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Exercise 5.1. &
Which of the following statements are true?

(a) If a linear map T: L*(R) — L*(R) satisfies ||Tu||2y < 100 for all w € L*(R) with

Jull 2wy < 15, then T'is continuous.

(b) Assume that two bounded linear functionals ¢,v¢ € L*([0,1])* agree on C([0,1]), i
d(u) = P(u) for all u € C([0,1]) C L*([0,1]). Then ¢ = 1.

(c) If ¢ is a continuous linear functional on a Hilbert space H, then ker ¢ is a closed linear
subspace of H.

(d) For z = (x3)ken € (*(N) define (T'z), = log(1/k)zy, for all k € N. Then T defines a
bounded linear operator T': £*(N) — ¢*(N).

(e) For v € L*((0,1)) define F(u)(xz) = u(x)®>. Then F : L*((0,1)) — L?((0,1)) defines a
bounded (non-linear) operator.

Solution:

(a) True. Using absolute homogeneity of the norm, the condition implies that T is bounded, i.e.

continuous. More precisely, if v € L?(R) then u := has norm ||u|| = 75, so by assumption

ol 10

| To]
10[J]]

= || Tu|| < 100.

This gives || Tv|| < 1000|lv|| and since v was arbitrary, this proves that 7" is bounded.

(b) True. In general, two continuous functions that agree on a dense set must agree everywhere.
In this case, C([0,1]) is dense in L?([0,1]) (with respect to the L? topology) and ¢, are both
continuous (being bounded) with respect to this topology.

More directly: for any = € L%([0,1]), there exists a sequence z,, € C([0,1]) such that x,, — x with
respect to the L2([0,1]) topology. By continuity of ¢, we have

¢(x) = lim ¢(z,) = lim (z,) = P(x).

n—o0

(c) True. The pre-image of a closed set via a continuous function is closed. In this case ker ¢ =
—1({0}), ¢ is continuous and {0} is closed.

(d) False. Indeed, letting e,, = (0, x)ken be the standard basis, we have
[e.9]
IT(en)llf = Y 1og(1/k)8, k[* = log?(n).
k=1
Thus, ||T(en)||;2 — 00 as n — oo while |le, ||z = 1 for all n € N, which contradicts boundedness.

(e) False. F is not well-defined as a map from L2((0,1)) into itself. For instance, the function
u(z) = 271 lies in L2((0,1)) but u? ¢ L2((0,1)).
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Exercise 5.2.
For a fixed measurable function a: (0,1) — C, consider the multiplication operator

M, : L*((0,1)) — L*((0,1)), Mu(z) = a(x)u(z).

We want to prove that M, is continuous on L?((0,1)) if and only if a € L>(0,1), in which
case the operator norm satisfies || M,||op = ||@]|Lo(0,1)-

(a) Prove the inequality

/|a z)|? dx < esssup,¢ o )laz \/|u )| da,

and deduce that ||M,lop < [la|lze(0,1)-
(b) Show that if £ C (0,1) is measurable with |E| > 0, then

1Ma15]20. _L/ la()[? da
|’1EHL201 |E| E .

(c) By an appropriate choice of the measurable set E in the previous point, prove that
[Mallop = [lal| e
Hint: Take £ =“the set where |a| is large” and recall the definition of essential supremum.

Solution:
(a) This is (a very simple case) of Holder’s inequality

1 1
Ifgllr < 1 fllzellglizs, - where p.g € [1,00], — 4 = =1,

with f = |a|?, g = |ul?, p = o0, ¢ = 1. More directly, the essential supremum is characterized by
la(z)| < esssup|a| a.e. So the result follows by integrating w.r.t. = the inequality

\a(x)\Qlu(:n)IQ < esssupye(o,l)|a(y)|2 ]u(:v)]2 for almost every = € (0,1).
Since || Maul|3, = fo |a|?|u|?® dz and ||ul|3, = fol |u|? dz, the inequality is saying
IMaull72 < [lallfoollul7e  for all u € L*((0,1)),
which means (by definition of the operator norm) that || Mgllop < ||a| L.

