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Chapter 1 Introduction

=0

Lie groups are named after Sophus Lie, a Norwegian mathematician of the second half of the
nineteenth century who developed the theory of continuous transformation groups. His original
idea was to develop a theory of symmetries of differential equations parallel to the theory developed
by Galois for algebraic equations, with Lie groups being the continous analogue of permutation
groups in Galois theory. This point of view did not fulfill Lie’s expectations and went in unexpected
directions (see for example the theory of differential fields, D-modules, etc), but Lie groups came

to be an indispensable tool in many branches of mathematics as well as in theoretical physics.

The definition of a Lie group is simple, in that it is a differentiable manifold that is also a
group, such that the group operations are compatible with the manifold structure. One can hence
study Lie groups from a geometrical point of view or from an algebraic point of view. The starting
point of the algebraic point of view is the existence of an algebraic object, namely the Lie algebra
of the Lie group, that turns out to have the geometric interpretation as the tangent space at the
identity of the Lie group. There is also a somewhat different approach, much more elementary, but
also more restrictive, in which one considers only linear Lie groups, that is (closed) subgroups of
GL(n,R) and one develops the whole theory via elementary methods. While this is appropriate for
example in case one is teaching a course to students with limited mathematical background, there
is the problem that, although any Lie group can be locally realized as a linear Lie group, there are
important Lie groups that are not (globally) linear. Our approach will be the more algebraic one. In
fact, as such we will start by considering Lie groups just as topological groups, that is topological
spaces that are also groups, such that the group operations are compatible with the topological
structure. We will see how far one can go for topological groups, and we will see that there are

some miraculous facts that arise from the interplay of these two structures.



Chapter 2 Topological Groups
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1. Check Exercise numbering

2.1 Definitions and Examples

Definition 2.1. Topological group

A topological group G is a group endowed with a topology with respect to which the group

operations
GxG— G
(9,h) — gh
and
G—G
gr—g"

are continuous, where G x G is endowed with the product topology.

Remark The following “regularity” properties follow simply from the definition:

o The inversion g — ¢!

is a continuous bijection. Since its inverse g~ — (g~!)~! s also
continuous, then it is a homeomorphism.
o The left translation
Ly:G—G
T = gx
and the right translation
Ry: G— G
T =g
are continuous and bijective. Since (Ly) ™! = L,-1 and (Ry)~! = R,
L4 and R, are homeomorphisms. If U > e is a neighborhood of the identity (that is a set in

_1 are also continuous,

G containing e and an open set U, 3 e), then L,U is a neighborhood of g homeomorphic to
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U. Hence topological groups “look everywhere the same”.
o If G1, G5 are topological groups and p: G; — (2 is a homomorphism, then p is continuous

if and only if it is continuous at one point.

. Before we proceed to give concrete examples of topological groups, we remark that there

are simple operations that preserve the class of topological groups.

o Any subgroup of a topological group is a topological group (see also Proposition 2.1.3.).
o Products of topological groups are topological groups with the product topology.
o Quotients of topological groups are also topological groups with the quotient topology.
o The semidirect product of topological groups is a topological group. We recall in fact that if
H, N are topological groups and : H — Aut(N) is a homomorphism such that
HxN-— N
(h,n) = n(h)n
is continuous, the semidirect product H x,, N is the setwise Cartesian product H x N with

the product
(h1,m1)(h2,n2) = (hihg, nan(hi)ns2)
for all h1, hy € H and n1,ny € N, and it is a topological group with the product topology.

Notice that there are other characterizations of a semidirect product. We recall these here

since we will be using it in the sequel.

Let G be a topological group, H < G a closed subgroup and N < G a closed normal
subgroup. The following are equivalent:
1. There exists a homomorphism n: H — Aut(N) such that G = H x, N;

2. G is a group extension of N by H, that is there exists a short exact sequence

{e} N G H {e}.
that splits, that is the composition p o i: H — G/N of the embedding

i: H — G and the natural projection p: G — G/N is an isomorphism of

topological groups.

Example 2.1 Any group with the discrete topology is a topological group. In this case any subset

is open and any map to any other topological group is continuous.

Example 2.2 The vector space (R™,+) with the componentwise addition is a commutative
p P p

- o




2.1 Definitions and Examples -4 -

topological group in the Euclidean topology.

Example 2.3 The non-zero real numbers and the non-zero complex numbers, (R*, ) and (C*, -),

are commutative topological groups with the topology induced by the Euclidean topology.

Example 2.4 Let us denote by R™*™ the vector space of n x n matrices with real coefficients and
let us define
GL(n,R) :={A € R™": det A #0}.
Then GL(n, R) is an open set in R™*"™ and it inherits from R™*" the Euclidean topology. With this
topology GL(n, R) is a topological group. In fact the topology on R"™*"™, and hence on GL(n, R)
is such that if (Ax)ren C GL(n,R) is a sequence, then
A, — Aif and only if (Ag);; — Ajj
forall 1 <i,7 < n. Since if A, B € GL(n,R)
n
(AB)i; = Z A B,
k=1
this means that the multiplication is continuous. Since

det M ;
-1y, _ ji
(A7) det A ’

where Mj; is the (j, 7)-minor matrix obtained by removing the i-th row and the j-th column and

by multiplying by (—1)*7, then the inversion is also continuous.

Example 2.5 In the Example 2.4 we used that R is a fopological field, that is the sum, the
multiplication and the inversion are continuous, and as a consequence, the topology on R™*"
induces a topology on GL(n,R). Likewise, if I is any topological field, then GL(n,F) is a
topological group. Examples of topological fields are R, C, Q,, and finite fields. Here Q, is the
field of p-adic integers, which can be defined as the field of fractions of the ring of p-adic integers
Z,, defined in Example 2.10.

Example 2.6 Let X be a compact Hausdorff space. Then
Homeo(X) :={f: X — X : f is a homeomorphism}
is a topological group with the compact-open topology (see Definition A.5).

If X is only locally compact but not compact, then Homeo(X') need not be a topological group.
If however X is locally compact but also locally connected, then Homeo(X) is a topological group.
This includes for example all manifolds. Likewise, if X is a proper metric space (that is a metric

space in which closed balls of finite radius are compact), then Homeo X is a topological group.

- o
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Example 2.7 Let (X, d) be a compact metric space and let
Iso(X) := {f € Homeo(X) : d(f(z), f(y)) = d(z,y) forall z,y € X} .
Then Iso(X) C Homeo(X) is a (closed) subgroup and hence a topological group (Exercise 1.).

Example 2.8 We showed in Example 2.4 that GL(n,R) is a topological group when it inherits
the Euclidean topology as a subspace of R"*™. We show now that GL(n,R) is a topological
group also with respect to the compact-open topology (and in fact the two topologies coincide, see
Exercise 2.). In fact, since GL(n,R) < Homeo(R") and R" is a proper metric space, then the
compact-open topology on GL(n,R) < Homeo(R"™) is the topology of the uniform convergence
on compact sets. If (Ax)reny C GL(n,R), and A — A uniformly on compact set, then A is
linear, so that GL(n, R) is a (closed) subgroup of Homeo(RR™) and is hence a topological group.
Notice that for the limit of a sequence of linear functions to be linear, it is actually enough that the

sequence converges pointwise.
Example 2.9 Let M be a smooth manifold. Then
Diff" (M) := {f € Homeo(M) : f, f ! are continuous and differentiable r times}

is a subgroup of Homeo(M), hence a topological group, which however is not closed in the
compact-open topology. We can consider however the C"-topology, that is the topology according
to which (fy,)nen <, f if in any local chart vo: U — R"™, U C M, the sequence (f;, 0 ¥~ 1)>1
and all its partial derivatives up to order r converge uniformly on compact sets to the corresponding
derivatives of f o ¢)~1. With this topology Diff" (M) is a topological group that is complete in a

natural sense.

Example 2.10 Let A be a partially ordered set and let (G))xca be a family of groups such that
for every A1, Ao € A with A1 < Ao there exists a homomorphism
Gy 222,
satisfying the following properties:
1. forany A € A, px ) =1d|g,;
2. for any A1, Ao € A, there exists A3 € A with \; < A3 < Ag;
3. PA3, 1 = P2, A1 © PAs,\e for all )\1 < /\2 < )\3.

Then the inverse limit G of the projective system ((Gx)xcA, Prs,), ) is defined as the unique smallest

topological group G such that for all A € A there exists a continuous homomorphism py: G — G

- o




2.1 Definitions and Examples -6-—

with the property that the diagram

Prg

G G, @2.1)

Gy,

commutes, px, = Px,,\, © Pr,- One can verify that G can be identified with

Hm Gy = {(M),\GA e [[Gr: prani(r,) = l‘,\l} :

AEA
Points in @ G are said to be compatible. If the (G))) e are topological groups, sois [[, .4 G

with the product topology and, since m G\ is a (closed) subgroup of [ [, G, itis a topological
group as well with the induced topology.

Of course if the (G))aen are compact then by Tychonoff theorem also 1&16Y » 1S compact.
Moreover, if the (G))xen are discrete, then @1 G, is totally disconnected, that is the connected
sets are the points. In fact, let C' C G be a connected set. Since p): G — G is continuous, then
px(C) is connected and hence a point, say z) € G. By the commutativity of the diagram (2.1)

the sequence () ca must be compatible and unique, so that C'is the singleton {(zx)xen }-

If the groups in the projective system (G ) e are finite, the resulting inverse limit is called
profinite. It follows from the previous observation that profinite groups are compact and totally
disconnected. An important example is the group of p-adic integers Z,, which is a profinite group

under addition. In fact Zj, is the inverse limit of the projective system

((Z/p" L), (pnym: Z/P"L — L[ L)n>m) ,
where py, , is the natural reduction mod p" homomorphism. One can check that the topology
on Zy, is the same as the topology arising from the p-adic valuation on Z,, and with this topology Z,,
is a topological ring. By the characteristic property of Z,, there are maps p,,: Z, — Z/p"Z which
hare continuous ring homomorphisms. The kernel of p;, is the ideal p"Z, which is open since
Z[p"Z is discrete. Since (1,5, p"Z, = {0}), the sequence {p"Z, : n > p} is a fundamental

system of neighborhoods of 0. One shows then:

1. x € Zj is invertible if and only if x ¢ pZ,;
2. if U = Z; is the group of invertible elements, then every x € Z, . {0} can be written

uniquely as = p"u, withn > 0and u € U.

With this at hand, one shows that Z,, is an integral domain; its field of fractions is the field Qp of

- o
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p-adic numbers and equals Z,, [H . It is a locally compact non-discrete Hausdorff field. In fact any

such field of characteristic zero is isomorphic to R, C or a finite extension of QQ,,. For more details
see [9].

Example 2.11 We consider now three subgroups of GL(n,R) that will turn out to play an

extremely important role.

1.

Let

Aget = GGL(H,R)AZ#O, forl <i<n
An
Then Age is an Abelian topological group as it is homomorphic and homeomorphic to
(R*)™.

. Let

N = € GL(n,R)
0 1
be the group of upper triangular matrices with all 1s on the diagonal. Then NV is a (closed)
subgroup of GL(n,R) and is hence a topological group. However, in this case N is
homeomorphic to R% as a topological space, but not as a group, as for example N

is not Abelian, unless n < 2.

. Let

K :=0(R",(-,-)) ={X € GL(n,R) : (Xv, Xw) = (v,w) forall v,w € R"}
={X € GL(n,R) : || Xv|| = ||v|| forall v € R"}
= {X € GL(n,R) : "X X =1d,}
be the orthogonal group of the usual Euclidean inner product ( -, - ) or of the usual Euclidean

norm || - || on R™. This is a topological group as it is a (closed) subgroup of GL(n, R). The

standard notation for this group is

O(n,R) := O(R™, (-, -)).

Example 2.12 We may also consider inner products on a vector space with respect to which

vectors might have negative length. Let V' be a real vector space andlet B : V x V — R be a

non-degenerate symmetric bilinear form on V/, that is:

1.

(Non-degeneracy) Given x € V there exists y € V such that B(z,y) # 0;

=D
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2. (Symmetry) B(v,w) = B(w,v) for all v,w € V, and
3. (Bilinearity) B(ajv1 4+ agva, w) = a1 B(vy, w) + agB(vg, w) for all vy, vy, w € V and all
ay, a9 € R,
Incidentally, given such a non-degenerate symmetric bilinear form is equivalent to choosing a self-
adjoint isomorphism A : V' — V* of V' with its dual V* given by B(v,w) = A(v)w. If Q) is the
quadratic form associated to B, Q(v) := B(v,v), the orthogonal group of (V, B) or of (V,Q) is
defined as
O(V,B) ={A e GL(V) : B(Av, Aw) = B(v,w), forallv,w € V}
={A e GL(V): Q(Av) = Q(v), forallv € V'}.
This is a topological group as it is a (closed) subgroup of GL(V).
Recall that one can always choose a basis of V' so that B can be written as
P n
By(v,w) = — Zvjwj + Z vjw; (2.2)
j=1 j=p+1
for some fixed p. Then B is positive definite if and only if p = 0. If V' = R" and B,, is as in (2.2),

then it is customary to use the notation

O(p,q) :== O(V, By) .

