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Problem sheet 9

Problem 1

Let (SNO,B(SNO),M) and (SNO,B(SNO),V) be irreducible (p, P)- and (q, P)-
Markov chains respectively. Suppose that pP = p.

a. Show that L1(SNo ;) C L1(SNo v).
b. Let f € LY(SNo ). Show that

N—
1 n N—oo
in L1(SMNo v).

Problem 2

Let G be a finite group and suppose that 7 € [0,1] is a probability vector
on G. Define P € [0,1]¢%¢ by

Vg,h € G Pyp=m(g " h).

a. Show that P is a stochastic matrix, i.e.,

VgeG Y Pyp=1
heG

b. Show that the uniform distribution p = ‘—é']lg is a stationary distribu-

tion for P.

c. Let ¥ = {g € G: m(g) > 0}. Show that P is irreducible if and only
if the set X generates G, i.e., every element in G is a finite product of
elements in X.

d. Let ¥ ={g € G: w(g) > 0}, H < G the subgroup generated by ¥, and
fix an element g € G. Let (G0, B(GY°), uy) be the (64, P)-Markov
chain determined by the Dirac mass at g. Show that

N-1
1 o0
Vfec? NE fom, =28 /Hf(gh)de(h) fg-a.S.,
n=0

where my is the Haar probability measure on H.
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Problem 3

(The Ehrenfests’ urn model) Let N € N. Suppose we are given 2N (num-
bered and distinguishable) particles and two urns denoted A and B. Define
the state space S = {0,...,2N}. We observe the system consisting of the
two urns and the particles distributed among them. The state variable m,
(n € Np) equals the number of particles in urn A at time n. The evolution
of the system is described as follows. At any given time n € Ny, a particle is
chosen uniformly among the 2NV particles and moved to the urn not contain-
ing it. That is, the evolution is given by a transition matrix P = (py¢)k ses

with
k .
Doy = SN ifl=kK-—1,
’ 1— ok ifl=Fk+1.
a. Show that P is irreducible.

b. Let p € [0,1]° be the unique stationary distribution for P. Show that

Vk e {-N,...,N} p(N+k)= (N+§<;2)f\(7])\;—k)!22N'

Hint: Use induction on N + k.
Remark: Note that

p(N+k)=P(Xny=N+k)
for any Xy ~ Bin(2N,1/2).

c. In this subexercise, we derive the Central Limit Theorem for (an even
number of) Bernoulli trials. This is an immensely important result in
probability theory and has close connections to dynamics. However, we
are currently lacking both the necessary probabilistic and dynamical
methods for a dynamic treatment. If short on time I suggest you skip
this subexercise and use the conclusion of this result as is.

Given x > 0, let

Pu()= S B(N+k).

|k|<z+/N/2
Show that
lim Py(z) = —— [ et
Nl—I>noo N _\/% _x '

To this end, you can proceed as follows.
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(i) Show that for 0 < k < N we have
P(N + k) = p(n) DN,

Dy = C]:[_: <1 - Nk_£>>

(ii) Define e,y > 0 by

where

k
long,N:—(l—i-Ek’N) n 0
=0
Show that for all z > 0
lim max__|eg n| = 0.
N—=00 g<k<ay/N/2
(iii) Deduce that
kZ

lOg Dk;,N = —(1 + gz’N)N

for some €}, 5 satisfying

lim max{0 < k < z\/N/2}|e}, y| = 0.
N—o0 ’

(iv) Use Stirling’s approximation to deduce that
1

for a sequence (dn)nen satisfying limpy o oy = 0.

(v) Deduce that

1+ _ K2
Py(x) = 77]\]7V Z e N
|k|<zy/N/2

for some 0 — 0 as N — oo.
(vi) Set tj v = ky/% and Ayt = ,/%. Show that
2

146, ',
PN(LB): *oN Z 6_%AN75

v 2 —x<tp, N<x
and deduce that
1 z 2
lim Py(x) = — e 2dt.

N—o0 2
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d. Let x > 0 and let 7,, denote the stopping time given by
7, = inf{n € N: 7, > N + z/N/2}.

Suppose that (SNO, B(SN())”LL) is the stationary (p, P)-Markov chain.
Show that

2

E,(72) > ze=.

Hint: Use Mills’ ratio.

Problem 4

Let X = {z € C: |z—i| = 1}. We define the stereographic projection 7 from
X to the real axis by continuing the line from 2¢ through a unique point on
X \ {2¢} until it meets the real axis.

The “North-South” map T: X — X is defined by

2 if 2 = 2i,
Tle) = {wl(”(“)) if 2 # 2i
; .

Describe all T-invariant measures on X and find all ergodic ones.

Problem 5

Let (X, d) be a compact metric space and T: X — X continuous. Suppose
that the system is is uniquely ergodic, i.e., there exists exactly one Borel
probability measure p on X such that Tyt = p. Prove that for any f € C(X)
there exists a constant Cy € C so that

1 N-1 N
n —00
~ Y H(T) Oy
n=0

uniformly in z € X.
Hint: Prove this by contradiction — assuming otherwise, construct a T-
invariant ergodic measure different from p.
Problem 6
Consider the doubling map
To: T — T,

T — 22 mod1

and equip T with the Lebesgue measure mr.
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a. Construct a point that is generic for mr.

b. Construct a point that is generic for an ergodic Ts-invariant Borel
probabiliy measure other than mr.

c. Construct a point that is generic for a non-ergodic Th-invariant mea-
sure.

d. Construct a point that is not generic for any Ts-invariant measure.



