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1. Recall that τk(n) denotes the k-fold divisor function of n, that is, it is defined by

τk(n) := #{n1, . . . , nk ∈ N≥1 : n1 · · ·nk = n}.

(a) Show that for any k ≥ 2, as D → ∞∑
n<D

τk(n) ≪ D(logD)k−1.

(b) Let k ≥ 2. Show that∑
q<x1/2e−

√
log x

µ2(q)τ23k(q)
x

φ(q)
≪ x(log x)(9k

2+1).

2. Recall that if there exists an F ∈ Fk with kJ(F )
I(F ) > 4(m − 1), then any admissible

k-tuple contains m primes infinitely often. This proves that lim inf pn+m−1 − pn < ∞
for all m ≥ 2 as long as we know that Mk := supF∈Fk

kJ(F )
I(F ) → ∞ as k → ∞.

Write down an explicit function F ∈ F1500 such that kJ(F )
I(F ) > 4, and prove that kJ(F )

I(F ) >

4 for the F you find. (Hint: Use the form that we discussed in lecture).

3. (a) For k ≥ 2, show that pπ(k)+1, . . . , pπ(k)+k forms an admissible k-tuple.

(b) The prime number theorem states that

π(x) =
x

log x
+O

(
x

(log x)2

)
.

Show that the prime number theorem implies that

pk = k log k + k log log k − k + o(k).

(Hint: use partial summation.)

(c) Let H(k) be the minimum of hk−h1 taken over all admissible k-tuples {h1, . . . , hk}
with h1 < · · · < hk. Show that

H(k) ≤ k log k + k log log k − k + o(k).

(d) State (and prove) an explicit upper bound for H(1500). Deduce an explicit upper
bound for prime gaps.


