Partial solutions to exercises for “Dynamical systems and
Ergodic theory”
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Problem 1

Let
T:[0,1] — [0,1],

if 0,1
x'—>{0 if x € {0, 1},

nz — 1 if there is n € N so that z € [+, —L5).

1. Let z € [0,1]. Show that
H¥eN TYz)=0 < 2€[0,1]nQ.

2. Show that e = >/, & is irrational.

Solution.

1. Suppose z € [0,1] — Q. Then nx —1 ¢ Q for every n € N. Hence T'(z) ¢ Q. By induction, it follows

that
VleN T'z)¢Q.

In particular, if = ¢ [0,1] N Q, then
VieN T'(z)+#0.

Now suppose z € Q n [0,1]. Let z = % with p,q € N coprime. We can assume without loss of

generality that 0 < 2 < 1. Choose n € N\{1} such that + <z < L. Then

np—4dq
q

T(x) =

By choice of n we have that np — ¢ < p, hence T'(z) < z and T'(x) = £ with r, s € N coprime such
that 0 < r < s and s < ¢. Since the number of rationals in [0, 1] with denominator at most ¢ is

finite, 7*(x) = 0 after finitely many steps.
2. It suffices to show that
2!
= sz 7€

is irrational. Note that

[e¢] 0
(n—1) 1 1 o111
<Z k! _n+n(n+ Zzl kT onl -1 -1

k=n

YneN

S|

One computes that

and, hence, induction shows that

VneN T"(z)= i (”H)!e[ 1 )

k=n-+2




Problem 2

Let T},: T — T be the xp-map.
1. Show that there exists x € T with w™(x) uncountable but not T, where

wh(z) = {y € T: I(nk)ren € N unbounded, y = lim " (z)}.
k—0
2. Let mg = Y0 1 prr show that w¥(xg) is countable but not finite.

Solution.

1. Let A = |J,,cn{0,2}" denote the set of all finite words in letters {0,2}. As argued in class, we can
enumerate these words and then the symbols to construct a word whose forward-orbit approximates
every word in the middle-third Cantor set arbitrarily well. The details are left to the reader.

2. We will provide an outline how one can show that w*(zg) = {p™™ mod 1: m € Nu {0}}. Given
n € N let k,, € N minimal such that n [kn!, (kn + 1)!). Then

e}
1
YneN T](xg) =p" Z —7 mod 1.
=y +1

Note that for any £ € N we have

G “1
— <
kz;lp p(z+1 g k p(z+1

In particular, it follows that for all sufficiently large n € N, we have that

n pr 2 p" 2
T, (xo) € [p(kn+1)! <1 - p(kn,-i—l)!) (et 1)! (1 + p(kn+1)!>] cT

Now suppose that 2 € w*(xg) and let (ng)een € NY be a w.l.o.g. strictly increasing sequence such
that z = limy o T'* (o). Suppose first that for every m € N the set

Q(m) = {£ e N: p™ = plimetDimney

is finite. This implies that

g
lim — = 0.

f—0o0 p(kng +1)'
It follows that for sufficiently large ¢ we have
e
0 < TP (z0) << 2—L— =% 0,

p(k"tz""l)

Hence we can assume w.l.0.g. that there exists m € N such that Q(m) is infinite. Put differently,
after passing to another subsequence, we can assume that

. 1 2 1 2
V¢ e N Tp[(l‘o) € |:p’m( (1 — p(knz‘i’l)l) ,pim (1 + p(kw“"l)l)]

Since ky, — o0 as £ — oo this implies that x = p=™.

Problem 3
Let A be a 2 x 2 real matrix with eigenvalues A € (1,00) and p € (0,1). Consider the map
T:8" — St
Az

T — .
| Az

1. Show that T has exactly four fixed points.

2. Show that Tz = Az
[Amz]2

3. Show that for every x € S!, the sequence T"x converges to a fixed point of T.



Solution.

1. Choose eigenvectors z and z, in S1 for eigenvalue A and u respectively. These exist since the
eigenvalues are real and distinct. A quick computation shows that T'(z)) = z, i.e., x) is a fixed
point and a similar argument shows the same for —x, z,, —,. So we have at least 4 fixed points.
If = is a fixed point, then T'(z) = x is equivalent to |Az|sx = Axz. Thus every fixed point of T is
an eigenvector and there are only four eigenvectors that lie on the unit circle.

2. We prove the statement by induction. The case n = 1 is just the definition of our map. Now assume
that n € N\{1} and suppose that the statement is true for n — 1. Then

A" 1
An—1 Ao An
(@) = T(T" (@) = T( o EEEL
HA :L'HQ HA TAn— 1IH2H2 HA 1’“2
3. Because our two eigenvectors are linearly independent, we can write every vector € S! as z =
% for some «, 8 € R uniquely determined up to positive scaling and not both equal to
u
zero. If one of the factors «a, 8 is zero, we have a fixed point. So we just need to look at the cases
where both of the factors are non-zero. Then we can use part (b) and see that
A ) An + . azry + (5)"Bx
lim 7"z = lim ———— = lim awy + 1br, im A (/;\) o _ sgn(a)zy
n—w® now [Araly — nw [Arazy + pt Byl o ez + (5)" Bz
The last equality holds because (&) < 1 and hence (§)™ converges to zero as n — co.
Problem 4

1. Note that d(z©,2(1)) — 0 as £ — o0 if and only if N(2©), ™)) — o0 as £ — oo which is the case if
and only if 2¢ and z(*) agree on a larger and larger number of initial symbols.

2. We apply Cantor’s diagonal argument.

Let (2%) be a sequence in X". Given ne N and 1 < k < p, let

Qn(k) = {eN: 2 =k}
Since {0, ...,p—1} is finite, there exists k1 such that €4 (k) is infinite, i.e., there exists a subsequence
(120) ey of (V) such that 1#) = k; for all £ € N. Now we proceed by induction: Given r € N,
ki,....k.€{0,...,p—1}, and a subsequence (,z(9))sen of (z(9)) such that

vi<n<r¥eN ,zl) =k,
choose 0 < k,41 < p and a subsequence (,412) of (,2()) such that
¢

V/eN 7«+1$£.4)_1 = k'7-+1.

Define the subsequence (42(9)) of (z(9)) by
VeeN 2 =20,
Then 429 — (ky)nen as £ — 0.
3. A point x € X is a fixed point for ¢™ if and only if there exists n € N such that

VkeN Tk = Th4n-

Then z is certainly periodic with period at most n and x has period exactly n if and only if

zeFix(c")\ | ] Fix(c). (1)

1<l<n

We need to make this more tractable.

First, we note that for 1 < £ < n, if a point x € Fix(¢™) is £ periodic (with exact period ¢), then
¢|n. To this end, we will show that z is eventually (¢, n)-periodic.

Let a,b € Z such that an + bl = (n,¢). For any k > |an| + |bf| we have that k + an > |bn| + 1 and,
hence,

Tk = Thtan = Lhtan+bl = Th4(n,L)-



Hence z is eventually (n, £)-periodic. Since x is periodic, it is (n, £)-periodic. It follows that

Per(o,n) = Fix(c™)\ U Per (o, £).
q
l<n

Hence, if we denote g(n) = |Per(o,n)|, we get the recursive formula

g(n) =p" = > g(0).
l<n
ln

. Let z € X and € > 0. Then there exists N € N such that
Vye X N(z,y) >N = d(z,y) <e.

Define x* by
Vi<n< N z*=gz,

and continue periodically by requiring z € Fix(o?V).
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