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Problem 1
Let

T : r0, 1s ÝÑ r0, 1s,

x ÞÝÑ

#

0 if x P t0, 1u,
nx ´ 1 if there is n P N so that x P r 1

n ,
1

n´1 q.

1. Let x P r0, 1s. Show that
Dℓ P N T ℓpxq “ 0 ðñ x P r0, 1s X Q.

2. Show that e “
ř8

k“0
1
k! is irrational.

Solution.
1. Suppose x P r0, 1s ´ Q. Then nx ´ 1 R Q for every n P N. Hence T pxq R Q. By induction, it follows

that
@ℓ P N T ℓpxq R Q.

In particular, if x R r0, 1s X Q, then

@ℓ P N T ℓpxq ‰ 0.

Now suppose x P Q X r0, 1s. Let x “
p
q with p, q P N coprime. We can assume without loss of

generality that 0 ă x ă 1. Choose n P Nzt1u such that 1
n ď x ă 1

n´1 . Then

T pxq “
np ´ q

q
.

By choice of n we have that np ´ q ă p, hence T pxq ă x and T pxq “ r
s with r, s P N coprime such

that 0 ď r ă s and s ď q. Since the number of rationals in r0, 1s with denominator at most q is
finite, T ℓpxq “ 0 after finitely many steps.

2. It suffices to show that

x “ e ´ 2 “

8
ÿ

k“2

1

k!
P r0, 1s

is irrational. Note that

@n P N
1

n
ă

8
ÿ

k“n

pn ´ 1q!

k!
“

1

n
`

1

npn ` 1q
` ¨ ¨ ¨ ă

8
ÿ

k“1

1

nk
“

1

n

1

1 ´ 1
n

“
1

n ´ 1
.

One computes that

T pxq “ 2!x ´ 1 “

8
ÿ

k“3

2

k!

and, hence, induction shows that

@n P N Tnpxq “

8
ÿ

k“n`2

pn ` 1q!

k!
P

„

1

n ` 2
,

1

n ` 1

˙

.
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Problem 2
Let Tp : T Ñ T be the ˆp-map.

1. Show that there exists x P T with ω`pxq uncountable but not T, where

ω`pxq “
␣

y P T : DpnkqkPN P NN unbounded, y “ lim
kÑ8

Tnk
p pxq

(

.

2. Let x0 “
ř8

k“1
1
pk! show that ω`px0q is countable but not finite.

Solution.
1. Let Λ “

Ť

nPNt0, 2un denote the set of all finite words in letters t0, 2u. As argued in class, we can
enumerate these words and then the symbols to construct a word whose forward-orbit approximates
every word in the middle-third Cantor set arbitrarily well. The details are left to the reader.

2. We will provide an outline how one can show that ω`px0q “ tp´m mod 1: m P N Y t0uu. Given
n P N let kn P N minimal such that n P

“

kn!, pkn ` 1q!
˘

. Then

@n P N Tn
p px0q “ pn

8
ÿ

k“kn`1

1

pk!
mod 1.

Note that for any ℓ P N we have

8
ÿ

k“ℓ`1

1

pk!
ă

1

ppℓ`1q!

8
ÿ

k“0

1

pk
ď

2

ppℓ`1q!
.

In particular, it follows that for all sufficiently large n P N, we have that

Tn
p px0q P

„

pn

ppkn`1q!

ˆ

1 ´
2

ppkn`1q!

˙

,
pn

ppkn`1q!

ˆ

1 `
2

ppkn`1q!

˙ȷ

Ă T.

Now suppose that x P ω`px0q and let pnℓqℓPN P NN be a w.l.o.g. strictly increasing sequence such
that x “ limℓÑ8 Tnℓ

p px0q. Suppose first that for every m P N the set

Ωpmq “
␣

ℓ P N : pm “ ppknℓ
`1q!´nℓ

(

is finite. This implies that

lim
ℓÑ8

pnℓ

ppknℓ
`1q!

“ 0.

It follows that for sufficiently large ℓ we have

0 ď Tnℓ
p px0q ďă 2

pnℓ

ppknℓ
`1q!

ℓÑ8
ÝÑ 0.

Hence we can assume w.l.o.g. that there exists m P N such that Ωpmq is infinite. Put differently,
after passing to another subsequence, we can assume that

@ℓ P N Tnℓ
p px0q P

„

1

pm

ˆ

1 ´
2

ppknℓ
`1q!

˙

,
1

pm

ˆ

1 `
2

ppknℓ
`1q!

˙ȷ

Since knℓ
Ñ 8 as ℓ Ñ 8 this implies that x “ p´m.

Problem 3
Let A be a 2 ˆ 2 real matrix with eigenvalues λ P p1,8q and µ P p0, 1q. Consider the map

T : S1 ÝÑ S1,

x ÞÝÑ
Ax

}Ax}2
.

