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Exercise 11.1. &
Which of the following statements are true?
(a) If f € LY(R?) and f € L*(RY), then necessarily also f € L*(R?).

(b) If A € C is an eigenvalue® of F: L?(R?) — L*(R?), then necessarily A € {£1,+i}.

(¢) The function x —

7 is an element of the Schwartz class S(R).

(d) Let f € C*°(R) be a smooth function with all derivatives bounded on R, i.e. ) € L>(RR)
for all 7 € Ny. Then

fY e SR), Vi eSMR).

Hint: Recall the Leibniz formula for higher-order derivatives of products

TOREDY (Z) FoR gk,

k=0

“That is to say: there exists some nonzero function v € L?(R?) such that Fv = Av.

Exercise 11.2.
For A\ > 0, define

1—XYaz| for |z| < A\,
f@_{ 2] for o]

0 otherwise.

(a) Show that
2 2 sin®(5¢)

f'(ﬁ):X - e

(b) Using the Poisson summation formula in the form®

Z f(\/ 2m(a+n)) = Z e T f(V2mn), Va€R,
neL nez
and an appropriate choice of A in the previous part, show that

1 2
3 S Va € R\ Z.

(n+a)?  sin*(ra)’

neL

®This follows from Exercise 10.4 on the last problem set.
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Exercise 11.3.

(a) Compute
R

lim x sin(x)

—ilx _
g | a2 ¢ dr, for{ e R\ {-1,1}.

Hint: Extend the integral to a contour integral in the complex plane and apply Cauchy’s
integral formula.
(b) Deduce that the function x — %ng) is not in L}(R).

Exercise 11.4.
(a) Let f € L*(R) have compact support, i.e. there exists some R > 0 such that

f =0 almost everywhere in R\ [-R, R].

Show that f is analytic on R. That is, for every & € R the Taylor series of f around &
converges to f in a neighborhood of &.

(b) Let f € L'(R) be a continuous function, which is not identically zero. Show that f and
its Fourier transform cannot both be compactly supported.

Exercise 11.5.
Given ¢ € S(R), we consider the differential equation

' (z) +u(zr) = ¢(z), forall x € R.

(a) Show that, if there is a solution u € S(R), then it is the unique solution within the class
of Schwartz functions.

(b) Using the Fourier transform and inverse Fourier transform, show that there is indeed a
solution u € S(R) to the differential equation.

(c) Solve the differential equation again, this time with classical methods (multiply by e’
ete..).

(d) Check that the two results you found are indeed the same.
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