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Exercise 5.1. &
Which of the following statements are true?
(a) If a linear map T': L*(R) — L*(R) satisfies ||Tu|| 2y < 100 for all w € L*(R) with

Julr2r) < 15, then T is continuous.

(b) Assume that two bounded linear functionals ¢,v € L*([0,1])* agree on C([0,1]), i.e
o(u) = (u) for all uw € C([0,1]) € L*([0,1]). Then ¢ = 1.

(c) If ¢ is a continuous linear functional on a Hilbert space H, then ker ¢ is a closed linear
subspace of H.

(d) For z = (x3)gen € (*(N) define (T'z), = log(1/k)zy, for all k € N. Then T defines a
bounded linear operator T': ¢*(N) — ¢*(N).

(e) For u € L*((0,1)) define F(u)(z) = u(z)?>. Then F : L?((0,1)) — L?((0,1)) defines a
bounded (non-linear) operator.

Exercise 5.2.
For a fixed measurable function a: (0,1) — C, consider the multiplication operator

M, : L*((0,1)) — L*((0,1)), Mu(z) = a(x)u(z).

We want to prove that M, is continuous on L?((0,1)) if and only if a € L>(0,1), in which
case the operator norm satisfies || M,||op = [|@]|Lo(0,1)-
(a) Prove the inequality

/|a |2dx<esssupx€01|a |/|u )| da,

and deduce that ||M,llop < |la|lL=(0,1)-

(b) Show that if £ C (0,1) is measurable with |E| > 0, then

1Ma15]20 _L/ la()[? da
||1E||L201 |E| E .

(c) By an appropriate choice of the measurable set E in the previous point, prove that
[Mallop = l[al|ze-

Hint: Take E =“the set where |a| is large” and recall the definition of essential supremum.
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Exercise 5.3.

Prove that each of the following linear operators is bounded on ¢*(N) (i.e. as an operator
from (%(N) to (*(N)). TIllustrate each operator as an infinite matrix with respect to the
standard basis vectors e,, = (0,k)ken-

(a) (Shift operator) S: (z1,za, x3,...) — (0,21, 29, ...).

(b) (Diagonal matrix) My: (x1,z2,x3,...) — (A1, Aae, A3x3, .. .), where {A;}r>1 is some
given sequence such that sup;; |Ax| < oo.

(¢) T: (x1,m9,x3,...) — (T1 — T, T — T3, T3 — Ty, ...).

1lbert-Schmidt matrix) For eac > 0 set T) = . k.iT;, where the mfnite
d) (Hilb Schmid ix) F h k 0 A jZlAJJ h he infini
matrix {A;;}i>1>1 satisfies

Z ‘AiJ’Z < Q.

1,521

Hint: Apply the Cauchy-Schwarz inequality to the sum ’Z i1 Ak ? for fixed k.

Exercise 5.4.
Prove the following inequalities and interpret them as the continuity of a suitable linear map
between suitable normed vector spaces:

(a) For all u € L*(R), we have
1
/ lu(t)]? dt < / lu(t)|? dt.
0 R

or eac olynomia =Dpo+p1X +...+ [} we have
(b) F h polynomial p(X) = po + p1.X P XN, we h

Jmax (@) <) Ip;

7=0

=z

(c) For all u € C'([0,1]) with u(0) = 0, we have

1
max [uf )|§/ ()] dt.
0

z€[0,1]
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Exercise 5.5.
This exercise concerns compactness in infinite dimensional Hilbert spaces.

(a) Show that the closed unit ball sz(N) = {z € (*(N) : ||z, < 1} is not a compact subset
of %(N).

Hint: Find a sequence contained in the closed unit ball with no converging subsequences.

(b) Show that C' = {z = (z,)nen € (*(N) : |z,| < L Vn € N} is a compact subset of ¢2(N).
C' is known as the Hilbert cube.

Hint: Show that C' is totally bounded, i.e. C' can be covered by finitely many balls of any
fixed radius.
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