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Exercise Sheet 1

Exercise 1 (Compact-Open Topology). Let X,Y,Z be a topological space, and denote by C(Y,X) =
{f:Y — X continuous} the set of continuous maps from Y to X. The set C(Y, X) can be endowed with the
compact-open topology, that is generated by the subbasic sets

S(K,U) ={f e C(Y,X)| f(K) C U},
where K C Y is compact and U C X is open.
Prove the following useful facts about the compact-open topology.

If Y is locally compact!® , then:

a) The evaluation map e: C(Y, X) x Y — X e(f,y) = f(y), is continuous.

b) Amap f:Y x Z — X is continuous if and only if the map

frz-cw,X), f(2))=Ffy2)
is continuous.

Solution. a) For (f,y) € C(Y,X) xY let U C X be an open neighborhood of f(y). Since Y is locally
compact, continuity of f implies there is a compact neighborhood K C Y of y such that f(K) C U.
Then S(K,U) x K is a neighborhood of (f,y) in C(Y,X) x Y taken to U by e, so e is continuous at

(f,y)-

b) Suppose f: Y x Z — X is continuous. To show continuity of f it suffices to show that for a subbasic set
S(K,U) c C(Y,X), theset f~1(S(K,U)) ={z € Z| f(K,z) CU}isopenin Z. Let z € f~1(S(K,U)).
Since f~1(U) is an open neighborhood of the compact set K x {z}, there exist open sets V C Y and
W C Z whose product V x W satisfies K x {z} C V x W C f~1(U). Indeed, f~1(U) = Uie;Vi x W;
and we can choose a finite family I’ C I with K x {z} C U;epV; X W;. Then set W = N, cw, W; and
V= UzEWi‘/i-

So W is a neighborhood of z in f~1(S(K,U)). (The hypothesis that Y is locally compact is not needed
here.)

For the converse of b) note that f is the composition Y x Z — Y x C(Y,X) — X of Id x f and the
evaluation map, so part a) gives the result.

Exercise 2 (General Linear Group GL(n,R)). The general linear group
GL(n,R) := {4 € R™"|detA # 0} C R™*"

is naturally endowed with the subspace topology of R™*" &< R, However, it can also be seen as a subset of
the space of homeomorphisms of R™ via the injection

j: GL(n,R) — Homeo(R"),
A (z— Azx).

LA subset C C Y that contains an open subset U C Y with y € U C C C Y is called a neighborhood of y € Y. Then Y
is called locally compact if for every y € Y there is a set D of compact neighborhoods of y such that every neighborhood of y
contains an element of D as a subset.




a) Show that j(GL(n,R)) C Homeo(R") is a closed subset, where Homeo(R™) C C(R™,R") is endowed
with the compact-open topology.

Solution. Note that
J(GL(n,R)) = {f € Homeo(R") : f(Azx +y) = Af(z) + f(y) for all A € R,z,y € R"}.
Since evaluation is continuous also the maps
F) 4.y : Homeo(R™) — R"
[ fQr+y) = Af(x) — fy)

are continuous for all A € R, z,y € R™.

Thus,
j(GL(n,R) = (] Fxa,(0) C Homeo(R")
AER,z,yEX

is closed as the intersection of closed sets.

b) If we identify GL(n,R) with its image j(GL(n,R)) C Homeo(R") we can endow it with the induced
subspace topology. Show that this topology coincides with the usual topology coming from the inclusion
GL(n,R) C R™*"™,

Hint: Exercise 1 can be useful here.

Solution. Consider the inclusions
i:GL(n,R) — R™*",

| |
A [ Aey - Ae, |,

\ \
where eq,...,e, denotes the standard basis of R™*",

Further, consider the maps
¢ : R = C(R",R"),
| |

Vi otV '_>(X'_>xl'v1+"'+$n'vn)7

and
P C(R™,R™) — R™™

| |
f= f(<|21) f(frn)

It is easy to verify that these form the following commutative diagram.

Since both topologies under consideration on GL(n,R) come from pulling back the topologies of R™*"

resp. C'(R™,R™) via i resp. j they will coincide if we can show that the maps ¢ and 1) are continuous?.

2Let 73, 7; denote the topologies, so that 7; is the smallest topology on GL(n,R) such that 4 is continuous and 7; is the
smallest such that j is continuous. If ¢ is continuous, then

j=oi:(GL(n,R),7) — C(R",R™)

is continuous, thus 7; C 7;. Analogously, if 1 is continuous, then 7; C 7; and so the two topologies coincide.



