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Exercise Sheet 2

Exercise 1 (Transitive Group Actions). Let G be a topological group, X a topological space and u : Gx X —
X a continuous transitive group action, i.e. for any two x,y € X there is g € G such that p(g,x2) =g -z =y.

2)
b)

Show that if G is compact then X is compact.

Show that if G is connected then X is connected.

Exercise 2 (Examples of Haar Measures).  a) Let us consider the three-dimensional Heisenberg group H =

R %, R?, where n: R — Aut(R?) is defined by

0 () (.2)

for all x,y, z € R. Thus the group operation is given by
(1,91, 21) * (T2, Y2, 22) = (21 + T2, Y1 + Y2, 21 + 22 + T1Y2)
and it is easy to see that it can be identified with the matrix group
1
H= 0 cx,y,z €R
0

O = 8
Ll SR\

Verify that the Lebesgue measure is the Haar measure of R x,, R? and that the group is unimodular.

Let
a b
P:{(O al).a,beR,a;«éO}.

Show that ‘i—‘; db is the left Haar measure and da db is the right Haar measure. In particular, P is not
unimodular.

Let G := GL,(R) C R"™" denote the group of invertible matrices over R. Let \A,2 denote the Lebesgue

measure on R"”. Prove that
dm(z) := |detz| ™" dA,2(x)

defines a bi-invariant (i.e. left- and right-invariant) Haar measure on G.

Let G = SL,,(R) denote the group of matrices of determinant 1 in R”*". For a Borel subset B C SL,,(R)
define
m(B) := A2 ({tg; g € B,t € [0,1]}).

Show that m is a well-defined bi-invariant Haar measure on SL,,(R).

Let G denote the ax + b group defined as

G{(a l{);aeRX,beR}

Note that every element in G can be written in a unique fashion as a product of the form:

(3)=0m )Y

where @ € R* and 8 € R, which yields a coordinate system R* x R <> G. Prove that
1
dm(a, B) = ol dadp
«

defines a left Haar measure on G. Calculate Ag(a, 8) for @ € R* and € R.



Exercise 3. Haar measures on profinite groups Let (I, <) be a directed (index) set and let {f/: G; —
Gi|i < j} be a projective system of discrete finite groups {G;|i € I}, i.e. f!: G; — G;,i < j, are group
homomorphisms such that f/ o f;? = fF for all i < j < k. We define its inverse limit as the subgroup

flg;)=g: Vi s;‘} c[Ie:

el

lim G = {(gi)iel € HGi

iel

The inverse limit lim G} is a closed subgroup of the compact group [],.; G and thus it is compact, too. Any
topological group that is the inverse limit of a projective system of discrete finite groups is called a profinite
group.

Let G = %1_ G; be a profinite group and denote 7;: G — Gj, (gi)icr — g; for every j € I.

1) Show that the kernels {K; := ker(7;)};er form a neighborhood basis of the identity consisting of
compact open sets.

Remark: This shows that every profinite group is locally compact.

2) Let p be a Haar measure on G normalized such that u(G) = 1.

Show that
1 1

TG K| @)l

W(K;)

3) Let Z, = JimZ/p"Z be the p-adic integers, let p be a normalized Haar measure, and set Cp, =
{(ai)ienZp |0 = a1,...,0 = an}.
Compute u(Cy,) using part 2.
Exercise 4 (Aut(R",4+) = GL(n,R)). For a topological group G, we denote by Aut(G) the group of

bijective, continuous homomorphisms of G with continuous inverse. Consider the locally compact Hausdorff
group G = (R™, +) where n € Ny.

a) Show that Aut(G), i.e. the group of bijective homomorphisms which are homeomorphisms as well, is
given by GL, (R).
b) Show that mod : Aut(G) — Ry is given by a — |deta].

c¢) Prove that there exists a discontinuous, bijective homomorphism from the additive group (R,+) to
itself.



