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Exercise 10.1 (Construction of ζ) Let S = (St)06t6T be an RCLL process with
S0 = 0.

(a) Assume S is locally bounded, so that there exists a sequence (τn)n∈N of stopping
times increasing stationarily to T with Sτn bounded for each n. Show that
there exists a strictly positive predictable process ζ ∈ L(S) such the random
variable

(ζ • S)∗T := sup
06t6T

|ζ • St|

is bounded.

(b) Assume instead that S is a σ-martingale. Show that there exists a strictly
positive predictable process ζ ∈ L(S) such the (ζ • S)∗T is integrable.

Exercise 10.2 (Sum of σ-martingales is a σ-martingale) Let S1 and S2 be
σ-martingales. Show that the sum S1 + S2 is again a σ-martingale.

Exercise 10.3 (Density of Pe,σ in Pa,σ) Let S = (St)06t6T be a P -semimartingale.
Recall the set Pa,σ(S) defined by

Pa,σ(S) := {Q� P on FT : S is a Q-σ-martingale}.

(a) Show that the sets Pa,σ(S) and Pe,σ(S) are convex.

(b) Assume that Pe,σ(S) 6= ∅. Show that Pe,σ(S) is L1(P )-dense in Pa,σ(S), in the
sense that for each measure Q ∈ Pa,σ(S), there is a sequence (Qn)n∈N ⊆ Pe,σ(S)
such that Zn → Z in L1(P ), where Zn and Z denote the densities of Qn and
Q with respect to P , respectively.
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