(b) This follows from a direct computation:

1
IMa15]22 0., = / 0?13, di = /E laf? dz,

1
11511220, dz = / 12 = |E|.
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(c) Pick any g > 0 such that |{|a| > u}| > 0. Then the previous computation with E := {|a| > u}
gives
1Malgll72

1 / 2 2
m O = (@) da > 2,
H1E||L201 |E| EN—~—
>p?

which proves || M|lop > p. As this holds for any such p, we conclude by recalling that the essential
supremum of a measurable function is defined as the largest such pu:

la]l Lo 0,1y = esssupla| = sup ({#x > 0 [{la| > p}| > 0} U {0}).

Exercise 5.3.

Prove that each of the following linear operators is bounded on ¢*(N) (i.e. as an operator
from (%(N) to (*(N)). Illustrate each operator as an infinite matrix with respect to the
standard basis vectors e,, = (0,,k)ken-

(a) (Shift operator) S: (z1,za, x3,...) — (0,21, 29, . ..).

(b) (Diagonal matrix) My: (z1, xe, x3,...) = (A1x1, Ao, A3xs, .. .), where {\;}i>1 is some
given sequence such that sup,; |A\x| < oo.

(c) T: (x1,m9,x3,...) — (T1 — T, To — T3, T3 — Xy, .. .).
(d) (Hilbert-Schmidt matrix) For each k > 0 set (Az)y := >_ o, Ay;x;, where the infinite
matrix {A; ;}i>1,>1 satisfies

D AP < o

ij>1
Hint: Apply the Cauchy-Schwarz inequality to the sum ’Z i1 Ak7jxj|2 for fixed k.

Solution:

(a) The operator is bounded (in fact an isometry) since for any = € ¢?(N) we have

o0 [o.¢]
1SallFa = 0% 4 > funf® = 3 lual” = Jlullfo
k=1

k=1

The infinite matrix of S is

000 0
1000
g—|0 10 0
0010

(b) Denote C' = supy>; |Ax|* < 0o. The operator is bounded since for any z € £2(N) we have

My |22 gy = erkm%z sup |\ )lanl” = sup | zw ClulZg,
k=1 J2
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The infinite matrix of M, is

A 0 0 0
0 A 0 0
My=|0 0 X 0

0 0 0 M\

(c) For any a,b € C, we have
la = b* < (la| + [b])* = [al® + [b]* + 2|alb] < 2lal* + 2[b]>.
Thus, for any z € ¢2(N) we can estimate

o0 o0 o0
T By = Y lonrn — 2kl < 2langa [ + 20wl <4 farl® = 4flullZ -
P k=1 k=1

The infinite matrix of 1" is

1 -1 0 O
0 1 -1 0

T7T—10 0 1 -1
0 0

(d) Note that for each & > 1 and z € £?(N), we have
S Az < AP+ el < O AP+ ),
j=1 j=1 =1 jk>1 =1

so the sum defining (Az); converges absolutely and Az is well-defined. We now take any = € ¢?(N)
and compute
oo o0 o0 2
A = D2 1Al = D[S Avg|
k=1 k=1 j=1

For any N € N, we can apply the Cauchy-Schwarz inequality to find

N 9 N N o0 o0
DITIEY D DIVHIED SIELED DIEWILES SIS
j=1 j=1 j=1 j=1 J=1

Taking the limit as N — oo and summing over k, we have

Il = |3 A <D0 | Yo 146l Y kel | = (3 140 lallq.
=1 j=1

k=1 j=1 k=1 \j= = kj>1

‘ 2

The infinite matrix of A is the matrix itself, i.e.
Ao Aot Aoz Aoz
Ao A Ap Agg
A= |Axn Axn Axp A
Azp Az1 Az Ass
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Exercise 5.4.
Prove the following inequalities and interpret them as the continuity of a suitable linear map
between suitable normed vector spaces:

