Analysis IIT and IV

m Z [j r i C h Prof. Francesca Da Lio and Prof. Mikaela Iacobelli

10. February 2025

Question 4
[8 Points]

Q4 (i) [2 Points] Give the definition of separable complex Hilbert space.

Q4 (ii) [3 Points] Show that all separable, complex, infinite-dimensional Hilbert spaces are iso-
metric to each other.

Q4 (iii) [3 Points] Let H = L*(R) and let
Vi {p € H: p(2) = —p(—2)}.
Taking for granted that V is closed, show that V* is closed and prove that

T (@)(@) = 3(p(x) + o(-2)) Vo el

Question 5
[11 Points]

Q5 (i) [4 Points] For a function f € L'(R™), define its Fourier transform f and show that it is
well defined at every point of R™. Show also that f is continuous.

Q5 (ii) [4 Points] Compute the Fourier transform of g € L?(R) given by g(z) = e~1°l.

Q5 (iii) [3 Points] Compute the Fourier transform of f(z) = zg(x).
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Question 6

[11 Points]
Consider the heat-type PDE
Up = Uyy + 28in(22), (t,z) € (0,4+00) X R, P)
u(0,z) = f(z), r € R,

where u(t, ) is assumed to be 2m-periodic for each ¢t and f is also 2w-periodic.

Q6 (i) [3 Points] Assuming that you are given the Fourier coefficients {cx(f)}xrez of f, construct
a formal solution w to (P) as a Fourier series in the x variable with ¢-dependent coefficients.

Q6 (ii) [4 Points] Check that if f € L?([—,7]) the function w constructed is well-defined, of class
C? and solves
Wy = Wyy + 28in(22) V(t,z) € (0,+00) x R

in the classical sense.

Q6 (iii) [4 Points] Show that the initial condition is met, in the sense that

Jim flwt, ) = fllze =0.
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