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Exercise 6.1. &
For each of the following Hilbert spaces H and maps ¢ : H — C determine whether ¢ defines
a continuous linear functional on H.

(a) H = L*([—m,7]) and ¢(f) = c1(f) (the first Fourier coefficient of f).
(b) H = L*([~1,1]) and ¢(f) = f(0).

(c) H = *(N) and o((2,)nen) = T3 + 227

(d) H = 12([=1,1]) and (/) = [1,(1 + f)? da.

() H = L*(R) and o(f) =} [, f dx.

(f) H = *(N) and o((zn)nen) = 2200, 75

Solution:

(a) This is a continuous linear functional since by definition it is given by the L? pairing f — (f, e1)

with e; = 21 e,

(b) This functional is not even well defined on L2, as L? functions are only defined up to sets of
measure zero.

(c) This is a continuous linear functional given by the ¢? pairing with ez 4+ 2e7; € ¢2(N), where
{er}?2, is the standard basis of ¢2(N).

(d) This functional is not linear, since ¢(0) # 0.
(e) This is a continuous linear functional given by the L? pairing with %X[—l,l] c L*(R).

(f) This is a continuous linear functional given by the ¢ pairing with (1/n2),en € £2(N).

Exercise 6.2.
Show that any f € C'([—n,n]) with f(7) = f(—n) and [ f(x)dz = 0, satisfies

1A 22y < I N 22—y
Solution: Note that both f and f’ are continuous functions on [—7, 7| and hence are contained

in L?([~7,7]). The Fourier coefficients of the derivative satisfy ¢, (f’) = inc,(f) for all n € N.
Applying Parseval’s identity and using co(f) = &= ["_ f(z)dz = 0, we find

1 ey =2 S0 lea(HIP <20 S n2len(H)P = 20 S lenlf) = 112 non)-

neZ\{0} nez nez
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Exercise 6.3.
Let f € C(R) be a 27r-periodic continuous function satisfying cy(f) = 0.

(a) Show that F(t fo x)dz is also a 2m-periodic function and determine its Fourier
coefficients ¢, (F ) for all n 7é 0

(b) Determine the Fourier coefficient ¢o(F') in terms of the ¢, (f).

Solution:
(a) We compute

t+2m 2m
F(t+2r) — F(t) = /t FOydt= | f(t)dt = 2meo(f).

0

Since ¢o(f) = 0 by hypothesis F' is 2m-periodic. We have F’ = f by the fundamental theorem of
calculus (since f is continuous). Thus, the Fourier coefficients satisfy (integrate by parts)

en(f) =ine,(F) VneZ, — C"(F):%i(nf) VneZ\{0}.

(b) Since F € C(R), its Fourier series converges uniformly. In particular, F(z) = 3, o7 cn(F)e™
for each z € R. Applying this to z = 0, we find

ch —co —|— Z cnlglf)

nez neZ\{0}

Thus,

Exercise 6.4.

(a) Is there an element of L?((0,2n)) whose Fourier series is

(b) Show that the sequence above converges pointwise for each x € (0, 27).
Hint: Use Dirichlet’s test.

Solution:

(a) Note that

SIH 1 nr _ ,—inc
Z log Z < 2ilog(n )(e e ).
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Thus, the Fourier coefficients of such a function would be ¢g = ¢ =c¢_1 =0 and

~ sgn(n)
en(f) = SiTog(ln])’ In| > 2.

If these were the Fourier coefficients of an L? function, then by Parseval’s identity the sequence

would have to converge. Since this sum is divergent, there is no such function.

(b) We show that for any fixed x € (0,27) the partial sums Sy = ZQLQ sin(nz) remain bounded
independently of N. Since log(n)~! is a monotone decreasing sequence converging to 0, Dirichlet’s
test then implies that > °° sin(n) converges. Note that

n=2 log(n)
N 1N
Z sin(nz) = % Z(emx — e*m”).
n=1 ! n=0
Summing a geometric series we find
N ; N
) 1— e'L(NJrl)x ) )
mr __ i mnx
Ze B ‘Ze §|1—eiw|’

SO we can estimate

\ZN:S'( )| < L
in(nx . —
Tl —e= |1 — e
n=0

Thus, the partial sums Sy are bounded independently of N (recall that x ¢ 27Z).

