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1. Recall that S(N,α) is the sum defined as

S(N,α) :=
∑
n≤N

e(nα)Λ(n).

For a constant c > 0 and an integer N , let TN (c) ⊂ [0, 1] be defined as

TN (c) = {α ∈ [0, 1] : |S(N,α)| ≥ cN}.

Show that |TN (c)| ≤ logN
c2N

(1 + o(1)).

2. Let α ∈ R.

(a) Show that
∣∣∣∑n≤N e(αn)

∣∣∣ ≤ N and that

∑
n≤N

e(αn) =
1− e(α(N + 1))

1− e(α)
.

(b) Show that for all α ∈ (0, 1/2], ∣∣∣ 1

1− e2πiα

∣∣∣ < 1

2α
.

(Hint: square both sides, and then expand the left-hand side into a real function
of α. Then use calculus.)

(c) Conclude that ∣∣∣ ∑
n≤N

e(αn)
∣∣∣ ≤ min{N, ∥α∥−1}.

(d) Use partial summation to show that∣∣∣ ∑
n≤N

e(αn)

log n

∣∣∣ ≪ min{N, ∥α∥−1}
logN

+
∥α∥−1

log(∥α∥−1)
.

3. Let α be an irrational number. Show that for every β ∈ [0, 1) and every ε > 0, there is
a positive integer n such that |β − ∥nα∥| < ε.