Notice that in the above discussion it is essential that V' is a real vector space, since instead
over the complex numbers all O(V, B) are isomorphic once the dimension of V' is fixed. In fact

we can perform a change of basis
(€1, 1 €p,€ptis... €n) > (1€1,...,1€p, €pt1,...,€n)
so that in the new basis the bilinear form reads
n
B(v,w) = Z vjw; . (2.3)
j=1

The orthogonal group of the symmetric bilinear form in (2.3) is denoted by

O(n,C) =O(V, B),
where now V' is a complex n-dimensional vector space.

Example 2.13 Let V be a complex vector space and h: V x V' — C a Hermitian inner product,

that is a positive definite Hermitian complex valued form that is linear in the first variable and

- o
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antilinear in the second. The unitary group U(V, h) is defined as
U(V,h) :={X € GL(V) : h(Xv, Xw) = h(v,w) forallv,w € V}
={X €GL(V): X*=X"1},
where X* denotes the adjoint with respect to h. Notice that if X € U(V,h), then | det X| = 1. If

h: C" x C" — C is the standard Hermitian inner product

h(w,y) = Zx_yy] ’
j=1
then we use the notation
U(n) := U(C",h).

Example 2.14 Let k be a topological field. The special linear group defined as
SL(n, k) := {X € GL(n,k) : det X =1}

is a topological group as a subgroup of GL(n, k). We can thus define subgroups of all of the above
linear groups by taking the intersection with SL(n, k) with the appropriate field. So for example

SO(n,R) :=SL(n,R) N O(n,R)

SO(p.q) :==SL(p + ¢,R) N O(p, q)
SO(n,C) :=SL(n,C) N O(n,C)
SU(n) :=SL(n,C)NU(n).

Notice that the subgroup N in Example 2.11 is in SL(n,R). Moreover A := Aget N SL(n, R) is

also an important non-trivial subgroup of SL(n, R).

Example 2.15 Let H be a complex separable Hilbert space (see Definition A.8). The space of

unitary operators of
UH) ={U:-H—->H: U =U"}
={U:H—>H:UU"=U"U =1d}

is a topological group with the strong operator topology.

2.2 Compactness and Local Compactness

The Examples 2.1, 2.2 and 2.3 are obviously locally compact. Likewise the Examples 2.4,

2.11 and 2.12 are also locally compact because of Lemma A.2, as well as Example 2.5 if F is

- o
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locally compact.

Example 2.16 (See Example 2.6) The homeomorphism group of a topological space X is not

necessarily locally compact, even if X is compact 3.).

Example 2.17 (See Example 2.8) Contrary to the homeomorphism group, the isometry group of
a metric space X is as “good” as the space itself. In other words, if X is compact, then Iso(X) is
compact and if X is locally compact, then Iso(X) is locally compact 4.). So Iso(X) is

always much much smaller than Homeo(X).

The proof of the first assertion follows immediately from Ascoli—Arzela’s Theorem (see
Theorem A.1). In fact, from the chain of inclusions
Iso(X) C Homeo(X) C C(X, X)

it follows that Iso(X') is compact if it is an equicontinuous totally bounded family, which is obvious

since it consists of isometries and X is compact.

Example 2.18 (See Example 2.11.3. and 2.12) We mentioned already that O(p, q) is locally
compact since it is a (closed) subgroup of GL(p+ ¢, R). The question now is whether it is compact
and we will show that O(p, q) is compact if and only if p = 0 or ¢ = 0.

I. Let p = 0andlet O(0,n) = O(n,R). Letus write A € O(n,R) as A = ((c1),...,(cn)),
where ¢; = Aej for 1 < j < n. Thus {ci,...,c,} is an orthonormal basis in R™. In
particular ||c;||?> = 1, so that |A;;| < 1. Thus O(n,R) is bounded in R™*". On the other
hand, by definition

O(n,R) = {A € R™": (Av, Aw) = (v,w) = forall v,w € R"} =" (1d),
where f: My wn — My, is defined as f(A) := A'A, so that O(n,R) is closed and hence
compact by the Heine—Borel Theorem.

2. Let us assume now that pg # 0 and we will show that in this case O(p, g) is not compact
since it is not bounded. In fact we can write forn = p + ¢

O(p,q) :={A e R™": Qp(Av) = Qp(v) forallv € R},

where

p n
Q) =-3 8+ Y o
j=1

J=p+1

- o
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Consider for example the case p = 1, so that
n
Qi(v) = —vi + va
=2

with respect to the basis (eq, . .., ey,). Consider now the change of basis
€ =es — e
6'2 =eg + €1
e :=ejfor3 <j<n,

and denote by V' the vector space R™ with this new basis. On V' the quadratic form will now

take the form
n

Q) (v') = —(vf — vh)? + (vf +vh)? + Y v
=3
The matrix

On—2 2.4)
0n—2 0n—2 Idn—2

s 0 t0,—2
1
S

clearly satisfies

Q1 (Asw) = Q1(v)
so that A; € O(V,Q)). Moreover one can show that the subgroup {4, : s > 0} is
closed, which shows that O(V, Q)}) is not compact. The general argument for n > p > 11is

analogous.

Example 2.19 The special linear group SL(n, R) is a locally compact group since it is closed in

GL(n,R), but it is not compact since the matrix A; in (2.4) belongs to SL(n, R) as well.
Example 2.20 (See Example 2.10) Profinite groups are compact.
Example 2.21
1. The one-dimensional torus
T:={ze€C: |z| =1}

with the usual multiplication is a compact Abelian topological group isomorphic to

SO(2,R) cost - simf g 0,20
,R) = : ,2m
—sinf cosf

- o
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via the isomorphism

SO(2,R) — T
X e,

2. The n-dimensional torus T™ is also a compact Abelian topological group.
Example 2.22 We emphasise that U(n) # O(n, C). In fact:
o U(n) preserves the usual Hermitian inner product on C", Thus
U(n) ={X € GL(n,C) : *XX =1d,},
where *X = !X and it is compact.
o O(n,C) preserves a non-degenerate symmetric bilinear form on C™ so that
O(n,C) := {X € GL(n,C) : 'XX =1d,}
and O(n, C) is not compact for n > 2. The argument to see this is exactly the same as for
O(p, q).
Example 2.23 Let B: C?" x C*™ — C be the skew-symmetric bilinear form on C?" given

by B(z,y) = Y. ZTpYntp — TnipYp, Where x = (x1,...,22,) and y = (y1,...,%2n). The
1<p<n

symplectic group Sp(2n, C) is defined as the subgroup of GL(2n,C) of matrices that leave B

. . 0o I,
invariant. If F' = , then
n O

Sp(2n,C) := {A € GL(2n,C) : B(z,y) = B(Az, Ay) forall 2,y € C*"}
={A € GL(2n,C):"AFA=F}.
Related to Sp(2n, C) there are also the following groups
Sp(2n) := Sp(2n,C) N U(2n),
which is compact, and
Sp(2n,R) := Sp(2n,C) N GL(2n,R) = {A € GL(2n,R) : YAF A = F}.

Example 2.24 We get back to the space of unitary operators of a complex separable Hilbert space
H.

If H is a complex separable Hilbert space, then the space of continuous unitary operators

U(H) is a topological group that is locally compact if and only if dim H < oo, in which

- o




2.2 Compactness and Local Compactness - 13-

case it is compact.

(<) Let us assume that dim H = n < oo. Then

which is compact.

(=) We prove the assertion by contradiction. A basis neighborhood of Id € U(H) in the

strong operator topology is of the form
Upe ={T c¢U(H): |[Tu—ul|| < eforallu e F},

where F' C H is a finite set and € > 0. If /(H) is locally compact, the neighborhood Up is
contained in a compact set C'. We will show that the assumption that H is infinite dimensional

leads to a contradiction.

We write . = (F) @ (F)". Then an obvious verification shows that the subgroup

Id 0 cU
0 uryy)

Id 0
since if T" € ( 1 ),then Tu = u for all u € F'. But then
0 U(F)™)

L (a0
UF)™) = (0 U(<F>i)) C Upe,

that is also 2 ((F)") must be contained in a compact set and hence be compact. But if F C H is

finite and # is infinite dimensional, then (F )L must be infinite dimensional. We show now that

the unitary group of an infinite dimensional Hilbert space cannot be compact.

Claim 2.2.1. If H is an infinite dimensional separable Hilbert space, then U(H) cannot be

compact.

By contradiction let us assume that U/ (#) is compact in the strong operator topology. If we
can find a sequence (7}, ),en C U(H) of unitary operators converging to zero in the weak operator
topology, that is such that (T}, u,v) — 0 for all u,v € H, then by our assumption we could find
subsequence (7, )ren that converges in the strong operator topology to a unitary operator 7". On

the other hand (7}, ) xen converges weakly to zero, which implies that 7' = 0, a contradiction.

Thus, in order to complete the proof, we need to show that if H is infinite dimensional

and separable we can find a sequence of unitary operators (7},),en that converges to zero in

- (<t




2.3 General Facts about Topological Groups - 14 -

the weak operator topology. Let # = L?(R) and let T € L?(R) be the translation by one,
Tf(z) := f(x — 1). Thenif f,g € L?(R), (T™f,g) — 0. In fact, the space of C>° compactly
supported functions on R is dense in L?(IR) and (1™ f, g) is very small as soon as 7 is large enough

that the supports of 7" f and of g are almost disjoint.

O
/E< —

2.3 General Facts about Topological Groups

The simple fact of requiring that the group operations are continuous has a plethora of

interesting consequences, of which we illustrate here the most important ones.

Definition 2.2. Symmetric neighborhood

A neighborhood U of the identity e € G in a topological group is symmetric if g~' € U

whenever g € U. &

Proposition 2.1

Let G be a topological group. Then

1. If V is a neighborhood of the identity e € G, there exists a symmetric neighborhood
U of the identity contained in V.

2. If V is a neighborhood of the identity e € G, there exists a symmetric neighborhood
U of the identity such that U> = U~'U C V.

3. If H < G is a subgroup, then its closure H is also a subgroup

4. If G is connected any discrete normal subgroup is central.
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5. The connected component G° of the identity is a closed normal subgroup.
6. Every open subgroup is closed.

7. If G'is connected and U is any neighborhood of the identity e € G, then G = U2 U". N

Note that the converse of Proposition 2.1.6. is not true. For example R < R? is a closed

subgroup that is not open.
(1) is immediate by taking U := V N V! and (2) is also immediate from the continuity

of the multiplication and from (1).

(3) Since the multiplication and the inversion are continuous, then

m(H x H)=m(Hx H)Cm(Hx H)=H

i(H)C H.

(4) Let D be a discrete normal subgroup and, for h € D fixed, let us define the continuous map
Vi G — Dby y,(g) := ghg~'. We want to show that ;,(g) = h and this will follow from the
connectedness of G and the discreteness of D. In fact, since G is connected, 4, is continuous and
D is discrete, then image(-y;,) must be one point. Since vy, (e) = ehe™! = h, then 7;,(g) = h for
all g € G. Thus ghg~! = hforall g € G, so that gh = hg for all g € G, that is D is central.

(5) Let G° be the connected component of the identity e € (. Since the multiplication
m: G° x G° — G is continuous and G° x G° is connected, then m(G° x G°) is connected.
But e € m(G° x G°), so that m(G° x G°) C G°, that is G° is closed under multiplication.
Likewise the image of i: G° — G° is connected and contains e, so that i(G°) C G°. Thus G° is
a group.

To see that G° is closed, observe that G° C G°. But G° is connected and contains the identity
in G so that G° C G°. Thus G° = G°.

If g € G, consider now the continuous map defined by the conjugation ¢,: G° — G,
cg(h) = ghg™'. Since G° is connected, c,(G°) is connected, hence contained in G°, which

means that G° is normal.

(6) Let H < G be an open subgroup. If L,: G — G is the left multiplication by g € G, by
continuity of the multiplication L,H is also open for all g € G. Thus the union G \ H = UgH

over all g € G ~. H is open and hence H is closed.

(7) Obviously Upe ;U™ C G. Let V' C U be an open symmetric neighborhood of e € G such that
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V2=V~V CU. Then H := U, V" C U ,U™ C G is an open subgroup of G, hence closed
by (6). Since G is connected, we have equality. 0

2.4 Local homomorphisms

The content of this section will be heavily used in the correspondence between Lie groups and

Lie algebras presented in § ?? and it is of independent interest.

Definition 2.3. Local homomorphism

Let G, H be topological groups.