The map 1 is continuous because it is the product of the evaluation maps
eve, : C(R™,R"™) — R", eve, (f) = f(e;)
(i=1,...,n).
Further, observe that the map
evo(p x Id) : R™"™" x R" = R", (4,z) — Ax

is continuous. This implies that ¢ is continuous.

Exercise 3 (O(p,q)). We consider the orthogonal group O(p, ¢) of signature p,q > 1.

a) Show that the connected component of the group O(1,1) containing the identity is homeomorphic to
R.

b) Show that for all p,q > 1, O(p, ¢) has a subgroup isomorphic to R.

Solution.  a) We recall that

0(1,1):{geGL(2,R):tg(_01 ?>g:<_01 ?)}

o= (2 3)com,

we obtain the conditions a? — ¢ = 1,d*> — b*> = 1 and ab = cd. Rephrasing a = c¢d/b and b = cd/a we

obtain
d\? d\?
<C> —*=1 and d&*>- (C> =1
b a

— Al -AP =bp and ?d® - A% =d?
—= 1=d>-p*=0v*/c* and 1=d>—-c*=a?/d*

— b= and o®=d%

Now if

so a = £d and b = £c. By ab = cd, both signs have to be the same. We obtain that

0(1,1) = {(Z 2) € GL(2,R): a® — b :1}u{(_“b _ba> € GL(2,R): a® — b* = 1}.

Every a,b with a®> — > = 1 can be written as a = cosh(y¢) and b = sinh(p) for some ¢ € R. The
description of O(1, 1) above shows that there are two parts of O(1,1), both of which are pathconnected,
(parametrize the paths using ). We claim that the two parts are distinct connected components:

Note that the determinant on the first part is a> — > = 1 and the determinant on the second part is
—a?+b? = —1. Since the determinant is a continuous map O(1,1) — R whose image is not connected,
also O(1,1) is not connected.

We note that the first component contains Id when ¢ = 0, so the connected component of the identity

0(1,1)° = {(‘g Z) € GL(2,R): a — b* = 1} = {Cfilég)) EE;E((?)) € GL(2,R): p € R}

and the last description shows that it is homeomorphic to R.



b) Equipped with the ideas from part a), we consider the subgroup

cosh(p) 0 --- | sinh(p) 0O

0 1 . 0 0

G={g(p): peR} for g(p)= sin}.l(ap) 0. - cos}'l(go) 0'
0 0 0 1

Explicit calculations show that g(p) € O(p, q).

Exercise 4 (Isometry Group Iso(X)). Let (X, d) be a compact metric space. Recall that the isometry group
of X is defined as

Iso(X) = {f € Homeo(X) : d(f(z), f(y)) = d(x,y) forall z,y € X}.

Show that Iso(X) C Homeo(X) is compact with respect to the compact-open topology.

Hint: Use the fact that the compact-open topology is induced by the metric of uniform-convergence and apply
Arzela—Ascoli’s theorem, see Appendix A.2 in Prof. Alessandra lozzi’s book.

Solution. The compact-open topology on Homeo(X) coincides with the topology induced by the metric of
uniform convergence

doo(f,9) = sup{d(f(z),g(x)) : x € X}.

Note that by Arzela—Ascoli (Theorem A.1 in the lecture notes) a family F C C'(X, X) of continuous maps is
compact if and only if F is equicontinuous, and F is closed.

Equicontinuity of F := Iso(X) is clear, because we are dealing with isometries. We check that Iso(X) is
closed.

Let f € C(X,X) and let (fn)nen C Iso(X) be a sequence converging to it. Let z,y € X then

0 <[d(f(z), f(y)) — d(z,y)]
= [d(f (), f(y)) — d(fu(), fu(y))]
<|d(f (@), f(y)) — d(fu @), F(w))] + Id(fn( ) F(¥)) = d(fn(2), fu(y))]
< d(f(x), fu(x)) +d(f(y), faly)) = 0 (0 — 00).

Hence, f is an isometry as wished for. Because f was arbitrary this shows that Iso(X) C C(X, X) is closed.

Exercisef 5 (Homeomorphism Group Homeo(X)).

a) Let X be a compact Hausdorff space. Show that (Homeo(X), o) is a topological group when endowed
with the compact-open topology.

