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Exercise 8.1. &
For each of the following functions defined on [—m, 7],

e f1(x) = tan(sin(x))
o fo(z) = [a|*

o f3(x) =1z

o fu(z) = e

o f5(z) = [x|7"/?

answer the following questions using the theorems seen in class. If none of the convergence
theorems applies, that’s still a valid answer.

(a) Are the Fourier coefficients well-defined?

(b) Is it true that Sy (f) — f in L??

(c) Is it true that Sy(f)(x) — f(z) for all x € [—m, 7|? Hint: Recall Theorem 2.28.
(d) Is it true that Sy(f) — f in Cpe? Hint: Recall Corollary 2.20.

Solution:

(a) All functions fg, k =1,...,5 are in L'(—m, ), so the Fourier coefficients are well-defined.

(b) L? convergence holds for all functions that are of class L2, thus it is valid for fi, f2, f3, f1. It is
not valid for f5, since f5 ¢ L? (if the convergence was true, it would imply that f5 € L?).

(c) For fi, fsy the convergence is uniform (thus pointwise) since they are continuous with contin-
uous derivatives (including extremal!). For fo pointwise convergence still holds, since f is Holder
continuous in [—7,7]. As per f3, the function is clearly C! in the interior of (—m,7) so we have
pointwise convergence there. We cannot possibly have pointwise convergence at x = 4w, simply
because f3(m) # fa(—m), but Sy(f3)(m) = Sn(f3)(—n) for all N since {Sn(f)}n are 27 periodic
functions. Finally, for f; we have pointwise convergence only outside of 0, since the limit is not
defined in 0 and the function is locally Lipschitz outside of the origin.

(d) For fi, fa we already observed that the convergence is uniform. Since all these functions are
continuous on periodic, we can say that the convergence happens in Cpe,. The function f5 is not
piecewise C! (there is no partition of [, 7] into closed intervals such that fo is C! on each closed
interval) thus we cannot apply any of the results we have seen that ensure uniform convergence.
On the other hand there is no obvious contradiction in the fact that Sy (f2) — fo uniformly. Thus
in this case we cannot apply our results directly, and this is a correct answer for the sake of the
exercise. Finally, since f3 and f5 are not continuous and periodic, they cannot be approximated
uniformly with their partial Fourier sums (the partial Fourier sums lie in Cp,, and uniform limit of
Cher functions lies in Cper).

Exercise 8.2.
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(a) Construct f: [—m, 7] — R which is continuous, but not Hélder at = = 0.
Hint: try using 1/log(z/27).

(b) Let V' be the vector space of sequences f: N — R such that

1l = (3 R1FR)P) < oo

k>1

Can you choose a scalar product on V' that makes V' a Hilbert space?
Hint: try to construct an L? space over N with the right measure.

(c) Let V' be the vector space of sequences f: N\ {0} — R such that

I£llv =) klf (k)] < oo.

k>1

Can you choose a scalar product on V' that makes V' a Hilbert space?
(d) Explain the difference between the following spaces of (real) functions and provide ele-
ments that fit in one but none of the others:

CPGT‘([_WJT};R)’ 02 ([_ﬂ-aﬂ'];R)a C<<_777);R)v C([_WJT]QR)'

per

Solution:

(a) Let f(t) = 1/log(5=) for t € (0, 7] and f(t) = 0 for ¢ € [—m,0]. Then, f is continuous in [, 7).

Suppose by contradiction that it is also Hoélder continuous in [—m, 7]; this means that there exists
€ (0,1), C > 0 such that

@) =) _ .,

sup
rAYE[—m,m] |5C - y|a

Setting y = 0 we would obtain for any z € (0, 7] that

1 ¢

"< @)

which is in contradiction to the fact that lim,\ o |log(x)z® = 0.

= |log(z/2m)|2%,

(b) Consider the measure space (N, P(N), 1), where

u(A) = 5" k1 (k).