. Alocal homomorphism is a continuous map ¢ : U — H, where U is a neighborhood

of e € G, such that whenever x,y, xy € U

p(ry) = p(z)p(y)-

2. A local homomorphism ¢: U — H is a local isomorphism if it is bijective onto o (U)

and o=t o(U) — G is continuous.

&

A natural question to ask is when a local homomorphism ¢ of a topological group can be

extended to a homomorphism.

Theorem 2.1. Extension of local homomorphisms

If G is a simply connected topological group, then any local homomorphism extends

uniquely to a homomorphism G — H. v

Recall that a topological space X is simply connected if it is path-connected and 71 (X) is
trivial. Path-connectedness implies connectedness but the converse is not true in general. For
example, let X :=[0,1] x {0} U {{%} x [0,1] : n € N} U {{0} x [0,1] ~ {0} x (0,1)}.
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A

NS
o
N\A
—_—

Then X is connected but not path-connected.

However, if a space is connected and locally path-connected, then it is path-connected. For
example connected manifolds, and in particular connected Lie groups, are automatically path-

connected, since they are locally homeomorphic to R™, which is path-connected.

We give only the sketch of the proof. For the complete argument see [4]. Let U C G be a
neighborhood of e € GG and ¢: U — H the local homomorphism that we want to extend. We will

prove the theorem in three steps:

1. We use that G is path-connected to define ¢ on all of G.
2. We use that 71 (G) = 0 to show that the extension is well-defined.

3. We show that ¢ is the unique continuous extension of ¢|;.

1. Since G is path-connected, if g € G, let « : [0,1] — G be a path from e to g. Choose
a partition of [0, 1] into subintervals I}, := [tx_1,tx], for &k = 1,..., n, with the property that if
s,t € I, then

a(s)ta(t) e U.

We call such a partition good. We impose a further condition that will be needed only in Step 2.,
but that we may as well impose from the beginning. We choose W be a neighborhood of e € GG
contained in U such that W = W~ and W? C U and oo C U}_cx(t;,)W. Such a partition exists
since [0, 1] is compact and the group operations are continuous, so that there exists a > 0 such

that a(s)ta(t) € U whenever |s —t| < 4. Set xp, = a(ty) € a, with zg = a(0) = e and
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g = a(t,) = z,,. Then

g = (a5 1) (a7 w2) . (2, @)

-
withz, 2 € U.

/@"

e
/

/
~ //\ ot )=%

</

€

d&k-l):yﬁ-\

Then we define

palg) = p(ag z)p(ar e2) .. p(a, 2 12n),
To show that ¢,(g) is independent of the partition, notice that adding points to the partition

gives a partition that still has the above defining properties. Let us hence take ¢ € I and write

[tk—1,tk] = [tk—1,t] U[t,t]. Since t € I, then oz(tk_l)_loz(t) eU, a(t)_loz(tk) € U and
a(tk_l)*loz(tk) = a(tk_l)*la(t)a(t)*la(tk) eU,
so that

Pala(te-1) " at) = plalti-1) " a(t)e(alt) " alt).

2. We show now that ¢, (g) is in fact independent of «. Since m1(G) = 0 we can choose a
homotopy H: [0,1] x [0,1] — G with H(0,t) = ap(t) and H(1,t) = a1 (t) and set s := @q,,
where a;: [0, 1] — G is defined as as(t) := H(s,t). Let § > 0 be such that

H(Sl, tl)_lH(Sg, t2) eWw

for all sq, s2,t1,t2 € [0,1] with |s; — sa| + |t1 — ta] < 0. Then for all s € [0, 1], the partition

{te}ieo = {%}zzo is good, where we choose n large enough that % < %.

= =D
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Let

A:={s€[0,1]: ps(9) = ¢olg)}.

Since 0 € A # @, it will be enough to show that A is open and closed.

To see that A is closed, we will show that if (s;)jen C A and s; — s for j — oo, then s € A.
Let as; and o be the corresponding paths and let {#; }}._, be the good partition of [0, 1] chosen

above. By continuity of H, one deduces that

lim Qs (tr) = as(ty) .
j—00

Writing x5, 1, := as; (t) and z, ; 1= as(tg), and using that the 5, are continuous, one deduces
that

lim gp(:z:;l’kflxsﬁk) = @s(x;i71w57k) .

j—o0
Thus
n—1 n—1
. . -1 -1
lim Ps; (9) = lim H 90(373. k$sj~,k’+1) = H 803(1'5 kxs,k:-i-l)'
Jmee I =0 g k=0 7

Since each term on the left hand side is equal to (g), so is the one on the right hand side.

To see that A is open, let? € A and let s € [0, 1] be close enough to ¢ so that oy C UT_gz; W,
where z; := a(t;) were defined at the beginning of the proof. We can define yj, := 2, € W

so that

-1 -1 -1
Tsk—1Tsk = Yk—1Ly o1 Tt,kYp >

= =D




2.5 Haar Measure and Homogeneous Spaces -20-

/ / e
and
n n n
0s(9) = [[ e@iirzsn) = [[ ewerz iz ) = [[ eartioew) = @i(g) -
k=1 k=1 k=1

Thus s € A, thatis A is open.

3. It is easy to see that ¢ is continuous. To see that it is a homomorphism, let « be a path from e
to g and [ a path from e to h. Then the concatenation of o with gf3 is a path from e to gh and by
definition p(gh) = ¢(g)w(h). The uniqueness follows immediately from Proposition 2.1.7. [

2.5 Haar Measure and Homogeneous Spaces

2.5.1 Haar Measure

Let X be a locally compact topological space and G a topological group. A left action of G

on X by homeomorphisms is a homomorphism G — Homeo(X), that is a map
GxX —X
(9,2) — g
such that (g2g1)z = g2(g1x) forall g1, g2 € G and x € X. The action is continuous if G x X — X
is a continuous map, in which case
pg: X — X
T —> gx
is a homeomorphism with inverse ¢ 1. If C.(X) is the space of continuous functions with

compact support and G acts on X, then there is a continuous representation A\: G — Iso(C.(X))
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defined by (A(g)f)(x) := f(g ') (see Lemma A.3). Likewise G acts continuously on the left on

the space C.(X)* of continuous linear functionals on C.(X), via the contragredient representation
(AN = AAg™ S

A right G-action on X (g,z) —— xg would induce a right G-action on C.(X),
(p(9)f)(z) := [f(zg) and hence on Cc(X)*, (p*(9)(A))(f) := Alp(9)(f))-

A left (resp. right) action is an action for which, given the product g; go acting on X, first go

acts (resp. g1) followed then by g; (resp. g2).

Let X be a locally compact Hausdor{f topological space. If A is a positive linear functional
on Co(X) (thatis A(f) > 0if f € C.(X) with f > 0), then there exists a unique regular
Borel measure (i on X that represents A, that is such that for every f € C.(X),

:Lﬂmmw

(For the definition of regular Borel measure see Definition A.7.)

Notice that the action on the left of a group G on A is reflected in the action on the measure
given by the contragredient action and the identification of functionals with regular Borel measures
given by Riesz Representation Theorem. In other words the G-action on measures on C.(X) is

denoted by (g, pt) > gs«pt, Where

(gei)(A) == p(g~' A),

so that

(A( /fw@L /J (@—Lﬂ@@@%%

A particular action is the one of a locally compact Hausdorff group on itself.

Definition 2.4. (Haar measure)

A left (resp. right) Haar measure on a locally compact Hausdorff group G is a non-zero

positive linear functional
m: C.(G) = C
that is invariant under left (resp. right) translation, that is such that

(g«m)(f) = m(f)

- D
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forall f € C.(G). %

In the following we will use the notations m(f), [ f G (z) or dx according to what we

want to emphasize or for simplicity.

Theorem 2.3. (Existence and Uniqueness of the Haar measure, 1933)

A left (resp. right) Haar measure on a locally compact Hausdorff group always exists and

is unique up to positive multiplicative constants. v

We will verify the uniqueness. However the proof of the existence of the Haar measure in
general is long, technical and does not bring much insight. There are however cases in which the
proof is simple and follows on standard yet useful techniques. This is the case for example for

compact groups (see [13, Theorem 2.2.3]) or for Lie groups (see ?7?).

Let m be a left Haar measure. If f € Co(G) and v € G, let f(x) := f(xz~'). Then

n(f) := m(f) is a right Haar measure.

Q©

Proof  We need to verify that n(p(g)(f)) = n(f) for every g € G and for every f € C.(G).
Notice that

so that
(o)) = m((p@)) = [ fa™g) dm(z)
/fglxdm = [ F@yam@) = a(p).
O
Let G be a locally compact Hausdorff group with left Haar measure m. Then
1. supp(m) = G, and
2. If h € C(Q) is such that
/ h(@)o(e) dm(z) = 0
G
forall p € C.(G), then h = 0. O

Proof (1) Recall that supp(m) := {x € G : for every open set U containing =, m(U) > 0}.
Since m # 0, there exists f € C.(G) such that m(f) > 0. Let K := supp(f) with m(K) > 0.
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If G # supp(m), then there exists z € G . supp(m) and an open neighborhood U > x with
m(U) = 0. But a finite number of translates of U would cover K, so that m(K) = 0, which is a

contradiction.

(2) We show that h(e) = 0 (which is anyway all we need in the proof of the uniqueness of the Haar
measure) and the argument for any other point follows by translation. Let € > 0. By continuity of

h there exists an open neighborhood V' > e such that forall g € V'

h(g) — h(e)] <e.
By Urysohn’s lemma there exists ¢ € C.(G) such that ¢ > 0, ¢(e) > 0 and supp(p) C V. Since
Jo h(g)e(g) dm(g) = 0 for all p € Cc(G), then

\h<e>r\ / olg) dm
s

[ Wete)dmio) - | h(e)so(g)dm(g)'
/ Ih(g) — h(e)le(g) dm(g)

<e /G o(g) dm(g)

from which it follows that |h(e)| < € for all € > 0, thatis h(e) = 0. O

L)

We remark that we used in the first part of the
proof that G is a topological group. In fact, the
fact that we can cover K with translates of a
neighborhood U of € G ~. K is only possible

because we are in a topological group.

[Proof of the uniqueness of the Haar measure in Theorem 2.3] Let m be an arbitrary left Haar

measures and 7 an arbitrary right Haar measure (which exists by Lemma 2.3). Let f, g € C.(G)
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be such that m(f) # 0 (this certainly exists since m is non-zero).

m(f)n(g) = m(f) / o(y) dn(y)

where we used:

—in (1) that n is right invariant;
—in (2) and in (4) Fubini;

—in (3) the right invariance of n, the left invariance of m and we set x = yt.

Note that we could use Fubini’s theorem since the support of all functions is compact and hence

/ |F(O)g ()] dm(t) dny) < o
GxG

and

/ F g ()| dim(x) dn(y) < oo
GxG

Let us now define wy: G — R by
1 -
wi@)i= s [ 1) dnGy),

so that
—L 1) dn x)dm(x) = | we(x)g(x)dm(x
o) = i [ ([ 1701t ) o) dme) = [ wytalgte) da).
Since the left hand side is independent of f, for all fi, fo € C.(X) with m(f;) # 0,7 = 1,2, then
[ wn@g@)dmie) - [ wp,@)g(w) dm(z) =0,
G G

Since wy, — wy, is continuous, by Lemma 2.4 wy(e) is independent of f, so that ws(e) = C' for
some C' € R. Thus

=m we:mL dn(y) = “Ydn(y) =n(f
m(1)C = m(fws(e) = m(f)izs [ ntw) = [ ) dn(s) = ().

= =D
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If now we choose n(f) := m/(f), which is a well-defined left Haar measure by Lemma 2.3, then
m(f)C =m'(f)

for all f € C.(G) such that m(f) # 0. O

Example 2.25

I. The Lebesgue measure on (R™, +) is the left and right Haar measure.

2. The Lebesgue measure on G := (R, -) is neither left nor right invariant, but

dx
EIRCE
defines both the left and the right Haar measure on G .

3. If G is discrete, then the counting measure is both a left and a right Haar measure.

The above examples bring to the question as to when a left Haar measure is also right invariant.
To approach this question let Aut(G) be the group of continuous invertible automorphisms of G

with continuous inverse. Then Aut(G) acts on C.(G) on the left via

(- f)(z) = fla™ (2))
for « € Aut(G), f € C.(G) and x € G. If m is a left Haar measure on G, one can easily verify

that the linear form

fr=ma-f)
is also a left Haar measure. In fact

mla- Mg)(f)) = ‘/ka A()(f»()dndx)ZL/(AQﬁfXa‘%denwx)

G
/f MM)zL@fMMM@=Mwﬁ

Thus there exists a positive constant mod¢ () such that

m(a- f) = modg(a)m(f). (2.5)
The function modg: Aut(G) — (Rso, -) is a homomorphism.

