D-MATH Number Theory II 16.04.2025
Prof. Dr. Emmanuel Kowalski

Solutions: Exercise Sheet 4

1. Let ¢ > 1 be an integer and let f € Sk(q) be a cusp form of weight k for I'g(q) (with
trivial nebentypus). Let (a,,) be the Fourier coefficients of f at oo.

Let a € R.

a) Show that for any y > 0 and integer N > 1, we have
1
Z ape(na) = / ft+iy+ a)( Z e(—n(t + iy)))dt.
n<N 0 1<n<N

Solution:
Let a € R. Write 2z = x + iy, with 2,y € R. If we write f(2) = Y a,e?™"* then

ap = /01 f(z)e(—nz)dx.

Then the expression on the left in the equation of part a) is

Z ape(na) = Z /0 f(z)e(—nz + na)dx

n<N n<N

:/0 f(x +iy) Ze(—n(:p—i—iy—a)) dx

n<N

1
= / flt+iy+a) [ D e(—n(t+iy) | dt
0 n<N
where in the last line we applied a change of coordinates t = = + «.
b) Deduce that for N > 1 and a € R, we have

Z ane(na) = O(N*/?1og N),
n<N

where the implied constant depends only on f.
Solution:

Consider the geometric sum



From it we obtain the upper bound

e(—Nz)—1

271'Ny1_ -1
o <@l

Writing z = x + iy, note that f(z + a) < y~ /2 (by either a lemma from the
lectures or Exercise 1 from Exercise Sheet 2). We further have

1
/ 11— e(2)|tde < log(2+y71).
0

Hence

1
> anetne) = [ fit+iy+a) | X el=nt i) | i

n<N n<N

1 _ i) —
:/O Ft+iy+ o) W) 21

dt
1 —e(t+1y)

1
< y_k/2627rNy/ 11— e(t + iy)| " dt
0
<y M2PWlog(2 4y,

for y an arbitrary positive real number. Setting y = N ! proves the upper bound.

2. Let ¢ > 1 be a prime number and let f € Si(q) be a cusp form of weight k for I'g(q)
(with trivial nebentypus). Let

f(z) = Z ane(nz)

n>1
be the Fourier expansion of f at co.

Let » > 1 be a prime number distinct from ¢ and let y be a non-trivial Dirichlet
character modulo r. Define

(f x0() = 3 anx(n)e(nz)

n>1

for z € H.

a) Show that the Gauss sum

satisfies |7(x)| = /T
Solution:



Compute

2=7007(x)

- 3 @ X e ()

a€Z/rZ beZ/rZ

- X w0 X ().

c€Z/rZ beZ/rZ

09l

where ¢ = ab~!. Then by the orthogonality of the character, we have

> ((c—rl)b> i

bEZ/TZ

so that

RS e<(crl)b>zr.

cEZ/rZ beZ/VZ

Taking the square-root we are done.

Show that
1
x(n) = —= X(z)e(nz/r)
7(X) mg/:rz
for all integers n > 1.
Solution:
We have
> x@ema/r)y= Y x(nz)x(nHe(nz/r)
z€Z/rZ z€Z/rZ
=X(n) Y x(na)e ()
z€Z/rZ
=X(n)7(x)
Show that
1 Uu
(fxx)(2) = —= X(u)f(z+—=).
T(X) 0<u<r—1 ( T)
Solution:

Using part b) we can compute

- 7'(1)() Zan ( Z X(u)e(nu/r)) e(nz)

u€Z/rZ



d) Show that
((f xx) |k 9)(2) = x(d)*(f * x)(2)

_(a b 2
for g = (c d) € To(gr?).
Solution:

Consider the identity

Lo\ (@ b) (1 —Zu\ _ fague potede_cfum)
1) \c d 1 c d— edu '

a

So if g = € To(gr?), then A € Ty(qr?) and moreover A = “ *>

b

d d
(mod ¢). Then det(A) = ad — bc = 1, so that in particular A € I'y(q) (since
gr? | ¢). Hence we have f|,A = f. Thus

‘ -

((F %) Ik 9)(2) = X(@)(fleg) (= + )
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B 7'(1X) oguzg;ﬂxm) <(f’kA) <1 d%f/r)) 2)

- (1X) ST XX f ( - d“)
0<u<r—1

0 2, T ()

= Xx(d)*(f x X)(2)

e) Deduce that f x x € Sk(qr?, x?).
Solution:

By part d) we obtain the automorphy of f x x. We are left to check that f x yx
does not grow too fast at the boundary of H. By part ¢) we have that

E
2

Im(z)2[(f x x)(2)| < \}; S Ix(w) I (=) 2 [ f(z + u/r)], (1)

0<u<r—1

and since f is a cusp form, we have that Im(z)§|f(z + u/r)| is bounded on H,
so the expression on the left hand side of equation (1) is bounded as well, and by
Exercise 1c) of Exercise sheet 2, we have that f x x is a cusp form.

3. Let ¢ > 1 be an integer and let f € Si(q) be a cusp form of weight k for I'g(q) (with
trivial nebentypus).



a) For an integer d > 1, show that

9(z) = f(dz)

defines a cusp form g € Si(dq).

Solution:

From the definition of g we see that g is holomorphic on the upper-half plane,
together with oo. Since f is a cusp form we are left to check that g satisfies the

automorphy transformation property. Let (é g) € I'g(dg). Then d | C, so that

. A Bd A B .
both matrices (C/d D> and (C D) are in I'g(q).

From the identity
(A Bd\ (d
C D - \C/d D 1
A
C

it follows that ¢ (< g) ) (Cz 4+ D)*g(z). More precisely, we compute

()06 2))
5{(d %))

— (Cz+ D) f(d2)

b) Show that if m > 1 is an integer coprime to dg, we have

(T'(m)g)(2) = (T(m)[f)(dz),

where T'(m) is the m-th Hecke operator.
Solution:

From the definitions we obtain

where the last sum is taken over ¢ such that ¢ = db (mod m/a)