Solution. Denote by m : Homeo(X) x Homeo(X) — Homeo(X) the composition m(f,g) = f o g and
by i : Homeo(X ) — Homeo(X) the inversion i(f) = f~1. We need to see that m and i are continuous.

i) m is continuous: We want to show that m is continuous at any tuple (f,g9) € Homeo(X) x
Homeo(X). Thus let S(K,U) 3 f o g be a subbasis neighborhood of fog,ie. K C X is compact
and U C X is open such that f(g(K)) C U. Observe that g(K) is compact and is contained in
f~Y(U) which is open. Because X is (locally) compact we may find an open set V C X with
compact closure V such that

g(K)cV cVcf Y.



It is now easy to verify that W := S(V,U) x S(K, V) is an open neighborhood of (f, g) such that
m(W) C S(K,U). Indeed, (f,g) is by construction of V' contained in W and for any (h1, he) € W
we get o

heo(K) CcV CV C hi (U).
Hence, m is continuous at every point of Homeo(X) x Homeo(X).

ii) 7 is continuous: Let f € Homeo(X), K C X compact and U C X open. Then

i(f) e S(K,U) <= fYK)CU < K cC f(U)
— f(U)=fU)CK® = feS{UK").

Observe that U¢ is compact as a closed subset of the compact space X and that K€ is open as the
complement of a (compact) closed set.

This shows that i~ }(S(K,U)) = S(U¢ K¢) for every element S(K,U) of a subbasis for the
compact-open topology on Homeo(X), whence 4 is continuous.

b) The objective of this exercise is to show that (Homeo(X), o) will not necessarily be a topological group
if X is only locally compact.

Consider the “middle thirds” Cantor set

= {Z end3™ " e, €40,2} for each n € N} C [0,1]

n=1

in the unit interval. We define the sets U, = CN[0,37"] and V,, = CN[1—-37",1]. Further we construct
a sequence of homeomorphisms h,, € Homeo(C') as follows:

o hy(z)=zforalzeC\ (U, UV,),

hn(0) =

d hn(Un—H) Un,
han(
han(

n Un \ Un+1) Vn+17
n Vn) V \Vn+1

These restrict to homeomorphisms h,|x on X := C\ {0}.

Show that the sequence (hy,|x)nen C Homeo(X) converges to the identity on X but the sequence
((hnlx)™)nen C Homeo(X) of their inverses does not!

Remark: However, if X is locally compact and locally connected then Homeo(X) is a topological group.

Solution. The following picture gives a pictorial description of what h; does on the Cantor set C.
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Since hy, (0) = 0 we obtain indeed a homeomorphism h,|x € Homeo(X) by restriction to X = C'\ {0}.
Let us first see that the sequence (hy|x )nen indeed converges to Id € Homeo(X). For that let S(K,U)
be a subbasis neighborhood of Id, i.e. K is a compact subset of X contained in some open set U C X.
Therefore we can find an M € N such that Uy, and K are disjoint.

If 1 ¢ K then there is also an N > M such that V;, and K are disjoint. In this case h,|K is the identity
and hence in S(K,U) for all n > N.

If 1 € K then there is an N > M such that Vj is contained in U. Consequently, we have
ho(K\Vy)=K\V,, h(KNV,) CV,CVyCU,

for all n > N.

In any case the sequence (hy|x)nen will be in S(K, U) for large enough n such that lim,,_, hyp|x = Id.
On the other hand h; (1) € U, for every n € N such that lim, ,o h, (1) = 0. Thus the sequence
(hy; Y x )nen certainly does not converge to Id.

Remark: Note that we actually needed to remove 0 from C' for this construction to work. In fact, the
sequence h,, does not converge to Id in Homeo(C'):
Let K =[0,1/9]NC,U =[0,1/2) N C. Then S(K,U) is again a neighborhood of Id. However, U,, C K
for every n > 2 and V11 C U¢ which implies that

ho(Up \ Upy1) C U,
ie. h, ¢ S(K,U).

Let S ¢ C\ {0} denote the circle. Show that Homeo(S') is not locally compact.

Remark: In fact, Homeo(M) is not locally compact for any manifold M.

Solution. We will prove a more general fact, namely that Homeo(M) is not locally compact for any
compact manifold M. Note that we can think of M as a compact metric space (M, d) by Urysohn’s
metrization theorem. In the case when M is a smooth manifolds this is even easier to see by endowing
it with a Riemannian metric. This puts us now in the favorable position of being able to identify the
compact-open topology on Homeo(X) with the topology of uniform convergence.

We denote by

doo(f, g) = sup{d(f(x), g(x)) : w € M}
the metric of uniform convergence on Homeo(M). Further denote by B7°(r) the ball of radius r > 0
about a homeomorphism f € Homeo(M). In order to show that Homeo(M) is not locally compact we

will construct in every € > 0 ball about the identity Bf{(e) a sequence of homeomorphisms (fx)ren
with no convergent subsequence.