Since Aut(G) acts on C(G) on the left, then (a5)- f = a- (8- f). Thenforall f € C.(G)
modg(af)m(f) = m((af) - f) =m(a- (8- f))
= modg(a)m(B - f)
— modg(a)modg(B)m(f)

- o
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O
Let now consider the conjugation automorphism o = ¢, for g € G,
cg: G— G
(2.6)
@ grg
so that (¢, - f)(x) = f(g 'zg). We use the notation Ag(g) := modg(cy) and we call
Ag: G = (Rso, ) the modular function of G. Explicitly the formula (2.5) for o = ¢, gives
Aolgym(F) = mlcq - f) = / (e @) dm(o) = [ fg™ ag) dm(a)
= [ fag) dm(e) = m(pta)1)
so that
m(p(9)f) = Ac(g)m(f), (2.7)

which shows that the modular function captures the extent to which a given left Haar measure fails

to be right invariant.

Proposition 2.2

Let G be a locally compact Hausdorff topological group with left Haar measure m and let

Ag: G = Ryq be its modular function. Then

1. Ag is continuous and

2. forevery f € C.(Q)
/ fz™HAg(z) dm(x / f(z)dm(x

)

(1) Since p: G — Iso(C.(Q)) is continuous when Iso(C.(G)) is given the strong operator
topology, then

lim [|p(x) f = p(y) flle =0
Ty
forall f € C.(G) and all z,y € G. It follows that

0= lim |m(p(x)f) —m(p(y) )| = lim |m(f)[[Ac(z) - Ac(y)l,

that is A is continuous.
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(2) Let us set f*(z) := f(z7!)Ag(z) and let us observe that
(A\9).f)*(2) = M9 f) e HAg(z) = flg~ a7 )Ag(2)
= Ac(g)" flg™ 27 HAc(rg) = Ac(g) ™ f(xg)
= Ac(9) " (pl9) ) (@)
Notice that m/(f) := m(f*) is also a left Haar measure. In fact,
m((A(9)f)*) = m(Ac(9) ™ (p(9) ) = Aclg)~'mlp(9) f*) = Ac(g) ™ Ac(g)m(f*) = m(f*)
Thus there exists C' > 0 such that m/(f) = C'm(f) and we want to show that C' = 1. Since A is

continuous, for every € > 0 there exists a symmetric neighborhood V' > e such that
|Ag(z) — 1| <e
forevery z € V. Let f € C.(G) be a symmetric function such that f > 0 and with support in V'
and such that m(f) = 1. Then for every € > 0
1= Cl=|(1=C)m(f) = m(f) —m/(f)] = [m(f) —m(f")]

2 im(f) = m(Acf) = Im((1 = Ac)f)| < em(f) = e,
where in (x) we used that f is symmetric and in (%) that f > 0. O

Definition 2.5

A group G is unimodular if Aq = 1, that is if the left Haar measure and the right Haar

measure coincide. &

Since for a left Haar measure m we have by Lemma 2.3 that m( f) is a right Haar integral, the

following is immediate

The Haar measure of a group G is inverse invariant if and only if the group is unimodular.

Example 2.26

1. Any locally compact Hausdorf Abelian group is unimodular.

2. Any discrete group is unimodular, since the Haar measure is just the counting measure.

3. Since there are no non-trivial compact subgroups of (Rsq,-), any compact group is
unimodular.

4. We show that GL(n,R) is unimodular. Since GL(n,R) is an open subset of R™*", we

n

consider the restriction dm(X) := [[;;_; dX; ; to GL(n,R) of the Lebesgue measure on
R™™, where X = (X;;)}';—1- We claim that | det X|™" dm(X) is both a left and a right
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Haar measure on GL(n, R). Infact, let Ty : My, xp,(R) = My (R) be defined by T, (X) :=
¢X and let us observe, by writing X = ((v1), (v2),...,(vpn)), that | det(dTy)| = | det g|™.
Thus

/ (A(9) ) (X)) det X| " dm(X)

GL(n,R)

= [ H X det X ()

GL(n,R)

—|detg| ™" / Flgm 30| det(g™"X) " dm(X)
GL(n,R)

—| det g™ / FX)] det(X)] 77| | det(dT, -1 (X)) ™" dim(X)
GL(n,R)

—| det g™ / £ det (X)) | det g~ 1| dm(X)
GL(n,R)

:/ FX)| det X" dm(X) .
GL(n,R)

A similar calculation shows the right invariance.
5. We consider the group R~ x, R, where 7: R5¢ — Aut(R) is defined by n(a)(b) := ab,
so that the product is (a,b)(a’, V') = (aa’,b + ab’). Then Rs( %, R is the group of affine

transformations of the real line, (a,b)x = ax + b, where a € R~ and b € R and can be

a b
:a €Ryg,bER
0 1

actingon R ~ {(z,0) : = € R} C R2 Itis easy to verify that %db is a left Haar measure

identified with the group

and that %adb is a right Haar measure, so that R~ x;, R is not unimodular.

6. We consider the Heisenberg group R x,, R?, where n: R — Aut(R?) is defined by

wf)-(.2)

y) € R?, so that the group operation is

z

() () (om0

forx € R, (

- o




2.5 Haar Measure and Homogeneous Spaces -29 -

It is easy to see that it can be identified with the group

1 =z =z
01 yl:zy,2z€eR
0 0 1

and that the Lebesgue measure is both the left and the right Haar measure, so that R x, R?

a b
P:= ca,beR a#0 (2.8)

is not unimodular since g—‘;db is a left Haar measure and da db is a right Haar measure.

is unimodular.

7. The group

8. Any closed normal subgroup of a unimodular group is unimodular. This follows from the

following proposition.

Proposition 2.3

Let G be a locally compact Hausdorff group and let H < G be a closed normal subgroup.

Then Ay = Ag|g. Thus if G is unimodular, H is also unimodular.

)

We will prove this later. For the moment we remark that it is essential that H is normal. In

fact, for example GL(2, R) is unimodular, but the subgroup P in (2.8) is not.

Proposition 2.4

Let G be a locally compact Hausdorff topological group with left Haar measure m. Then

m(G) < oo if and only if G is compact. N

(«<=) Since G is compact, the function identically equal to 1 is in C.(G) Thus m(G) =
m(1) < oo.

(=) Since m is regular and m(G) < oo, there is a compact set C' C G withm(C) < $m(G). But
then since m(xC) = m(C) for every z € G, zC and C cannot be disjoint, hence x € CC~!, that
is G = CC~1, which is compact. O

If G is compact, the Haar measure is usually normalized so that m(G) = 1.
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2.5.2 Homogeneous Spaces of Topological Groups

Let G be a group and H < G a subgroup. Then G acts on the homogeneous space G/H on
the left by translations (g,¢g'H) — gg’H and the projection p: G — G/H is a G-map, that is it
commutes with the G-action on G and on G/H. If G and H are topological groups, we endow
G/ H with the quotient topology, that is U C G/H is open if and only if p~'(U) C G is open.

This is the finest topology that makes p continuous.

Proposition 2.5

Let H < G be topological groups. Then:

The projection p is open, that is it sends open sets into open sets.
The action of G on G/ H is continuous.

The quotient G/ H is Hausdor(f if and only if H is closed.

If G is locally compact, then also G /H is locally compact.

SR Wb~

If G is locally compact and H < G is closed, for every compact set C C G /H there
exists a compact set K C G such that p(K) = C.

)

1. and 2. follow from the definitions and the properties of topological groups.

3. If G/H is Hausdorff, then points are closed. In particular eH € G/H is closed and hence
p~(eH) = H < G'is closed.

Conversely let us suppose that H is closed and let 2 H and y H be distinct points in G/ H. Then

xHy~!is a closed set not containing the identity in G. Thus G~ x Hy !

is an open neighborhood
of e € G and hence by Proposition 2.1 there exist U an open neighborhood of e € G such
that U='U Cc G ~ xHy '. Thus U~'U NxHy ' = o, thatis UzH and UyH are disjoint

neighborhood respectively of xH and yH.

4. We have to show that every point in G/H has a compact neighborhood. Let p(z) € G/H and,
since G is locally compact, let z € U C C with U open and C compact. Then p(U) is open (by
1.), p(C') is compact (since p is continuous) and p(x) € p(U) C p(C).

5. Let U be an open relatively compact neighborhood of e € G. Then {p(Uz)},cq is an open

cover of C' and hence there exists a finite subcover C' C U7_;p(Uz;). Then

K = UU:L‘J' Nnp Y(C)cG.
j=1
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is a compact subset in G such that p(K) = C. O

If G acts transitively on a space X, then there is an isomorphism of G-spaces G/G, — X,
where G, = Stabg(z) for x € X, given by the map gG, — gz. If X is a topological space
and the action of G on X is continuous, then the G-map is also continuous. If G is a locally
compact second countable Hausdorff space and X is locally compact Hausdorff, then the bijection

is a homeomorphism.
Example 2.27
1. Let us consider the action of O(n + 1,R) on S™ C R™!. Notice that g € O(n + 1, R) if
and only if ‘gg = Id, which implies that | gv|| = ||v|| for all v € R™*!; in particular S™ is

preserved by O(n + 1, R). Moreover this action is transitive, that is O(n + 1, R)e,1 = S™

and in fact even the SO(n + 1, R)-action is transitive on S™. The stabilizer of e,,+1 € S™ is

SO(n,R) 0
SO(n+17R)en+1 :{QGSO(H+1,R> D gentl :en—&-l}: {( (g? ) 1)} <SO(H+1,R)7

so that
S" ~SO(n+1,R)/SO(n,R).
2. The upper half plane H32 := {z+1y € C : y > 0} is an SL(2, R)-space, with the SL(2, R)-

a b
action given by fractional linear transformations: if g = ( d> € SL(2,R) and z € HZ,

c
(a b) az+b
z = .
c d cz+d

It is easy to see that the action is transitive since

1/2 —1/2
Y wy 1=+
0 y—1/2

and that SL(2,R), = SO(2,R). Thus the map SL(2,R)/SO(2,R) — H32 identifies the
upper half plane as the SL(2, R)-orbit of .

3. The group SL(2, R) acts transitively also on R U {oco} with P = SL(2,R), where P is as
in (2.8).

4. We generalize now the action in (2). Let

then

Symi (n) := {X € M,xn(R) : X is symmetric, positive definite and det(X) = 1} .

Then SL(n,R) acts transitively on Sym] (n) via gX = gXg', for g € SL(n,R) and

- o




2.5 Haar Measure and Homogeneous Spaces -32-

X € Symj] (n). Moreover
SL(n,R)p, = {g € SL(n,R) : gld,g" = Id,} = SO(n,R),
so that
SL(n,R)/SO(n,R) ~ Sym{ (n).

If n = 2 this is nothing but the example in (2) (Exercise).

)]

We generalize now the example in (3). We consider
P 1(R) = P(R") := {V C R": is a subspace with dimV = 1}

with the transitive SL(n, R)-action. In this case

SL(n,R)<e,s = {(g Z) ca€R,a#0,z € R AeGL(n— 1,R),det A = a—l}

and we identify SL(n, R)/ SL(n, R) <., > with P""}(R). If n = 2 this is the example in (3).
6. Let

L={Zfi+ - +2Zf,: fjeR" forj=1,...,n,det(fi,..., fn) =1}

be the space of lattices of covolume one in R" (see Definition 2.7).

/

/
N
/

A\

Figure 2.1: A lattice in L with f; = ((1)> and fo = (1)

The group SL(n, R) acts transitively on L via

9(Zfr+ - +ZLfn) =Zgf1 + -+ Zgfn
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and the stabilizer of Ze; + -+ + Zey, is SL(n,Z). Thus L can be identified with
SL(n,R)/SL(n, Z).

We prove now that if H < G is closed and normal, then Ag|y = Ap. We start with the

following lemma, only the first part of which (the definition) will be immediately used.

Let G be a locally compact Hausdorff group and H < G a closed subgroup. If f € C.(G)
and dh is the left Haar measure on H then
(&) = / f(zh) dh
H
is in C.(G/H). Moreover the linear operator Ap: C.(G) — C.(G/H) defined as
Ap(f) := fH is surjective.

The function £ is obviously well defined as it is independent of the choice of representative

of the coset xH. Moreover it is continuous'and supp 7 C p(supp f). Thus f € C.(G/H).

To prove the surjectivity, let F' € C.(G/H ), let C C G/H be the compact support of F' and
let K C G be a compact set such that p(K) = C (which exists by Proposition 2.5.5.). We will
define f € C.(G) such that f# = F. Letn € C.(G) such that 0 < n < 1 and 5| = 1, which
exists by Urysohn’s Lemma ([7]). Then by definition

(Fop)-m)ff =F-y"

so that F' = ((FCZ’#)H. Thus we define
(Fop)(9)n(g)  if (nH
W) L7 (0)(g) #0
0 if (n" o p)(g) =0,
which we need to verify to be in C.(G). In fact obviously supp f C suppn. Moreover f is

f(g) =

continuous as it is continuous on two open sets U; and Us whose union is (G, namely on

1. Uy :={g € G: (n'0))(g) # 0} by definition and on
2. Us := G ~ KH, where it vanishes. If fact if g € G ~~ K H, then p(g) ¢ C' = supp F, so
that (F o p)(g) = 0.

