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Question 4
[8 Points]

Q4 (i) [2 Points] Give the definition of separable complex Hilbert space.

Solution:

See the script.

Q4 (ii) [3 Points] Show that all separable, complex, infinite-dimensional Hilbert spaces are iso-
metric to each other.

Solution:

Let H be a separable Hilbert space, and let (uy)reny be a Hilbert basis of H. By transitivity,
it is enough to see that H is isometric to €2, so fix (ex)ren the standard basis of £, and define
the map T : /> — H as follows: given a finite sum Y agex, we let T (Y ager) = 3 apuy. The
map thus defined is a linear isometry from a dense subspace onto its image, and thus extends
to a linear isometry 7T : /> — H onto its image.

It only remains to check that 7" is surjective: given u € H, consider a; = (u,uy) and observe
that T (Xren axer) = Lpen(u, ur)uy = u. [
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Q4 (iii) [3 Points] Let H = L*(R) and let

Vi={peH:p(x)=—p(-z)}

Taking for granted that V is closed, show that V* is closed and prove that
mvi(p)(@) = 3(p(2) + o(—2)) Ve € H.

Solution:

To see that V1 is closed, let (¢ )r be a sequence in V+ which converges in L? to ¢ € H; given
v € V, we have that (p,v) = lim,, (g, v) = 0, as (-, v) is continuous on H, so p € V* too.

Given any ¢ € H, we first show that z — £(¢(z) + ¢(—x)) is in V*: given any v € V,

<;(s0()+s0 > /go dw+1/g0—xv(x)d:p
:§/g0x dx—f/gp—x
2/90 dx—§/<p(x)v(x) dx =0,

where we have used the change of variable x ~» —x. To characterize the orthogonal projection,
we also need to show that ¢ — Ty € V:

pla) = myrp(z) = p(a) = S(p(@) +p(=2)) = 5p(2) = Se(-2)
and
1 1 1
p(—a) = myep(—2) = p(—2) = S(e(=2) + 9(2)) = Jp(=2) = Sp(2) = — (p(z) — Tvee(z)),
so indeed p(-) — my1e(-) € V and my 1 is the orthogonal projection. ]
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Question 5
[11 Points]

Q5 (i) [4 Points] For a function f € L'(R™), define its Fourier transform f and show that it is
well defined at every point of R™. Show also that f is continuous.

Solution:

The Fourier transform is defined as

A 1

£(6) = 7 L, f@)e™" da.

2n)

Since f € L' we have that for every £ € R”, also f(z)e % is in L' and therefore f(€) is
well defined. Moreover, if we have a sequence &, — £, then since the functions f(z)e % are
uniformly bounded by |f(z)|, which is summable, and converge pointwise to f(x)e %2 by
the dominated convergence theorem we can pass the limit inside the integral and get that
f (&) — f (&), which implies the continuity of f. O

Q5 (ii) [4 Points] Compute the Fourier transform of g € L*(R) given by g(z) = e~ 17l

Solution:

We compute

%) . 0 .
\/%f](&) :L el _’gl’dx—/ e’e ngdx%—/ TR g

:/ —xz(1—1i&) d(lf—i-/ 1+z§
0

1
1—@5 1—|—z§ 1—|—§2’

hence §(&) = \/2/7(1 + &%)~ h O

Q5 (iii) [3 Points] Compute the Fourier transform of f(z) = zg(x).

Solution:

Recall the formula relating the deritvative of the Fourier transform of g with the Fourier
transform of xg(x): §'(¢) = —if(§). Hence

FEY il (6 — 2 2E
f© =ig(© \/; Trep s
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Question 6

[11 Points]
Consider the heat-type PDE
Up = Uyy + 28in(22), (t,z) € (0,4+00) X R, P)
u(0,z) = f(z), r € R,

where u(t, ) is assumed to be 2m-periodic for each ¢t and f is also 2w-periodic.