Let ¢ > 0 and denote B = Bfj(e). Further, let zo € M and choose a coordinate chart ¢ : U C
B.j2(xg) — R™ centered at xq (i.e. ¢(x0) = 0) contained in the £/2-ball B, y(xq) about xzo in M.
Consider the homeomorphisms

Yy : B1(0) = B1(0), 2 — ||z||*z

on the closed unit ball B;(0) in R™ which fix 0 € R" and the boundary n-sphere pointwise. Note that
the sequence (¢ )ken converges pointwise to

oo = T, 1fx€8B1(0),
20, ifze Bi(0).

Now, define
x, if x & o= 1(B1(0)),
= [ g o7 (B10)
e (Ur(p(@)), ifz € p™!(B1(0)).
It is easy to see that the maps fr : M — M are indeed homeomorphisms: fk|@,1(3—1(0))c =1d :

@~ (B1(0))° = ¢~ '(Bi(0))° is a homeomorphism, ="' o 9y, 0 ¢ : ¢ ' (Bi(0)) = ¢ ' (B1(0)) is a
homeomorphism and both coincide on =1 (0B (0)).



Further, the homeomorphisms f; map the £/2-ball B, 5(x0) to itself and fix zg. Therefore,

d(fi(@),2) < d(fe(@), fr(20)) + d(w0, ) <,

=xo

for every x € B./3(x0), and clearly fi(x) = x for every x ¢ B./2(wo). Hence, the sequence (fi)ren is
in B> (1d).

However, the sequence (fx)ren converges pointwise to

e, itz ¢ o H(B1(0)),
Jool®) = {xo, if z € o= 1(B1(0)),

If there were a subsequence (f,)ien converging to some f € Homeo(M) uniformly then this sequence
would also converge pointwise to f, i.e. f needs to coincide with fo,. But f. is not even continuous
which contradicts our assumption of f € Homeo(M). Therefore (fx)reny C B2°(Id) has no uniformly
convergent subsequences.

Exercise 6. Locally Compact Hilbert Spaces are Finite-Dimensional Let H be a Hilbert space a field k = R
or C. Show that H is locally compact if and only if it is finite-dimensional.

Solution. One direction is easy: If H is finite-dimensional it is isomorphic to k™ which is locally compact
by Heine—Borel.

Suppose H is infinite-dimensional and locally compact. Then every finite-dimensional subspace V' C H is
proper. In particular, its orthogonal complement V' is non-empty. We will now construct a sequence of
vectors (wp )nen inductively. Let us start with a unit vector wy € H,||lwi|| = 1, and set Vi = (v1). We
choose w11 € H, ||wit1]| = 1, inductively as a unit vector in V- and set Vi11 = (w1,...,wk41). Note that
llwr, —wi]] =1 for all 1 <1 < k by definition. Therefore, (wy)reny admits no convergent subsequence.

On the other hand, there is some 7 > 0 such that the closed ball B,.(0) C H is compact, because H is locally
compact. Rescaling this ball shows that any closed ball in A is compact, in particular the closed unit ball is
compact, too. The sequence (wg)ken is contained in the closed unit ball and admits a convergent subsequence
by compactness; contradiction!

Exercise 7 (Unitary Operators). Let H be a Hilbert space and U(H) its group of unitary operators. Show
that the weak operator topology coincides with the strong operator topology on U(H).

Hint: Recall that a sequence (T},)nen € U(H) of unitary operators converges to a unitary operator 7' with
respect to the weak operator topology if

MThz) = MTz) (n— o0)
for every linear functional A € H* and every x € H.

A sequence (Ty,)neny C U(H) of unitary operators converges to a unitary operator T' with respect to the
strong operator topology if
T,x— Tz (n— o0)

for every x € H.

Solution. Recall that a sequence (Ty,)neny C U(H) of unitary operators converges to a unitary operator T
with respect to the weak operator topology if

MThx) = MTx) (n— o00)

for every linear functional A € H* and every x € H.



A sequence (T},)nen C U(H) of unitary operators converges to a unitary operator T with respect to the
strong operator topology if
To,x— Tz (n— o0)

for every x € H.

In order to show that the weak operator topology coincides with the strong operator topology it will be

sufficient to show that a sequence (T},)nen C U(H) converges with respect to the weak operator topology to

T € U(H) if and only if (T},)nen converges with respect to the strong operator topology to T.