By definition

/N 12 di = S RRIF )2 = 1112,

keN

that is, || - ||y is a norm associated to an L? space. We conclude that V is a Hilbert space.
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(c) As in the previous point we have

1£1v = 1l v 29y )

where 1 is as above. Now, the L'-norm is not induced by an inner product and hence V endowed
with the norm || - ||y, has no Hilbert space structure. To show this, we check that the parallelogram
identity is not satisfied: consider f = (1,1,0,...) and g = (1,—1,0,...), then

1f + gl +11f = gl = 2+0)* + (0 +4)* =20
#36=2-(1+2)°+2-(1+2)* =2||f|)§ +2llgl}

(d) Recall the definitions

C((—m,m); R) ={ real-valued continuous functions on (—m, )},
C([—m,7n];R) ={ real-valued continuous functions on [—m, 7|},
Cper([=m, 75 R) ={f € C(|=m, 75 R) : f(=7) = f(m)},
Czer([—w, 7;R) ={f € C([-m,7];R) : f is twice continuously differentiable

with f, f', " € Cper([—m, 7];R)}.
From the definitions the following inclusions follow immediatly

C2, ([-m,7);R) C Cper([—m,7];R) C C([—7,7];R) C C((—m,7);R).

per

We claim that all inclusions are strict. For every inclusion we construct a function that belongs to
the larger space but not to the smaller one. Let f, g, h: [—m, 7] — R be given by

flz) = (m—x)~,
g(r) =z,
h(z) = |x|.

Then
feC((=mm); R\C([-m,7|;R),
g € C([-m, 7]; R)\Cper ([—, 7|; R),
h € Cper([=m, 7); R)\Cpe, ([=7, 7} R).

Exercise 8.3.
Let u : [a,b] — C be continuous and piecewise C'' on a compact interval [a,b] C R with
u(a) = u(b) = 0.

(a) Show that
[ e < O o an )
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Remark: (1) is known as the Wirtinger inequality.

(b) For which functions does equality hold in (1)?

Solution:

(a) We may assume without loss of generality that a = 0. Otherwise consider the shifted function
u(x — a). Thus, let u be defined on [0,b]. We extend u to an odd function on [—b,b] by reflection
(i.e. u(—z) = —u(z)). Since u(0) = 0, the odd extension is still continuous and piecewise C'.
We then extend u further periodically to obtain a 2b-periodic function % on R. Once again, since
u(b) = 0, we have @ continuous and piecewise C1. Note that @ has a Fourier series

I :
Z Cn zwnx with Cn(ﬁ) — 2[)/ a(l.)e—zwnx d:c,
nez —b

where we set w = 22—2 = - Since @ is odd, we have

b
%@:ilﬂwﬁz

The Fourier coefficients of the derivative @/(z) satisfy
cn () =inw - cp(u), Vn ez,

see Proposition 2.17 and Remark 2.18 in the lecture notes. It follows from Parseval’s identity that

/]u (z)]*dz = 2b Z |inwe, (@)|* = 2bw? Z n?|c, (1) ]2

neZ\{0} n€Z\{0} (2)
> 2bw? Z len (T —w/ |(z)|? da.
neZ\{0}

Since 4 was the odd extension of u, we have

b b
/ (x)|? de = 2/ lu(z)|? de, / [/ (z)|? de = 2/ ' (z)|? de.
—b 0

So (1) follows from (2) when we insert w? = 2—2 = (bfa)Q (recall a = 0).

(b) In (2) we used the inequality >°,, ., [cn(@)|* < 3,,c7 n?|cn(@)]? where ¢o(@) = 0. Equality holds
if and only if ¢, (@) = 0 for all n with n? # 1. Thus, @ must have ¢ (@), c_1(%) as its only non-zero
Fourier coefficients. Moreover, since @ is odd, we must have c¢_j(@) = —ci(@). Thus, we have
equality in (1) if and only if

a(z) = ¢ (@) (™" — e™™%) = 2y (1) sin(wz),

ie.

u(z) = Csin(a 71 baz)

for some C € C.
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Exercise 8.4.
Let f: R — C be 27m-periodic and integrable on [—m, 7].

(a) Show that
_ __/ —inx dl’

enlf) = - / (t@) = £+ 2)e e

(b) Now assume that f is Holder continuous of order «, that is

and hence

|f(z+h) = f(x)] < Clhl?

for some 0 < a < 1, some C' > 0 and all z, h. 3
Show that ¢,(f) is of order |n|=®, i.e. for some C' > 0 and all n € Z:

C

|Cn(f)| S ‘n‘a‘

(c) Prove that the above result cannot be improved by showing that the function

S

_ —ka _i2Fz

_E 27 e,
k=0

where 0 < a < 1, is Holder continuous of order « and satisfies ¢, (f) = n=® whenever n = 2*.
Hint: Break the sum up as follows f(z +h) — f() = > gicp-1 - + Dors -1 - - - and use
the fact that |1 — €| < |6 for any 6 € R.