So the only thing to verify is that G = U; U Us. In fact, if ¢ € G and ¢ ¢ Ui, then

A function f: G — C is right (resp. left) uniformly continuous if for every e > 0 there exist a neighborhood V' of
e € G such that |f(s) — f(t)| < eforevery ts™' € V (resp. t~'s € V). Right uniform continuity follows from
Lemma ?? applied to X = G and the action of G on G by left translations: an analogous statement holds for left
uniform continuity.
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0=n"op(g) = Sz n(gh) dh. Since n > 0 and 7 is continuous, this implies that 7(gh) = 0 for
all h € H. Thus gh ¢ K, which means that g ¢ K H, thatis g € Us.

Finally,

woy [ Eopah) wleh) [ k)
£ = [y = [ PO g = F ).

O

[Proof of Proposition 2.3] Since H < G and is closed, the quotient G/ H is alocally compact
Hausdorft topological group by Proposition 2.5.4. and hence there exists a left Haar measure on
G/H, which we denote by di. We claim that the functional m(f) := [, it H (%) di is a left

Haar measure on C.(G). In fact

m(Ag)f) = /G JEOREE ai & /G L@ di= [ )i = m(p).

G/H
where () follows from the fact that left and right translations commute. If ¢t € H and f € C.(G)),
then

m(p(o)f) = [ . ([ o) | B ([ auto)stanan) ai

—aut) [ ([ saman) s = st [ @i = autm(s),
G/H \JH G/H
where we used in (xx) that dh is a left Haar measure. Comparing this with (2.7) shows that
Acla = Ap. O

We remark that the only place in the proof in which we used that H is a normal subgroup is
to infer that there exists a left Haar measure on. G/H. The following result thus follows with the

same proof.

Let G be a locally compact Hausdorff topological group, H < G a closed subgroup such
that there exists a left invariant regular Borel measure on the topological space G/ H. Then
Aglg = Ag.

Luckily the above condition on the equality of the modular functions is not only necessary but

also sufficient:
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Let G be a locally compact Hausdorf{f topological group, H < G a closed subgroup. Then
there exists a left invariant positive Borel measure di on G/H if and only if Ag|p = Amn.

Such an invariant measure is characterized by Weil formula

/G £(g) dg = /G . < /H f<xh)dh) di

for every f € C.(G), where dg and dh are the left Haar measures respectively on G and
on H.

Let G be a locally compact Hausdorff topological group, and let H' and H be closed
subgroups with H' < H < G.
1. If G and H are unimodular, there exists a unique (up to scalar) G-invariant measure
on G/H.
2. If G,H and H' are unimodular, there exists invariant measures dx,dy and dz on
G/H', on G/H and on H/H' such that

| L S@a= | y ( / ) dz) dy

forall f € C.(G/H').

Example 2.28 We look for an SL(2,R)-invariant measure on the upper half plane Hﬁ o~
SL(2,R)/SO(2,R). The group SO(2,R) is unimodular since it is compact, and SL(2, R) is also

unimodular since it is equal to its own commutator subgroup,
SL(2,R) = [SL(2,R),SL(2,R)] .

We will see later that this is true for all semisimple Lie groups (see Proposition 4.12, of which
SL(2,R) is an example), but in this particular case we can see it from the fact that SL(2, R) can be

generated by the upper triangular and the lower triangular matrices and that for a, x € R, a # 0,

6.2)6Ol=6 )

Thus there exists a positive SL(2, R)-invariant measure on H. ﬁ, which we proceed to compute.
a b 9 .
Ifg= g z € Hg and w := gz, it is easy to check that
c

I. Imw = |cz +d|~2Im 2, and
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2. dw = (cz + d)~2dz,

so that (Im 2)~2dz dz is an SL(2,R)-invariant measure on HZ. Since dzdz = —2i1dzdy,
(Im 2)~2|dz dz| = y~2 dz dy is a positive SL(2, R)-invariant measure on HZ. Thus Weil formula

in this case reads

= -2
/SL(Z,R) f(g) dg = /Hﬁ (/SO(Z,R) f(gk) dk) y “drdy,

where we identify gk with g« = x 4 1y, and where dk := %dﬁ is the normalized Haar measure

6 sinf
msom - { (20 ). 0cpom )

In this particular case, since also P acts transitively on H2, we can decompose the measure

on H3 even further. In fact, the subgroup

" a b
PT = 0 ol ta,beR,a>0
a

also acts transitively and freely on HH% (that is with trivial stabilizer). Moreover, just like P =
A x,) N, we can also write PT = A" x,, N, where A" ~ (R, -) is the subgroup of diagonal

matrices with positive entries.

Thus, any z = x+1y € H3 can be obtained by acting upon ¢ via the element n(z)a(y) € NA*

1 =z y1/2 0 1 =z n
1= Yy =X Yy .

0 1 0 y /2 0o 1)" Y

—_————T N —

=mn() =wa(y)

as follows:

If ¢ € C.(HZ), we can consider the composition

NA* —= g2 -2 -R

N~ 7

namely

Thus

- o




2.5 Haar Measure and Homogeneous Spaces -37 -

so that we can write

- n(z)a x dy
/SL(2,R) Tords = /R>0 (/R (/80(2,R) fn(@)ay)k) dk) d ) g2 (2.9)

Any element in P (hence in H3) can be written also uniquely as the product of an element
in AT and one in N. In fact an easy calculation shows that

-1

n(z)a(y) = a(y)aly)” n(z)aly) = a(y)n(y~ z),

Thus with
ATN — HE 2R

\/

we have

/Hﬁ Pz + )dw;jy _ /R>O </R‘11(a(y)n(y_1$))dx) c;g;

- /R>o </]R yqj(a(y)"(x))‘””) Zg (2.10)
[ ([ vetmmyac) 2.

Thus >0

- a(y)n(x .| W
/SL(ZR)f(g) = /R>0 (/R (/SO(Z,R) flatyntob) dk) d ) y

Notice that both (2.9) and (2.10) are examples of Weil’s formulas. However in this case the
group P is not unimodular, while the subgroup N is. There is in fact the following more general

version of Weil’s formula that we state without proof.

Definition 2.6. (Quasi-invariant measure)

Let m be a measure on G/H. We say that m is quasi-invariant if there exists a homomor-

phism x: G — Ry such that
g«m(A) = x(g9)m(A)

for every A C G/H measurable and every g € G. The homomorphism x is the modulus of

the quasi-invariant measure. &
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Theorem 2.5. (Generalized Weil Formula)

Let G be a locally compact Hausdorff group and H < G a closed subgroup. There exists a

quasi-invariant measure on G/ H with modulus x if and only Ag|g = Ag - x| H- v

Example 2.29 On S' ~ SL(2,R)/P there is no quasi-invariant measure since SL(2,R) is
unimodular and P is not, so that such homomorphism x does not exist. On the other hand, in
the above example, since P is not unimodular and N is, there could be a homomorphism ¥ that

extends to Pt. The above calculation shows that this is indeed the case.

The following is a fundamental example to which one can apply the above discussion.

Definition 2.7. (Lattice Subgroup)

A lattice I' in a locally compact Hausdorff group G is a subgroup with the following

properties:
1. I'is discrete, and

2. there exists on G /I a finite G-invariant regular Borel measure.

)
Proposition 2.6
Let G be a topological group that admits a lattice I' < G. Then G is unimodular. o

Proof The modular function A is a homomorphism that contains I is its kernel. Hence it

descends to a Ag-map A: G/T" — R, that is a map such that for » € G and z € G/T
A(hz) = Ag(h)A(x).

Thus the push-forward via A of the finite G-invariant measure on G//I' is a finite A (G)-invariant

measure on R~ . This is impossible unless Ag(G) = 1.

Remark According to Proposition 2.6 a necessary condition for the existence of a lattice subgroup
is that G is unimodular. Once this is verified, and I' < G is any discrete subgroup, Theorem 2.4
assures the existence of such a unique G-invariant measure on G/I". The point at stake here is thus

the finiteness of the measure.

Example 2.30 We remarked already that the Lebesgue measure on (R™, +) is the Haar measure

and that R" is unimodular.

I. The subgroup Z ~ {(n,0) : n € Z} < R? is discrete but it is not a lattice because the
fundamental domain of the action of Z on R? is an infinite strip, which hence has infinite
Lebesgue measure.

2. The subgroups Z? < R? and Z" < R" are lattices whose covolume is easily computed.
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[Proof of Theorem 2.4] One direction has been proven already as Proposition 2.3 and
Corollary 2.3.

To show the other direction, we make the following claim:

Claim 2.5.1. Let Ay : C.(G) — C.(G/H) be the averaging operator defined in Lemma 2.6 and
assume that Ag|i = Ay If Ap(f1) = An(f2), then [, fi(g) dg = [, f2(g) dg.

We assume that the claim is proven and proceed to conclude the proof. Let F' € C.(G/H)
and let f € C.(G) be such that f/ = F. The existence of such an f is assured by the surjectivity
of Ay in Lemma 2.6. Because of the claim we can define a positive functional on C.(G/H) as

follows:
m: C.(G/H) — R
g dg .
H/Gf(g) g

By Riesz Representation Theorem, this is a positive Borel measure dz which is also left invariant

because of the left invariance of dg. Then Weil formula follows at once:

/Gf(g)dgzm(F) = /G/HF(yb)dx' :/G/H </H f(xh)dh) di: .

To prove the claim it is enough that we show that, under those hypotheses, if f7 = 0, then
I o f(g) dg = 0. This will follow immediately once we will have proven that, under the hypotheses
of the Claim,

ﬁyuwQLﬁ@medgzlgam(éﬁ@mmﬁdg @11

In fact, if f2H = 0, then it follows from (2.11) that

O:Aﬁ@<LMMWO@=Lh@ﬁ@@-

It is hence enough to find f; € C.(G) such that ff = 1 on supp(f2), which exists because of

Lemma 2.6.
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Thus we are left to prove (2.1 1) which is just a verification. In fact,

/G f1(g) ( /H f2(gh) dh) dg 2 < / f1(9) f2(gh) dg> dh
(2) </ filgh™") f2(9)Ac(h) d9> dh
( A Ac() dh ) (o) do

/ filgh) Au(h) " Aa(h) dh | falg)dg

E].

- /G f2(9) ( /H f1(gh) dh) dg.,

— 1in (1) and in (3) Fubini’s theorem,
— in (2) the relation (2.7), and
— in (4) the second part of Proposition 2.2.

where we used

2.5.3 An Application

Theorem 2.6. (Mackey)

Let o: G — H be a measurable homomorphism of locally compact second countable

Haurdorff groups. Then @ is continuous. ©

Proof By replacing H with the closure of the image of (¢, we may assume that the image of ¢ is
dense in H. We want to show that for every open neighborhood V' C H of the identity ey € H,
there exists an open neighborhood N' C G of the identity e, € G such that o(N) C V, that is
N C o Y(V).

Let U C H be a symmetric open neighborhood of ey € H such that U? C V. Let
(hyn) C @(G) be a countable dense set, which exists since H is second countable, and let (g,,) C G
be such that ©(g,) = h,. We can writt H = Upenh,U and hence G = Upengne H(U).
If m is the left Haar measure on G, there exists n € N such that m (g, 1(U)) > 0, so that

m(e~Y(U)) > 0. Since G is locally compact and m is inner regular, there exists a compact set
A C o1 (U) withm(A) > 0. Then o= 1(V) D o 1 (U)p~}(U) D AA™L, and it is hence enough
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to show that AA~! contains an open neighborhood N of ¢, € G. O

Thus we need to prove the folllowing:

Let G be a locally compact Hausdorff topological group. If A C G is a compact set with

m(A) > 0, then A=A contains an open neighborhood of e € G. ©

Proof [Perhaps fix left and right.] If AzN A # @, then z € A~ A, so that it is enough to show
that

A'A={z: AaNnA# 3} DN 3eq,

where N is an open neighborhood of e¢. Since m is outer regular, then m(A) = inf{m(W) :
W > A, Wisopen} and since m(A) > 0, there exists an open set W DO A such that
m(W) < 2m(A).

We will show that since A is compact, there exists an open neighborhood N of e such that

AN C W, so that for every x € N

1
im(W) <m(A) =m(Az) <m(W).
This will be enough to conclude the proof, because in fact this open neighborhood NV has the desired

property that
eccENC{x: ArNA#£ 2} =AA.
In fact, if on the contrary for z € N, Az N A = @, then
m(Az U A) = m(Azx) + m(A) = 2m(A4) > m(W).
But this is not possible since Az C W and A C W, imply that Ax U A C W and hence
m(Az U A) < m(W). [The idea is that whatever keeps A within W cannot translate A so that it

is disjoint from itself. ] 0

Lemma 2.8
Let G be a topological group, A C G a compact set and W C G an open set such that

A C W. Then there exists a neighborhood N > eg such that AN C W.