Q6 (i) [3 Points] Assuming that you are given the Fourier coefficients {cx(f)}xrez of f, construct
a formal solution w to (P) as a Fourier series in the x variable with ¢-dependent coefficients.

Solution:

Write w(t, 1) = Yz ar(t)e® formally and substitute into the PDE. In order to do that, first
recall that

62@'1 . 6721‘:):
sin(2x) =
(2z) 5;
and also that wy(t,2) = Yz ah(t)e*® and wy,(t,x) = — ez k2ax(t)e*®. Thus, since the
(formal) Fourier decomposition is unique we may equate the two sides and get the following

set of ODEs:
ay(t) = —k*ax(t) for k # £2

ay(t) = —4ao(t) — 1, a o(t) = —4da_o(t) +1

with initial conditions a(0) = cx(f) for all & € Z. The ODEs for k # £2 are immediate to
solve and we get ay(t) = cx(f)e ", For k = 2 the homogeneous solution is the same, and
the particular solution is just a constant. Hence we get

as(t) = kpe " — jl — ky = jl +co(f) = as(t) = (i + cz(f)> e — éll

and

G_Q(t) = k_2€_4t + 3 — k_Q = _ZZ_L + C_Q(f) — G_Q(t) = <— + C_Q(f)> 6_4t -+

4 4 4
Putting all together, the formal solution is
w(t, :L‘) _ Z ak(t)ez‘ka: _ Z Ck(f)e_thGikm + 3(6—415 . 1)621'91: . 3(6—4t 1)6—2z’x
kEZ kEZ 4 4
2 1
=Y c(f)e e + 5(1 — e M) sin(2z). O

kEZ
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Q6 (ii) [4 Points] Check that if f € L?([—, 7]) the function w constructed is well-defined, of class
C? and solves

Wy = Wy + 2sin(22) V(t,z) € (0,400) x R
in the classical sense.

Solution:

Since the finite Fourier sums are smooth, it is enough to check that the Fourier series of 0%w
converge locally uniformly to 0%w for each multi-index « with || < 2. In turn, it suffices to
check that for every § > 0, the Fourier sums of these functions converge absolutely in the C°
norm on [0, 00) X R, that is, for j + ¢ < 2,

YA ikx
%Haﬁaﬂc(ak(ﬂe Mo copmy <
Indeed,
» ik J ol —k2t ikx
> ot or(ax(t)e™) cofipooy = O 2 |0t 0neul £l e ) CO([5,00) xR)
kez keZ
o CL2\i(s1\E —k2t _ikx
—C+12H( RV ERY ex(F)e™ €™ | coggs ooy
<O+ Y[R e 1)
ke,
1/2 1/2
SO | D[R > le(HIP) < oo,
kez kez

where we have used Cauchy—Schwarz, Parseval’s identity (together with the fact that f €
L*([—m,7])), and the convergence of the series for each j, £. Thanks to the C? convergence of
the Fourier series of w, we can exchange the sums and the partial derivatives and deduce that
w is not only a formal solution, but also a classical one. O

Q6 (iii) [4 Points] Show that the initial condition is met, in the sense that

I )= fllzz =0.
Jim fw(?, ) = fllz2 =0

Solution:

By using Parseval’s identity, we see that our problem is equivalent to showing that

lw(t, ) = Fl3ermy = 27 D lan(t) — cu(£)P = 203" Jar(t) — ex(£)I* =% 0.

k€EZ keZ

It is enough to show it for a sequence t; — 0, and we will do that using the Dominated
Convergence Theorem for sums on Z \ {£2}. Clearly ax(t) — cx(f) as t — 0 for every

k € Z. Moreover, |ay(t)] = |ex(f)|le ™" < |ex(f)| for each k # 2. Hence the sequences
(lax(t) — Ck’(f)|2)kez\{j:2} are bounded by the sequence 4|cy(f)|?, which is summable, and we
can pass to the limit. O
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