Solution:

(a) We calculate

1 [ » 1 (™= o 1 B
or | St i) dr =0 [ flye et de = = f( Je™ " d = —ca(f),
where we made the change of variables y = x — 7, used the periodicity of f and e'™ = —1. The

second equality follows by adding the two different expressions for ¢, (f).

(b) Using the previous subquestion and the Holder condition, we find
1 s
ea(f)] = ]477/ (f@) ~ f(w+5))e ™ da| < / F@)~ f(o+ 2)|dw < 2me|Z["

and the inequality follows for C' = %Cﬂ'a.
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(c) We first establish the Holder condition for f. We estimate

|f(z+h) = f(z)] < )Z g ko gi2" (wth) Zz—’m 2ol < N gkagi2th |
k=0

— Z 27](304‘61,2}6}1 _ 1‘ 4 Z 27ka ‘;i?kh _ 1‘

2k <|h| -1 2k>|h|—1
< ) 2Rk YT 2.2k
2k<|h|—1 2k>|h|—1
where in first sum we estimated ]emh -1 < 2’“\h|, and for the second sum we simply used
\enkh — 1] < 2. The second sum can now be bounded by

— Rl

> 227k <gjpf” 22_’“‘ <5

2k>|n|—1
For the first sum, let m € N be the unique integer such that 27™~1 < |h| < 27™ (we assume
|h| < 1, otherwise the sum is zero). Then

m

—ka —a|p o a % —m\l—a 1 a
Z 27k Qk\h\:Z@k’th [h|* < || Z(2k )! SWW :

2k<|h|—1 k=0 k=0

This establishes the Holder continuity of f. Since the series defining f converges in L? (in fact
uniformly), the Fourier coefficients can be read off from the definition. We have

n-¢ when n = 2% for some k € Ny
en(f) = .

0 otherwise

Exercise 8.5.
Recall that the Dirichlet kernel satisfies D, (z) = S2UEY20) o0 311 > 1 and = € R.

sin(x/2)
(a) Show that
(G+1)m dy
dx > 2 / sin(y)|—.
JLXe] Z sinfy)

Hint: Use |sin(t)| < [¢|, then change variables and divide up the domain of integration.

(b) Show that for each j > 0 we have

(J+1)m d
. Yy (&
[ s = -
J

i y —j+1

for some (explicit) constant ¢ > 0.
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(c) Conclude that ||Dy||11(0,x) = C'logn as n — oo for some C > 0.
Hint: Recall the asymptotic behavior of the harmonic series: H, =Y ;_, % > logn.
Remark: This shows that D,, does not converge in L' as n — oo.

Solution:

(a) In order to show the estimate, we first make the simple observation that
T T si 1/2 T |si 1/2
/ Dy (2)]dz: = / sin((n +1/2)a)| - / |sin((n +1/2)z)
0 0 0

sin(z/2) x
since [sin(t)| < |t| for any ¢ € R. Next we change variables setting y(z) = (n+ 3) - 2 to obtain

/0”2 sin((n +1/2))| /0”2 <n+ ;)
—_——

X
=y'(z)
(n+1/2)mw ' d nmw o d
=2 [ i) Y > 2 [ piny)
0 Y 0 Y

By dividing the domain of the latter integral into intervals of length 7 and plugging the result into
the first estimate above, we directly obtain

/|D Jdz > 2- Z/ " sin )y‘;y.

=0 7JT

dzx,

sin(y(«)) |
y(z) ‘d

(b) Next we estimate the integral over the subintervals. First note that for any j € N we obtain,
changing variables z := y — jm,

(j+1)77 d T d ™ d
. Yy . . ¥4 . z
- = + . - . 9
/]'7r sin(y)] ) /0 |sin(z jﬂ)]z i /0 ]sm(z)\z ;

where we used that [sin(z)| is m-periodic. We further note that

vy ™ 1 s
/ sin(2)—Z— > / sin(2)| — % = , / Isin(z)|dz.
0 z+Jm ~ Jo I+i)m A+ )y

Now, setting

[ . 1 . 2
cim o [ lintldy = 1 - cos(u)ly = 2
T Jo T T
we obtain G4+1)
JrIm dy c
sin(y)|— > - .
[ e 2
(c) Using part (1) and (2) we obtain
n—1 (J+1)m d
. Y
IDallsion = | IDa@lds > 2- 3 [ piny)|
j=0"Jm Yy
c "1
ST DR
=0’ +1 =17

=2c- Hy,
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where H,, are the partial sums of the harmonic series. Thus,
”DnHLl(o,w) > 2clog(n)

as n — Q.
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