1. Show that T has exactly four fixed points.
2. Show that Tnx “ Anx

}Anx}2
.

3. Show that for every x P S1, the sequence Tnx converges to a fixed point of T .
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Solution.

1. Choose eigenvectors xλ and xµ in S1 for eigenvalue λ and µ respectively. These exist since the
eigenvalues are real and distinct. A quick computation shows that T pxλq “ xλ, i.e., xλ is a fixed
point and a similar argument shows the same for ´xλ, xµ,´xµ. So we have at least 4 fixed points.
If x is a fixed point, then T pxq “ x is equivalent to }Ax}2x “ Ax. Thus every fixed point of T is
an eigenvector and there are only four eigenvectors that lie on the unit circle.

2. We prove the statement by induction. The case n “ 1 is just the definition of our map. Now assume
that n P Nzt1u and suppose that the statement is true for n ´ 1. Then

Tnpxq “ T pTn´1pxqq “ T p
An´1x

}An´1x}2
q “

A An´1x
}An´1x}2

}A An´1x
}An´1x}2

}2
“

Anx

}Anx}2
.

3. Because our two eigenvectors are linearly independent, we can write every vector x P S1 as x “
αxλ`βxµ

}αxλ`βxµ}2
for some α, β P R uniquely determined up to positive scaling and not both equal to

zero. If one of the factors α, β is zero, we have a fixed point. So we just need to look at the cases
where both of the factors are non-zero. Then we can use part (b) and see that

lim
nÑ8

Tnx “ lim
nÑ8

Anx

}Anx}2
“ lim

nÑ8

λnαxλ ` µnβxµ

}λnαxλ ` µnβxµ}2
“ lim

nÑ8

αxλ ` p
µ
λ qnβxµ

}αxλ ` p
µ
λ qnβxµ}2

“ sgnpαqxλ

The last equality holds because p
µ
λ q ă 1 and hence p

µ
λ qn converges to zero as n Ñ 8.

Problem 4
1. Note that dpxpℓq, xp1qq Ñ 0 as ℓ Ñ 8 if and only if Npxpℓq, xp1qq Ñ 8 as ℓ Ñ 8 which is the case if

and only if xℓ and xp1q agree on a larger and larger number of initial symbols.
2. We apply Cantor’s diagonal argument.

Let pxℓq be a sequence in XN. Given n P N and 1 ď k ă p, let

Ωnpkq “ tℓ P N : xpℓq
n “ ku.

Since t0, . . . , p´1u is finite, there exists k1 such that Ω1pkq is infinite, i.e., there exists a subsequence
p1x

pℓqqℓPN of pxpℓqq such that 1x
pℓq

1 “ k1 for all ℓ P N. Now we proceed by induction: Given r P N,
k1, . . . , kr P t0, . . . , p ´ 1u, and a subsequence prx

pℓqqℓPN of pxpℓqq such that

@1 ď n ď r@ℓ P N rx
pℓq
n “ kn,

choose 0 ď kr`1 ă p and a subsequence pr`1x
pℓqq of prx

pℓqq such that

@ℓ P N r`1x
pℓq

r`1 “ kr`1.

Define the subsequence p˚x
pℓqq of pxpℓqq by

@ℓ P N ˚x
pℓq “ ℓx

pℓq.

Then ˚x
pℓq Ñ pknqnPN as ℓ Ñ 8.

3. A point x P X is a fixed point for σn if and only if there exists n P N such that

@k P N xk “ xk`n.

Then x is certainly periodic with period at most n and x has period exactly n if and only if

x P Fixpσnqz
ď

1ďℓăn

Fixpσℓq. (1)

We need to make this more tractable.
First, we note that for 1 ď ℓ ď n, if a point x P Fixpσnq is ℓ periodic (with exact period ℓ), then
ℓ|n. To this end, we will show that x is eventually pℓ, nq-periodic.
Let a, b P Z such that an ` bℓ “ pn, ℓq. For any k ą |an| ` |bℓ| we have that k ` an ě |bn| ` 1 and,
hence,

xk “ xk`an “ xk`an`bℓ “ xk`pn,ℓq.
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Hence x is eventually pn, ℓq-periodic. Since x is periodic, it is pn, ℓq-periodic. It follows that

Perpσ, nq “ Fixpσnqz
ď

ℓ|n
ℓăn

Perpσ, ℓq.

Hence, if we denote gpnq “ |Perpσ, nq|, we get the recursive formula

gpnq “ pn ´
ÿ

ℓăn
ℓ|n

gpℓq.

4. Let x P X and ε ą 0. Then there exists N P N such that

@y P X Npx, yq ą N ùñ dpx, yq ă ε.

Define x˚ by
@1 ď n ď N x˚ “ xn

and continue periodically by requiring x P FixpσN q.
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