Remark: In fact, using Dirichlet’s test one can show that on any compact set in (0,27) the
oo sin(nz)
n=2 log(n)
Fourier series of an L? function.

sequence »_ converges uniformly to a continuous function. Nevertheless, it is not the

Exercise 6.5.
The purpose of this exercise is to prove the Riemann—Lebesgue lemma in the special case of
a characteristic function of a bounded interval in R.

Let p : R — C be a bounded T-periodic function. Let f = 1,3 be the characteristic function
of a bounded interval [a,b] C R for some a < b. Show that

lim / F(Opat) dt = p / f(t)dt, 1)

r—=Fo00

where p is the average of p over one period
1 [T
= — t)dt.
h=7 /0 p(t)
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Remark: The Riemann Lebesgue lemma says that (1) in fact holds for any f € L'(R).
How might one use this exercise to prove the more general version?

Solution: Without loss of generality we can assume that p = 0. The case u # 0 then follows by
replacing p with p — u. Note that

b
/Rf(t)p<33t) dt = /Rl[%b}p(xt) dt = /a p(xt) dt.

We first consider the case © — +o00. Thus, let z > 0 and make the substitution v = xt. Then

/abp(act) dt = ;/C:C p(u) du.

By the periodicity of p, the integral of p over any interval of length 7" is Ty = 0, i.e. we have

c+T T
/ p(u) du = / p(u)du =0, for any c € R.
c 0

For fixed > 0, let m € N be the largest integer such that mT < x(b — a). We can partition the
interval [xa, zb] as

m
[za, zb] = U za+ (k—1) Txa—i—kT) [xa—i—mT,xb],

where Hxa + mT, bu < T. We then have

m

bx ra+kT b b
/ p(u)du = Z/ p(u) du + / p(u)du = / p(u) du.
ax =1 Jzat+(k—1)T za+mT za+mT

We estimate

b xb za+(m+1)T T
[ < [ pjdes [ plldu= [ plldu<T sup [p0)] < o0

a+mT a+mT a+mT t€[0,T)

by the boundedness of p. It follows that for all x > 0 we have

\ /R f(t)p(xt) dt‘ = bp(xt) dt‘ / amos,

For x < 0 the proof is the same, except that one considers the interval [zb, za).

Remark: It is evident that the result proved here for f a characteristic function of an interval
also applies when f is a step function (finite linear combinations of characteristic functions). By
approximating a function f € L'(R) by step functions, one can show that with p as in the exercise,
we in fact have

lim /f(t)p(xt) dt = ,u/Rf(t) dt for all f € L*(R).

z—+o0 R

This result is known as the Riemann—-Lebesgue lemma.
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Exercise 6.6.
Use the Riemann-Lebesgue lemma (see the Remark in Exercise 6.5 or Lemma 2.32 in the
lecture notes) to compute the following limits.

(a) Let A C R be a Lebesgue measurable set with finite Lebesgue measure |A| < oco. Com-
pute

lim [ sin®(mz)dz.
m—oQ A

(b) Let f : R — R be continuous and periodic of period 1. Compute

lim \/E/ flz)e™ ™ da.
R

e—0t

Solution:

(a) Let f = 14 be the characteristic function of the set A. Since A has finite Lebesgue measure,
we have f € L'(R). Let p(x) = sin?(x). Then p is 27-periodic and the average of p over one period
is

1 [ 1 [?™1—cos(2x) 1

.2
= — de = — — " dr = =
aw sin®(x) dx 57 /. 5 z =3,

where we used that cos(2z) = cos?(z) — sin?(z) = 1 — 2sin?(z) and fozﬂ cos(2x) dx = 0. Thus, the
Riemann-Lebesgue lemma gives

A
lim [ sin®(mz)dz = lim f( )p(mz) dx = /f /lAd:z:—‘2|

m— 00 A m—00

(b) We make the substitution ¢t = \/ex and find

—emx? _ t —mt?
ﬁ/Rf(x)e dx—/Rf(ﬁ)e dt.

Since e~ € L} (R) and f is 1-periodic, we can apply the Riemann-Lebesgue lemma to find

6£%+A§f(jg)e”t2 dt:/Re”Q dm/olf(x) da;:/olf(x) dx

where we used that the Gaussian integral satisfies fR e ™ dy = 1.
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