@

Proof Since W is open, for all z € A there exists an open neighborhood V, > e such that
xV, C W. Let U, be a symmetric open neighborhood of e € G such that U, U, C V. The sets
{zU, : = € A} form an open cover of A and, since A is compact, there exists a finite subcover

AC 21Uy U---UxnUy,. Let N == Uy, N---NU,, C Uy, for j = 1,...,n. Then for
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L1, --

AR e B

8.

. Ty € A,

AN Cc 11U, NU---Uz,U,, N
C 21Uy Uy, U--- U, Uy, Uy,

Ca1Vy U UV, CW.

= Chapter 2 Exercise <~

. Show that if X is a compact metric space, then Iso(X) is a closed subgroup of Homeo(X).

Verify that the Euclidean topology on GL(n, R) is the same as the compact-open topology.
Show that Homeo(.S?) is not locally compact.

Show that if X is a locally compact metric space, then Iso(X) is locally compact as well.
Show that Aut(R", +) = GL(n, R) and that modg» : GL(n,R) — (Rsq, ) ismodgn(a) =
| det .

. Let H be a Hilbert space over a field £ = R or C. Show that H is locally compact if and

only if it is finite-dimensional.

Let X, Y, Z be topological space, and denote by C(Y, X) the set of continuous maps from
Y to X. The set C'(Y, X) can be endowed with the compact-open topology, that is generated
by the subbasic sets

S(K,U) :={feCY,X)|f(K)C U},

where K C Y is compact and U C X is open.
Prove the following useful facts about the compact-open topology.
If Y is locally compact, then:
(a). The evaluationmap e: C(Y, X) x Y — X, e(f,y) := f(y), is continuous.
(b). Amap f: Y x Z — X is continuous if and only if the map

f:Z =0, X), f(2)(y) = fly, 2),
is continuous.
(a). Let X be a compact Hausdorff space. Show that (Homeo(X), o) is a topological group
when endowed with the compact-open topology.
(b). The objective of this exercise is to show that (Homeo(X ), o) will not necessarily be a

topological group if X is only locally compact.
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9.

Consider the “middle thirds” Cantor set

C = {Zen?)_” :€n € {0,2} foreachn € N} C [0,1]

n=1
in the unit interval. We define the sets U,, = C N [0,37 "] and V;, = CN[1 —37"1].
Further we construct a sequence of homeomorphisms /,, € Homeo(C') as follows:
)—xforallweC\(U UWVn),
0) =
Un+1) Un,
Un \ Unt1) = Vg1,
b (Vi) = Voo \ Vi1
These restrict to homeomorphisms h,|x on X := C'\ {0}.

9

]

°

©

hn(
ha(
ha(
han(

©

Show that the sequence (h,|x )neny C Homeo(X') converges to the identity on X but
the sequence ((hy|x) ™ )nen € Homeo(X) of their inverses does not!
However, if X is locally compact and locally connected then Homeo(X) is a
topological group.
(c). Let St € C )\ {0} denote the circle. Show that Homeo(S') is not locally compact.
In fact, Homeo(M) is not locally compact for any manifold M of dimension
at least one.

Let (X, d) be a compact metric space. Recall that the isometry group of X is defined as
Iso(X) = {f € Homeo(X) : d(f(z), f(y)) = d(z,y) forallz,y € X}.

Show that Iso(X) C Homeo(X) is compact with respect to the compact-open topology.
Hint: Use the fact that the compact-open topology is induced by the metric of uniform-
convergence and apply Arzela—Ascoli’s theorem.

(a). The general linear group
GL(n,R) :={A € R™"| det A # 0} CR™"
is naturally endowed with the subspace topology of R"*"* = R"”. However, it can also
be seen as a subset of the space of homeomorphisms of R" via the injection
j: GL(n,R) — Homeo(R"),
A (z— Ax).

(b). Show that j(GL(n,R)) C Homeo(R") is a closed subset, where Homeo(R™) C
C(R™ R™) is endowed with the compact-open topology.
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13.

14.

15.

(c). If we identify GL(n,R) with its image j(GL(n,R)) C Homeo(R™) we can endow it
with the induced subspace topology. Show that this topology coincides with the usual
topology coming from the inclusion GL(n,R) C R™*",

. Let p € N be a prime number. Recall that the p-adic integers Zj, can be seen as the subspace

{(an)neN € H Z/p"Z : an+1 = ay, (mod p”)}

neN

of the infinite product [ [,, .y Z/p"Z,, carrying the induced topology. Note that each Z/p"Z

neN

carries the discrete topology and [][, . Z/p"Z is endowed with the resulting product

neN
topology.

(a). Show that the image of Z via the embedding
Ll — Ly,
z = (2 (mod p"))nen

is dense. In particular, Z, is a compactification of Z.
(b). Show that the 2-adic integers Zo are homeomorphic to the “middle thirds” cantor set

C as defined in Exercise 8. .

. Let G be a topological group, X a topological space and iz : G x X — X a continuous

transitive group action.
a) Show that if GG is compact then X is compact.
b) Show that if GG is connected then X is connected.
Let GG be a connected topological group, U C G an open neighborhood of the identity and
U':={g1- - gnl91,-..,9n € U}. Show that G = |J;-_, U".
Hint: You may assume that g~% € U for every g € U. Why?
Let H be a Hilbert space and U(H) its group of unitary operators. Show that the weak
operator topology coincides with the strong operator topology on U (H).
(a). Let us consider the three-dimensional Heisenberg group H = R x, R?, where

n: R — Aut(R?) is defined by

o))
z zZ+xy

for all ,y, 2 € R. Thus the group operation is given by

(1,91, 21) * (@2, Y2, 22) = (21 + @2, Y1 + Y2, 21 + 22 + T1Y2)
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and it is easy to see that it can be identified with the matrix group

1 =z =z
H= 01 yl|l:z,y,2€R
0 0 1

Verify that the Lebesgue measure is the Haar measure of R x,, R? and that the group

b
PZ{(Z a_1> :a,bER,a;ﬁO}.

Show that % db is the left Haar measure and da db is the right Haar measure. In

is unimodular.
(b). Let

particular, P is not unimodular.
16. Let GG be a locally compact Hausdorff group. Show that if H; < Hs < G are closed
subgroups and H1, Ho, GG are all unimodular then there exist invariant measures dx, dy, dz
on G/H,G/Hy and Hy/H; respectively such that

/| o f@ = /| » ( / » f(yZ)dZ> dy

forall f € C.(G/H,).
17. Let G = SL2(R) and P be the subgroup of upper triangular matrices. Show directly that
there is no (non-trivial) finite G-invariant measure on G/ P.

Hint: Tdentify G/P = S' = R U {oo} with the unit circle and consider a rotation
cosf sind
—sinf cosé

o1)

18. Let D < R" be a discrete subgroup. Show that there are x1, ...,z € D such that

and a translation

(a). x1,...,xy are linearly independent over R, and

(b). D=%Zx1®---® ZLxy, ie.x1,...,x, generate D as a Z-submodule of R”.

- o




Chapter 3 Lie Groups

=0

p.- 48 (first paragraph of chapter 3.2) It says there that one could consider the set of smooth
functions on U as a subset of the smooth functions on the whole manifold. (This is not
true, I mean 1/z is smooth on R ~ {0}, and cannot be extended to a smooth function on
R.) I had the feeling that, what this paragraph wanted to explain was that every function on
U can locally be seen as a function on M, that is the germs of the functions defined on the

whole of M are equal to the germs of the functions defined on U.

3.1 Definitions and Examples

Definition 3.1. (Lie Group)

A Lie group G is a group endowed with the structure of a smooth (finite dimensional)
manifold with respect to which the group operations
GxG—G

(g, h) — gh
and

G—G

gr—9"

are smooth. &

Lie groups are locally compact Hausdorff (since they are manifolds) and have a dimension,
namely the dimension of the underlying manifold. We will only consider finite dimensional Lie

groups.
Example 3.1 (See Example 2.2) (R™, +) is a Lie group.

Example 3.2 (See Example 2.4) The matrix group GL(n, R) is a Lie group. Note that for n = 1,
this is the group (R*, -), where R* = R ~ {0}.

Example 3.3 (See Example 2.21) The one-dimensional torus T = {z € C : |z| = 1} = SO(2)

is a Lie group.
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Example 3.4 A finite direct product of Lie groups is a Lie group. It follows from the previous

example that the n-dimensional torus T" is a Lie group.

Example 3.5 Countable discrete groups are Lie groups, as they are 0-dimensional manifolds. We
require them to be countable because we consider smooth manifolds to be second countable (see
Appendix A.3).

Example 3.6 (See Example 2.10) An inverse limit of discrete groups in general is not a Lie group.
Indeed, such a group is totally disconnected but not discrete, and thus its topology cannot be that

of a manifold. In particular, profinite groups are not Lie groups.

Example 3.7 (See Example 2.6) If X is a topological space, we have seen in Example 2.16 that

Homeo(X) is not necessarily locally compact, hence “too big” to be a Lie group.

Example 3.8 (See Example 2.7) If (X, d) is a locally compact metric space, we have seen in
Example 2.17 that Iso(X) is a locally compact topological group. It may or may not be a Lie
group. For example, if (X, d) = (R", deya ), then Iso(X) = R™ x O(n,R). More generally, the
Myers—Steenrod Theorem, [6], states that the isometry group of a Riemannian manifold is a Lie
group.

Example 3.9 The groups Aget and N in Example 2.11 are Lie groups. The group Aget gets the
Lie group structure from the identification Ager ~ ((R*)™,-). On the other hand we can give N

W—manifold coming from the homeomorphism N ~ Rn(n;l) , but,

the structure of a smooth

as remarked in Example 2.11, this is not a (Lie) group homomorphism, unless n < 2.

Example 3.10 Let V' C R” be a k-dimensional linear subspace, k < n, and let {y1,...,y,} be
a basis of R" such that {y1,...,yx} C {y1,--, Yk, Yk+1,---Yn ) is a basis of V. With our choice

of basis we have:

Stabgr,m,r) (V)
:={g € GL(n,R) : gV C V'}

A B
:{<0 C> € GL(n,R) : A € GL(k,R),C € GL(n— k,R), B eMkX(nk)}.

This is again a Lie group whose underlying manifold is diffeomorphic to GL(k,R) x GL(n —

k,R) x R¥*(=F) - Ag in the previous example, this diffeomorphism is not a group homomorphism.

- o
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Definition 3.2. Lie group homomorphism

A Lie group homomorphism is a group homomorphism between Lie groups that is also

smooth. &

We will often write simply homomorphism if there is no risk of confusion.

It is easy to verify that all of the above examples are Lie groups. This is either because there is
an easy identification, as manifolds, to another Lie group, or because any open subset of a smooth
manifold is a smooth manifold with the induced structure. To treat other cases it will be useful to

have the following:

Theorem 3.1. Regular submanifold

Let G be a Lie group and H < G a subgroup that is also a regular submanifold. Then H is

a Lie group with the induced smooth structure.

Q©

The proof of the theorem boils down do the fact that restriction of a smooth map in R" to a

coordinate plane is again smooth.

Let M, M' be smooth manifolds, N C M a regular submanifold, and f: M' — M a

smooth map such that f(M') C N. Then f: M' — N is also smooth. v

Remark [1, Remark 6.8] If N is not a regular submanifold then the lemma does not hold. For
example consider the setting of the Example A.2 and consider a map f: (—1,1) — N such that
f(0) = 0 that sends the interval (0, 1) into the right upper branch of the arc with the clockwise
orientation and the interval (—1, 0) into the lower left branch with the counterclockwise orientation.
Then f is smooth as a map into M = R2, but it is not even continuous if thought of as a map

f:(=1,1) — N as the image of [0, 1/2] is disconnected.

.

M\=L‘l.l) ‘c N\ Nemn=g?

N /N
N

N
e %

Then f is smooth as a function in A/ = R? but not even continuous as a function in N.