“«<=": Let T,, —» T strongly and let A € H*,xz € H. Then because A is continuous and T,,x — T, we get
MThz) = XTx)

as n — oQ.

“=—=": Let T;, — T weakly and let x € H. We need to see that

[Tz —Tx||> =0 (n — o0).

We compute
| Tz — Tz|? = (T, — Tx, T, — Tx)
= (Thx, Thx) — (Thx,Tx) — (Tx, Tpx) + (Tx, Tx)
= (z,z) — (Tha,Tz) — (Tz, Thx) + (z,z)
=2||z||® — ((Tm:,Tx) + (Tnx,Tas>)
= 2)ja|]® — 2R (T, T))
= 2|z = 2l|Tz|* = 22| - 2l|z[|* =0 (n — o0),

where we have used that T,, and T are unitary and that (-, Tz) is a continuous linear functional.

Exercise 8 (p-adic Integers Z,). Let p € N be a prime number. Recall that the p-adic integers Z, can be
seen as the subspace

{(an)neN € H Z/p"ZL : any1 = a, (mod pn)}

neN
of the infinite product [, .y Z/p"Z,, carrying the induced topology. Note that each Z/p"Z carries the discrete
topology and [], .y Z/p"Z is endowed with the resulting product topology.

a) Show that the image of Z via the embedding
L2 — Ly,
x +— (x (mod p"))nen
is dense. In particular, Z, is a compactification of Z.
Solution. Let (z,,) € Z,. A neighborhood basis of (x,,) is given by the sets
By ((xn)) ={(yn) €Zp 21 =y1,- -, T = Ym}, meEN

Let m € N. We want to construct an integer x € Z such that «(x) € B,,((z,)). It suffices to take a
preimage x € Z of x,, € Z/p™Z under m,, : Z — Z/p™Z. Then we clearly obtain

2 = 2(mod p™),

)

m—l) m—l)

Typ—1 = Ty (mod p = z(mod p

z1 = z(mod p).

That is ¢(x) € By ((xn)).



b) Show that the 2-adic integers Zs are homeomorphic to the “middle thirds” cantor set

(o]
C = {Ze,ﬁ" e, € {0,2} for each n € N} C [0,1].
n=1

Solution. We will prove that the map

p:C — Zs,
(oo} n e
—-n k k—1
E nd E — 2
n=1 k=1 ’I’LEN

is a homeomorphism.

¢ is well-defined because

o0
@ <Z en3‘”>
n=1 n

By uniqueness of 2-adic expansions ¢ is injective.

n )
Z €k ok—1 , En+l on _ 2 : —n n
k=1 n=1 n+1

© is surjective because for every (z,)nen € Zo we can find 2-adic expansions
Ty :aén) +agn)-2+~--+a£ﬁ)1-2”_1, n €N,

with unique al(.n) € {0,1}. By the compatibility condition in Zs
Ty = Tpt1(mod 2™)

we get that agn) = a§"+1) for every i < n. Hence, we can write
Tp=ag+a; 24 - +an_1-2""1, neN,

with unique a; € {0,1}. Thus,

2 (Z 2an3_n> = (mn)nENa
n=1

i.e. @ is surjective.

In order to prove that ¢ is continuous and open we first need to deduce the following neat relation: For
every c = > 1 e,3 " d=>"",6,3"€C

—logs |d —¢|] <min{k € N: ¢y # 0} < —logs|d — |+ 1.

Indeed, let m = min{k € N : g; # 6;}. Then

d—c|=|(Om —em) 37"+ > (6p—en) 37"
n=m-+1
> |0m — Eml] 37 — Op —En) 37"
=2 -
2 = .
= 37m - Z |6n - En‘ -3
n=m-+1
2 = 2 1
>7_ 2.3—n:7_7:3—m.

Applying the logarithm to base 3 on both sides yields the first inequality.



The second inequality follows from the following easier computation.

oo B 00 - 1
|d—c| = Z(én—en)~3"§22.3 n:W
n=m n=m

= logs|d —c| < —m+ 1.

Now, let ¢ = > €,3™" € C and consider a neighborhood B, (¢(c)). Then

d=Y 6,37" € ¢ (Bn(p(c)))

l l
€k k717§:5k k—1
<:>k271?'2 7k715'2 , v1§l§m

<~ ¢, =0, Vk=1,....m
<= minfk e N:g, #} >m+1

By the previously deduced relation this readily implies

Binti(p(e)) Co(CN(=3"" +¢,c+37™)) C Bm(p(c))-

It follows that ¢ is continuous and open.
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