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Exercise 6.1 (Bounded in L0) Show that a nonempty set C ⊆ L0 is bounded
in L0 if and only if for every sequence (Xn)n∈N ⊆ C and every sequence of scalars
λn → 0, we have λnXn → 0 in L0.

Solution 6.1 Suppose C ⊆ L0 is bounded so that limn→∞ supX∈C P [|X| > n] = 0,
and fix a subsequence (Xn)n∈N ⊆ C and a sequence of scalars λn → 0, where we may
assume λn 6= 0 for all n ∈ N. Fix ε > 0. We need to show that

P [|λnXn| > ε] = P [|Xn| > ε/|λn|]→ 0 as n→∞.

To this end, we fix δ > 0, and using the boundedness of C, we choose some n0 ∈ N
such that supX∈C P [|X| > n0] 6 δ. Since λn → 0, there is N ∈ N such that for all
n > N , we have ε/|λn| > n0. So then for all n > N ,

P [|λnXn| > ε] 6 P [|Xn| > n0] 6 sup
X∈C

P [|Xn| > n0] 6 δ.

As δ > 0 was arbitrary, this implies λnXn → 0 in L0.

Conversely, suppose that for any sequence (Xn)n∈N ⊆ C and any sequence of scalars
λn → 0, we have λnXn → 0 in L0. Suppose for a contradiction that C is not bounded
in L0. Then there is some δ > 0 such that for all n ∈ N,

sup
X∈C

P [|X| > n] > 2δ.

In particular, by the definition of the supremum, we can find a sequence (Xn) ⊆ C
such that

P [|Xn| > n] > δ, ∀n ∈ N.
But then

P
[
| 1

n
Xn| > 1

]
> δ, ∀n ∈ N,

so that 1
n
Xn 6→ 0 in L0. This contradicts our assumption and thus completes the

proof.

Exercise 6.2 (Quadratic covariation) Recall that for a semimartingale S, the
optional quadratic variation process is given by

[S] := S2 − S2
0 − 2

∫
S− dS.
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For two semimartingales X and Y , we define the optional quadratic covariation
process to be

[X, Y ] := 1
4([X + Y ]− [X − Y ]).

Note that this definition is “consistent” with the optional quadratic variation in the
sense that [X,X] = [X].

(a) Establish the integration by parts formula

XY = X0Y0 +
∫
X− dY +

∫
Y− dX + [X, Y ].

(b) Show that ∆[X, Y ] = ∆X∆Y .

(c) Show that ∑
0<t6T (∆Xt)2 6 [X]T .

In particular, ∑
0<t6T (∆Xt)2 is P -a.s. convergent (while ∑

0<t6T |∆Xt| need
not converge).

Solution 6.2

(a) Using the definition of quadratic covariation, we write

4[X, Y ] = [X + Y ]− [X − Y ]

= (X + Y )2 − (X + Y )2
0 − 2

∫
(X + Y )− d(X + Y )

− (X − Y )2 + (X − Y )2
0 + 2

∫
(X − Y )− d(X − Y )

= 4XY − 4X0Y0 − 4
∫
X− dY − 4

∫
Y− dX.

This rearranges to the integration by parts formula, completing the proof.

(b) Using the integration by parts formula, we have

∆[X, Y ] = ∆(XY )−X−∆Y − Y−∆X
= XY −X−Y− −X−(Y − Y−)− Y−(X −X−)
= XY −X−Y −XY− +X−Y−

= (X −X−)(Y − Y−)
= ∆X∆Y.

(c) By part (b), we have∑
0<t6T

(∆Xt)2 =
∑

0<t6T

∆[X,X]t =
∑

0<t6T

∆[X]t.

Since the map t 7→ [X]t is increasing and [X]0 = 0, we have∑
0<t6T

∆[X]t 6 [X]T <∞,

as required.
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Exercise 6.3 (Semimartingales) Show that X ∈ D is a semimartingale if and
only if d′E(λnX, 0)→ 0 whenever λn → 0 in R.

Solution 6.3 Assume first that X ∈ D is a semimartingale, and let λn → 0 in R.
We need to show that d′E(λnX, 0)→ 0. Recall by Lemma 3.2 that this is equivalent
to showing that Hn • (λnX)T → 0 in L0 for every sequence (Hn)n∈N ⊆ bE0 with
‖Hn‖∞ 6 1. So take such a sequence (Hn)n∈N. Then we have

Hn • (λnX)T = (λnH
n) •XT ,

and ‖λnH
n‖∞ 6 |λn| → 0. Since X ∈ D is a semimartingale, it is a good integrator

(by Theorem 2.7), and thus (λnH
n) •XT → 0 in L0, as required.

Conversely, assume that d′E(λnX, 0) → 0 whenever λn → 0 in R, and suppose for
a contradiction that X is not a semimartingale. Then X is not a good integrator
(by Theorem 2.5), and so there exists a sequence (Hn)n∈N ⊆ bE0 with ‖Hn‖∞ → 0,
but with Hn • XT 6→ 0 in L0. Using our assumption with λn = ‖Hn‖∞ gives
d′E(‖Hn‖∞X, 0) → 0. We may assume that ‖Hn‖∞ > 0 for all n ∈ N. Then
by applying Lemma 3.2 with the sequence ( 1

‖Hn‖∞
Hn)n∈N ⊆ bE0 (which satisfies

‖ 1
‖Hn‖∞

Hn‖∞ = 1), we conclude that

( 1
‖Hn‖∞

Hn) • (‖Hn‖∞X)T → 0 in L0.

But ( 1
‖Hn‖∞

Hn) • (‖Hn‖∞X)T = Hn • XT , which contradicts Hn • XT 6→ 0 in L0.
This completes the proof.

Updated: November 7, 2024 3 / 3