= =D
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(Proof of Lemma 3.1)

Letp € M’ and f(p) =: q € N. If (U, ) is a coordinate neighborhood around ¢ as in
Definition A.13, then if m = dim M > n = dim N, we have o(U) = (—¢,¢)™,¢o(q) =0 € R™
andUNN={ycU: oy =W, . Yn0...,0)}. If (V,4) is a coordinate neighborhood
around p such that f(V) C U and zy,. ..,z are local coordinates in (V1)) for M’, then the
expression of f: M’ — M in local coordinates is:

(pofoq/)fl(xl’”,’xk) = (fl(x)v"‘7fn(x)707"‘70)‘

x

However the expression of f: M’ — N in local coordinates is

‘Pofowil(xlv"wmk) = (fl(x)77fn(x))7

that is the same expression followed by the projection R"+(m~") _ R™ Since f is smooth, the

proof is complete. 0

(Proof of Theorem 3.1) Since H < G is a regular submanifold, H x H C G x G is also
a regular submanifold. Therefore m: H x H — G is a smooth map taking values in H, hence

m: H x H — H is also smooth, by Lemma 3.1. Similarly, inversion is smooth. O

A very convenient way of determining whether a subset of a smooth manifold is a regular

submanifolds is by using the Inverse Function Theorem:

= =D
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Theorem 3.2. Inverse Function Theorem
Let M, M’ be smooth manifolds of dimension m and k respectively, and let f: M — M’

be a smooth map such that its rank is constant on M, say vk f = . Then for any q € f(M),

f~Y(q) € M is a closed regular submanifold of dimension m — I. O

Remark Recall that the rank of a smooth map f: M — M’ at a point p € M is
(rk f), == rkdf, = dim(Imdf},) .
If f: M — M’ is a diffeomorphism, then the differential d,f at any point p € M is an
isomorphism and hence (rk f), = dimM = dim M’. The rank assumption in the Inverse

Function Theorem is essential: in fact for example any closed subset of R" is the set of zeros

of a smooth function R™” — R.

The proof is a straightforward application of the rank condition, which gives the defining

property of a regular submanifold.

Proof

Letq € f(M)and set N := f~!(q) C M. Then N is closed. Now let p € N. Since rk f is
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constant there exist coordinate neighborhoods (U, ¢) for p and (V) for g such that:

I. o(p) =0¢€ R™andy(q) =0 € R¥;

2. QO(U) = (_875)7” and ¢(V) = (_€>5)k;

3. %o fop Hay, ..., on) = ((fi(2),..., fi(x),0,...,0).
This means that the points in U that map onto ¢ (that is, the points of U N N) are exactly those
whose first / local coordinates are 0. So

NNU=¢ (Yo fop ) H0)=p '({z € (—5,8)" 101 =-- =z = 0}).

Thus N is a regular submanifold of M of dimension m — I. 0
Example 3.11 We want to show that SL(n,R) = {4 € GL(n,R) : det A = 1} = det™!(1)
is a Lie group, where det: GL(n,R) — R* is the usual determinant map. Since SL(n,R) is
a group and det is smooth, by Theorems 3.1 and 3.2 it suffices to check that the rank of det is
constant. Given X € GL(n,R), denote by Lx : GL(n,R) — GL(n,R) the left translation by X,

Y — XY and similarly, given z € R*, by I,,: R* — R* the left translation by x, t — xt. Notice
that they are both diffeomorphisms.

Now let A € GL(n,R) and let a := det A € R*. The diagram
GL(n,R) —%t R+
e

GL(n,R) — R
is commutative, so that det = [, o detoL, -1. By the chain rule, since L, -1 and [, are
diffeomorphisms, for every X € GL(n,R)

rkx det = rk 41 x det

which is hence independent of A. By choosing A = X, we obtain rk dx det = rk d; det for all
X € GL(n,R). This shows that the rank is constant.

One can verify that d; det = tr, the usual trace map R"*" — R, and deduce that SL(n, R) is
a Lie group of dimension (n? — 1). (Exercise 2.).

Example 3.12 We consider now the orthogonal group O(n,R) = {4 € GL(n,R) : tAA = I},
where ¢ A is the transpose of A. If f: GL(n,R) — GL(n,R) is defined by f(X) = {X X, then
O(n,R) = f~1(I), so that, using again Theorems 3.1 and 3.2, it suffices to check that the rank of

- o
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f is constant. We can show this in a way similar as for SL(n, R). In fact
FXA™T) = (A X)XA™ = Lug1y0 Ry-1 0 f(X),
so that f = La-1y0 Ry—1 0 f o Ra. Just like before we can show that tkx f = rkya f is

independent of A and hence, taking A = X ! it is constant and equal to rk; f.

Otherwise we could have computed the derivative directly:
d

dxf(Y)= —
xf(Y) 15

_ 4
ds

HX 4+ sY)(X +sY) =
s=0

(XX +s'XY +s'VX +s2YY)=!XY + 'Y X.
s=0

In particular
dx f(XT'Z)="X(XT'Z2)+ (X' 2)X ='X'X'Z+'ZX'X =Z+"'Z =d; f(2),
thus independent of X.

To compute the dimension of O(n,R) we could use again Theorem 3.2, so that we need to

compute rk; f. We just saw that
d[f: ]Rnxn N Rnxn
X - X+'X,

that is Im d; f consists of the symmetric matrices. Since a symmetric matrix is determined by its

upper triangular part, the dimension of the imageis 1 +24---4+n = w As aresult O(n,R)

2 _ n(ntl) _ n(n—1)
2 2

is a regular submanifold of GL(n,R) of dimension n

We will later show the following powerful theorem:

Any closed subgroup of a Lie group is a Lie group.

3.2 General Facts About Lie Groups and Lie Algebras

Let M be a smooth manifold. We denote by C°>°(M ) the space of smooth R-valued functions
on M.

- o
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Definition 3.3. (Linear differential operator)

A linear operator D: C*°(M) — C°°(M) is called a linear differential operator if:
1. For any open set U C M, and any smooth function on M with support in U, the
support of D(f) is in U, that is, D preserves the support of functions.
2. If U is an open set diffeomorphic to R", then, under identification with R"™, D takes
on U the form of a usual differential operator. Namely if f € C°°(M) with support
inU, then

o]
D(f) = Z gaDaf: Z gaL

amal 000 8:1:0471 ’
|la|<k o<k

where go, € C°(M), o = (a1, ..., 0p) € (NU{0})", n = dim M and |a| = Y au.
i=1
The order of a differential operator D is ord(D) := max{|«a| : go # 0}. It can be verified

that the order of a differential operator is independent of the choice of charts.

&

The space DiffOp(M) of linear differential operators on M is an algebra with composition as
a product, which satisfies ord(D; Ds) < ord(D1) 4 ord(Ds).

We are now going to look at a notable vector subspace of DiffOp(M), show that it is not a
subalgebra and give it some weaker but essential structure. We will also see that one can do this

abstractly.
We denote by Vect (M) the space of smooth vector fields on M (See Definition A.11).

If U C M isopen and f € C°°(M) with support in U, then X f, defined as above, has also
support in U. One can show that applying a vector field to a function at a point amounts to taking
the derivative of that function in the direction of the vector field at that point. It follows that vector

fields can be thought of as differential operators.

Proposition 3.1

There is a bijection between Vect (M) and first order linear differential operators on M that

vanish on constant functions.

)

If X,Y € Vect(M), then in general ord(XY') = 2, so XY is not a vector field. Hence
Vect(M) is a vector subspace of the algebra DiffOp(M), but not a subalgebra. On the other
hand XY — Y X is a vector field, since it vanishes on constant functions and ord(XY — Y X) =
ord(X)+ord(Y)—-1=1.

We want to give another structure to Vect(M ), and we will view vector fields as derivations.

= =D
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It is convenient now to look at the abstract setting of which this will be an example.

Definition 3.4. Derivation

Let K be a field, and let A be a K-algebra (not necessarily associative). Let

End(A) :={0 : A — A preserving the K — module structure}
={6:A—=A:(a+b)=06(a)+0(b) and
d(Aa) = No(a) forall a,b € A, \ € K}
An element § € End(A) is a derivation of A if
d(ab) = 6(a)b+ ad(b)
forall a,b € A. We denote by Der(A) the set of derivations of the K-algebra A.

)

Example 3.13 The example to keep in mind is A := C°°(M). In fact, the space of smooth
functions on M form an R-algebra, and vector fields are derivations of C°°(M) because of the

Leibniz rule.

We want to give the set of derivations some structure. Let 1,02 € Der(A). Then 6; + d2 €
Der(A) and A\6; € Der(A) for all A € R. Therefore Der(A) is a vector subspace of End(A).
However it is not a subalgebra with the product defined as the composition, since d1d2 is not

necessarily a derivation. In fact:

51(52(&()) = (51((52(&)1) + Q(SQ(b)) =
= (51(52(&)1) + (52(@)51 (b) + (51(0,)52(b) + a(51(52(b).

But then

(8102 — 8201)(ab) = 8102(a)b + d2(a)di(b) + 01(a)da(b) + adid2(b)+
561 (a)b — 51(a)5a(b) — Ga(a)Si(b) — adsdy(b) =
— 6162(a)b + ad185(b) — 6261 (a)b — abady (b) =
— (6162 — 6261)(@)b + (5155 — 6261)(b).

Hence (6102 — d201) € Der(A). Let us introduce a notation for this: we define the bracket on

- (<t
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Der(A) as follows:
[+, -]: Der(A4) x Der(4) — Der(A)
((51, (52) — [51, 52] = (5152 — (5152 .

The following properties are then immediate to verify. If d1, d2, d3 € Der(A),

1. [, -] is bilinear.

2. [51,52] = —[52,51].

3. [617 [527 53“ - [[517 62]7 (53] + [527 [517 53]]

Recalling that Der(A) is only a vector space and not an algebra, we can extrapolate these

properties and define a new algebraic structure on any vector space.

Definition 3.5. Lie algebra

A Lie algebra g over a field K is a K-vector space with a bilinear map [-,-]: g X g — ¢

satisfying the following properties for all X,Y € g:
1. [X,Y]=-[Y, X]
2. 1 X,[Y, Z)] = [[X,Y], Z] + [Y, [X, Z]] (Jacobi identity).

&

The bracket is a sort of multiplication that is not associative. If it were, we would have
[X,]Y, Z]] = [[X,Y], Z], instead of the Jacobi identity.
Notice that the Jacobi identity is nothing but the defining relation of the derivationdx : g — g,
defined by
ox(Y):=[X,Y].
where now we are thinking of a derivation of a Lie algebra (hence with respect to the Lie algebra
operation [ -, -]) rather than of the derivation of an algebra (see § 4.1).
Example 3.14
1. Any associative algebra is a Lie algebra with [a, b] := ab — ba.
2. Vect(M) is a Lie algebra with [ X, Y],,,(f) = X;pn (Y f) — Vi (X f).
3. Any vector space V' is a Lie algebra with the bracket [v, w] = 0 for all v,v € V.

Definition 3.6. Abelian Lie algebra

A Lie algebra g is called Abelian if [ X, Y] =0 forall X,Y € g.

4. The vector space R™*™ of real n x n matrices is a Lie algebra with [A, B] = AB — B A (this
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is a special case of the first item).

5. Let V be a two-dimensional vector space with basis {v, w}. Then we can define a bracket
on the elements of the basis by [v,v] = [w,w] = 0, [v,w] = —[w, v] = w and extend it by
linearity to obtain a Lie algebra.

6. R? with the cross product is a Lie algebra.

7. Let V be a three-dimensional vector space with basis {u, v, w}. Define a bracket on the

elements of the basis by:
[u,u] = [v,v] = [w,w] =0, [u,v] = w, [u,w] = —2u, [v,w] = 2v;

and extend it by linearity to obtain a Lie algebra. A matrix realization of this Lie algebra can

be obtained by setting

{0 () )

Related to the notion of Lie algebra there is also the notion of Lie subalgebra.

Definition 3.7. Lie subalgebra

Let g be a Lie algebra. A vector subspace b C g is a Lie subalgebra if [ X, Y] € h whenever

X,Y €. a

Remark Just like the concept of Lie algebra is weaker than the concept of algebra, the concept of

Lie subalgebra is weaker than the concept of subalgebra.
Example 3.15
1. DiffOp(M) is an associative algebra (hence a Lie algebra) but we saw that Vect(A/) is only
a Lie subalgebra and not a subalgebra:

Vect(M) C DiffOp(M) C End(C™®(M)).
H_/ Vv
Lie subalgebra subalgebra algebra

2. In general Der(A) C End(A) is a Lie subalgebra but not a subalgebra.

Definition 3.8. Lie algebra homomorphism

Let g, b be Lie algebras. A Lie algebra homomorphism ¢: g — 0 is a linear map such that

[p(X), o(Y)]p = ¢([X, Y]g)
forall X,Y € g.
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Example 3.16 Let f : M — M’ be a diffeomorphism. Define f.: Vect(M) — Vect(M') by
(f*X)m’ = (df_l(m’)f)Xf—l(m’)' (31)

In other words, f.X is the only vector field that makes the following diagram commute:

df

T™ TM'
X f«X
M : M

Then it can be checked that f, is a Lie algebra homomorphism, that is f.([X,Y]) =
[f+(X), f«(Y)] for all X,Y € Vect(M). See the Remark after Corollary 3.3 for a further

discussion.

3.3 Invariant Vector Fields: the Lie Algebra of a Lie Group

Definition 3.9. Smooth action

A smooth action of a Lie group G on a smooth manifold M by diffeomorphisms is a group

homomorphism G — Diffeo(M) such that the map
GxM—M

(g,m) = gm

is smooth. &

If G acts on M, then there is an induced action on Vect(M) and hence a homomorphism
G — End(Vect(M)): g — g« to the space of linear operators of the vector space Vect(M),

where g, is defined as for a general diffeomorphism in (3.1), namely (g+ X )m = dg-1,,9X g1,

Definition 3.10. Invariant vector field
We say that the vector field X is invariant if g.X = X for all g € G. We denote by

Vect(M)C the space of invariant vector fields.