(a) For all u € L*(R), we have
1
/ (b2 dt < / u(t)[2 dt.
0 R

(b) For each polynomial p(X) = pg + p1 X + ... + B XY, we have

2y, o) < 2 1p

=z

(c) For all u € C'([0,1]) with u(0) = 0, we have

1
max |u(x)| §/ |u/(t)] dt.
0

2€[0,1]

Solution:

(a) The inequality follows from the monotonicity of the integral and |u|? > 0. It can be interpreted
as the fact that the restriction operator

p: L2(R) = L*((0,1)), ur— ul),
(which is linear) is bounded and, more precisely, ||p|lz(z2®):z2(0,1)) < 1-

(b) By the triangle inequality, for each = € [—1, 1] we have

so taking the supremum over z we find the desired inequality. We can interpret it as the continuity
of the inclusion map
v (Vo) = C(=1,1]), p—p,

where V is the (infinite dimensional) vector space of polynomials with norm |[p||; := Z;V:o IDjl,
where N = N(p) is the degree of p, and C([—1,1]) is equipped with the || - || L= norm as usual.

(c) For all z € [0,1] and u € C1(]0, 1]) with u(0) = 0, we have

()] = [u(z) — u(0 |—‘/ dt‘ /yu ]dt</\u ()] dt,

so taking the maximum over x we find the desired estimate. If we define

X :={ue C([0,1]) : withu(0) =0}, [ulx = [[«llL101),
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then the inequality is expressing the continuity of the inclusion X < C%([0,1]). The fact that X
is an honest vector space is readily checked, while the fact that || - ||x is a norm follows from the
linearity of the derivative and

|ullx =0= v =0ae = v =0 (v is continuous)

= u= const = u=0 (since u(0) =0).

Exercise 5.5.
This exercise concerns compactness in infinite dimensional Hilbert spaces.

(a) Show that the closed unit ball Bf2(N) = {z € *(N) : ||z, < 1} is not a compact subset
of %(N).

Hint: Find a sequence contained in the closed unit ball with no converging subsequences.
(b) Show that C' = {z = (2,)nen € (*(N) : |z,| < L Vn € N} is a compact subset of (2(N).
C' is known as the Hilbert cube.

Hint: Show that C is totally bounded, i.e. C' can be covered by finitely many balls of any
fixed radius.

Solution:

(a) Let ex = (Jgn)nen be the standard basis of ¢3(N). Since lekllzay = 1 for all k& € N, the
sequence (ep)ren is contained in the closed unit ball of #2(N). Notice that for all j,k € N with
j # k, we have

oo

lex = ejlZy = D 0k — jnl* = 2.

n=0

Let ej, be any subsequence of the basis vectors. Since |ley, — ek, |2y = V2 for all 4,7, this is
not a Cauchy sequence and hence is non-convergent. But every sequence in a compact subset of a
normed vector space must have a converging subsequence.

Notice that the exact same proof shows the non-compactness of the closed unit ball in any Hilbert
space with an infinite set of orthonormal vectors.

(b) Note that C is closed. We will show that C is totally bounded, that is for any € > 0, C' can be

covered by finitely many balls of radius e. Compactness then follows. Thus, fix € > 0. Since the

sum L converges, there is some N € N, such that

TL2
n2 .

n=N+1

Now consider the set

A:{(xl,...,xN)ERN:\a:n\§%V1§n§N}.
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This is a closed and bounded subset of RV and thus compact. So we can cover A by finitely many
balls of radius §:

AC U B(y(i), 5), for some y(i) e RV,
i=1

Now for each 1 < i < m, let () = ( gi),...,y%),0,0,...) € (%(N), i.e. this is just the vector
y(i) € RV extended by zeros to an infinite sequence. We claim that

CC U Bz ¢).
=1

Indeed, for x € C, we have (x1,...2y) € A, so there is an ¢ with

A N ‘ N } e\ 2
|z — y@ |2 = Z g — 52 = Z |2n — 2D < (5) ‘
n=1 n=1

Then
. ° . N . © €N 2 1
le =2y = D e =21 = Y llzn = P12+ Y Jaal < (5) + X <€
n=1 n=1 n=N+1 n=N+1

by our choice of N.
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