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Exercise Sheet 5

1. Recall that S(N,«) is the sum defined as

S(N,a) = Z e(na)A(n).

n<N
For a constant ¢ > 0 and an integer N, let Tv(c) C [0, 1] be defined as

Tn(e) = {a € [0,1] : |S(N,a)| > eN}.

Show that |Tiv(c)| < ‘%5 (1 + o(1)).
2. Let a € R.

(a) Show that | > _y e(an)‘ < N and that

Z e(am) = 1 —e(a(N+ 1))

= 1—e(a)
(b) Show that for all « € (0,1/2],
IR
1 —e?mia] =~ 2q°
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(Hint: square both sides, and then expand the left-hand side into a real function

of a. Then use calculus.)
(c¢) Conclude that
|3 elam)| < min{, flaf '},

n<N

(d) Use partial summation to show that

e(an)| _ min{N, |laf~'} [ra
2 Togn | €T gV og([a 1)
n<N g g g

3. Let a be an irrational number. Show that for every 5 € [0,1) and every € > 0, there is

a positive integer n such that |3 — ||nal|| < e.



