1/X! and R, > x — 1/x is a strictly convex function,

Jensen’s inequality gives Z-:’(EP[XEU:S] > 1/E15[Xt1].7:8]) > 0, for s,t € [0,T]
with s < ¢, for any probability P such that X' is a true P-martingale.
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