L]

We saw in Example 3.16 that if f € Diffeo(M), then f, € L(Vect(M)) is a Lie algebra
homomorphism. Thus, for g € G, g, is also a Lie algebra homomorphism; that is, g.([X,Y]) =
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[9+X, g.Y]. If moreover X,Y € Vect(M)®, then
g«([X,Y]) = [9: X, Y] = [ X, YT;

and so [X, Y] € Vect(M)Y. Thus we have proven the following:

Invariant vector fields form a Lie subalgebra of Vect(M). O

We want to understand better Vect(M)%.

Proposition 3.2

If G acts transitively on M and mo € M, the evaluation map E,,,: Vect(M)® — T, M
is injective and linear. Thus Vect(M )G is identified with a linear subspace of T, M and

is hence finite-dimensional. o

Remark We recall again that G acts transitively on M if for all m,m’ € M there exists g € G
such that gm = m/. For example if M = G, then G acts transitively and freely on itself, that is
the stabilizers of the action are trivial. However, if the element g € G such that gm = m’ is not

unique, then there are non-trivial stabilizers G,,, = {g € G : gm = m} # {e}.

Proof The evaluation map E,,,, X — En(X) 1= Xy, € Thno M is clearly linear. It is defined
on all of Vect(M), but it is injective only on Vect(M). In fact, let X, Y € Vect(M )% be such
that X,,, = Yi,,. Let m € M, and let g € G be such that gmg = m. Then:
Xm = (0+X)m = dg1,9X -1, = dinggXmo;
Yin = (0« )m = dg19Yy-11 = ding 9Ymy-

Since X,,, = Yy, it follows that X,,, = Y},,. Since m was arbitrary, X =Y. ]

If G acts transitively on M, then Vect(M)© is a finite-dimensional Lie algebra.

An important case of transitive action is the one above, where M = G.

Definition 3.11. Lie algebra of a Lie group

Let G be a Lie group. Then the Lie algebra of G, denoted by g (or L(G) or Lie(Q)) is the
Lie algebra of left invariant vector fields on G. &

We want to identify Vect(G) better. So far we know that the evaluation map E,
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Vect(G)¢ — T.G is injective, where e € G is the identity.

Proposition 3.3

The evaluation map E, : Vect(G)® — T.G is bijective.

We shall see in § 3.4 how much structure this bijection preserves.

In view of Proposition 3.2 we only need to show that F is surjective. Given A € TG, we

extend A to the whole group by invariance. Namely, we define Ace Vect(G)“ by

Ag = ((Lg)A)g = dLglng(ALglg) = deLg(A);

where L, : G — G is the left translation diffeomorphism on G. O
For a general transitive action of G on a manifold M, it is not true in general that there is a

unique element g such that gmg = m. Then the statement of the previous proposition needs to be
modified a bit.

We saw that associated to an action of G on M there is an action of G on Vect(M ). Now we see
that there is also another action, the isotropy representation. If my € M and Gy, is the stabilizer in
G of my, then G, acts on Tj,,, M. In fact, if g € Gy, then dp g 2 Ting M — Tgg M = Tppg M
is a bijective linear map, so that it defines a homomorphism:

p: Gy — GL(TyoM) : g — dpyg.

Denote by T},, M P(Gmo) the G, -invariant vectors in 7}, M, that is the vectors v € T;,,, M such

that p(g)v = dyegv = v forall g € Gp,.

Proposition 3.4

If G acts transitively on M, there is an identification E,,, : Vect(M)% — Tp,o M P(Gmg),

By definition, if X € Vect(M)%, then Ep,(X) = Xong € Ty MPGmo). To find the
inverse, let v € T,,, M P(Gmo) and, given m € M, let g € G be such that gmg = m. Define then
X = dpmogv € T, M. To see that this is well-defined, let ¢’ € G be such that ¢'mg = m, so
that =g’ € G,,,. We need to see that dy,,gv = dpyg'v, that is that v = (dyneg) ™ (dmeg')v =
dumo (9~ 1g")v, which holds true since g~'¢' € Gy, and v € Ty, MPGmo), O

Example 3.17 We saw in Example 2.27 that SO(3,R) acts transitively on S?, SO(3,R)es =
S2. Moreover the stabilizer of ez can be identified with SO(2,R). Thus Vect(S52)SOGR) =

(T, 52)p(50(27R)). However, identifying the tangent plane at es with the xy-plane, one sees that
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the action of SO(2, R) is by rotations. Thus the only tangent vector at e that is invariant under the
isotropy representation is the zero vector, hence there are no SO(3, R)-invariant vector fields on

S2, and no O(3, R)-invariant vector fields on S2.

3.4 Characterization of the Lie Algebra of a Lie Group

Let G be a Lie group. We defined its Lie algebra g as Vect(G)“ with the bracket operation.
Since Vect(G)® = T.G by Proposition 3.3, we want to endow 7.G with a bracket operation so

that this vector space isomorphism is a Lie algebra isomorphism.

If G = GL(n,R), then tangent space 77 GL(n,R) is isomorphic as a vector space to R"*".
However R"*" is an algebra with the usual bracket [A, B] = AB — BA (Example 3.14), which

thus induces a bracket on 7.G.

Proposition 3.5

The vector space isomorphism R™ "™ = Ty GL(n,R)) — Vect(GL(n, R))SM™R) is g Lie
algebra isomorphism, where the bracket in Tt GL(n, R) is the one coming from the algebra

structure on R, o

The Lie algebra gl(n,R) of GL(n,R) is isomorphic to R"*"™ with the usual bracket of

matrices.

If A e R, let Ay € Tr GL(n,R) be the matrix A thought of as a tangent vector
at I € GL(n,R), and let A € Vect(GL(n,R))GL("R) be the invariant vector field obtained by
spreading A; around using invariance:

R™" =~ T;GL(n,R) % Vect(GL(n,R))CL(WR)
A <~ Ag — A '
We want to show that f([A, B]) = [f(A), f(B)], that is:

—_—~—

[4,B] = 4, B] (3.2)
where [A, B] is the bracket in R”*™ and [A, B] is the bracket in Vect(GL(n, R))GHR),

First reduction. The equality (3.2) must hold everywhere on GL(n, R). However Vect(GL(n, R))GH(R)

—_—~—

is a Lie algebra, so that the bracket of two invariant vectors is invariant. Thus [A, B] and [A, B]
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are both invariant vector fields, and hence it suffices to prove the assertion at the identity, that is:

P

([4, B)); = ([A, B));. (3.3)

Second reduction. To show the equality (3.3) in 77 GL(n,R) it is enough to show that if

A: Ty GL(n,R) — R is a linear functional, since linear functionals separate points, then

P

M([A, B))1) = M([A, B));). By our correspondence, if X € T; GL(n,R), then (X); = X,
so we need to show that A([4, B]) = A([4, B];). But [A, B] is the bracket in R"*", hence it is

enough to show:

M[A, B];) = M(AB) — A(BA). (3.4)

If L: R™ — R is a linear map, then its derivative dL: TR™ — TRF is such that for
every z € R™, d,L: T,R™ — Ty (,yR¥ can be identified with d,L: R™ — R* and in fact with
L: R™ — R¥. In other words the map

R® — End(R™,RF)
T d;L
is constant and identically equal to L.
We can hence think of L as its own derivative.
Third reduction. Given A: 77 GL(n,R) = R"*" — R, then
MIA, B]r) = diM([A4, Br) = [4, Bli(A) = Ar(BO)(I) = Bi(A(N)(T).
By putting this together with (3.4), we are left to show that
MAB) — A(BA) = A(BO)(I) = B(A(N))(1)-
We will show that A\(AB) = A;(B())), which concludes the proof.
. ~ - 1) - 2) =
A(BO) = Arlg = By) © Ay = (diLg) Br(N) E Arlg = (dgN)(diLy) Br)
N 3) ~ ~ 4
= Ai(g = di(ho Ly)Br) € Ai(g = (Ao Ly)(B)) = Ar(g = MgB)) & A(AB),
0l

where we used

— in (1) that B is invariant;
— in (2) the interpretation in (A.1) of the action of the vector field (d;Lg4)B; on the function A;

— 1n (3) the above remark, and

= =D




3.4 Characterization of the Lie Algebra of a Lie Group -62 -

— in (4) the fact that the map F': g — A(gB) is linear in g for a fixed B and hence, again using
the above remark and since A; = a,, A;(F) = d;F(A;) = F(A;) = \(AB).

We want to find now a way of identifying the Lie algebra structure of a Lie subalgebra of
gl(n,R). We want to see that, in fact, even for a subalgebra of gl(n,R), we can use the matrix

bracket.

Proposition 3.6

If p: G — H is a Lie group homomorphism, then d. : g — b is a Lie algebra

homomorphism. o

Ifi: G — H is ain injective smooth homomorphism of Lie groups, then dei: T.G — T H

is an inclusion of tangent spaces that defines a Lie algebra embedding g — 1.

It follows that if H < GL(n,R) is a Lie group, then the bracket on § is the one coming from
gl(n,R).

In order to prove the proposition we need some preliminary remarks:

1. The differential is a local definition in the following sense. Let M, M’ be smooth manifolds
and p: M — M’ a smooth map. If X € Vect(M), then in general dp(X) does not define
a vector field on M’. In fact ¢ (M) might not be the whole of M’. However even if it were,
dpp(X,) is a tangent vector at p(p) that is however not necessarily uniquely defined, if for
example there exists ¢ € M such that p(p) = ¢(q) but dpp(X,) # dep(X,). We say
that X € Vect(M) and X' € Vect(M') are p-related if X' o ¢ = dp o X, that is if
X;(m) = dpnp(Xy,) forallm € M:

™ — %y

X s X

M ? M’
It is easy to verify that if X; € Vect(M) is p-related to X| € Vect(M'), for i = 1,2, then
[ X1, Xo] is ¢-related to [ X1, X}]. (Exercise 4.)

- o
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Of course, because of Proposition 3.6, the above remark does not apply to homomorphisms

between Lie groups and to left invariant vector fields. In fact we record the following fact:

Let G, H be Lie groups with Lie algebras Lie(G) = g and Lie(H) = bh. Let
p: G — H be a Lie group homomorphism. Then the left invariant vector fields
defined by X € g and d.p(X) € b are p-related for all X € g.

So the property of being (-related is in some sense a generalization of the property of being
left invariant, in the sense of the following remark.

2. A vector field X € Vect(G) is left invariant if and only if it is L4-related to itself. In fact,

X is Lg-related to itself <= X o Ly =dLy0X <= X o Ly(h) =dLy(X)(h)forallh € G

< Xy =dpLyXpforallh € G <= X is left invariant .
3. If p : G — H is a homomorphism, then for all g, h € G we have ¢(gh) = p(g9)¢(h) =
©(Lgh) = Ly p(h) and so g o Ly = L4 o ¢ forall g € G.

[Proof of Proposition 3.6]) We use the notation X := dp(X). It will then be enough to
show that X and X are p-related. In fact, by 1. we have that [X, Y] and [X, Y] are ¢-related, that
is

dpo [X,Y] =[X,Y]op = [dp(X),dp(Y)]op.
This is true at every point g € G and in particular at ¢ = eg. Since p(eg) = ep, the assertion
follows. So we only have to show that X and X are -related, that is Y@(g) = dgp(X) for all

g € G. But

~ ) -
X@D(g) = deHLw(g)XeH = deHLw(g)deG‘P(Xec)

3
= dec (ch(g) ° SO)(Xec) = deG (90 ° Lg)<XeG)

= dgp(X)(9),

where we used in (1) the fact the invariance of X, in (2) its definition and in (3) 3.. ]
We can now compute some Lie algebras.

Example 3.18 SL(n,R) = {g € GL(n,R) : det(g) = 1}. Soif v: (—&,&) — SL(n,R) is
a smooth curve, then det((¢)) = 1, and so % det(v(t)) = 0. If moreover + is chosen so that
v(0) = I, and so 7/(0) € Ty SL(n,R) = sl(n, R), then by the chain rule and by Exercise 4.:

0= % dety(t) = d.,(g) det+'(0) = d; det7/(0) = tr(v/(0)).
t=0
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Thus sl(n,R) C {A € gl(n,R) : tr(4) = 0}. But since dimsl(n,R) = dim{A € gl(n,R) :
tr(A) = 0} = n? — 1, then equality holds.

In many cases it will be useful to have the following:

Let A, B: (—e,&) — R™ ™ be smooth curves and let us define p(s) := A(s)B(s) C R™*".
Then

¢/(s) = A'(s)B(s) + A(s)B'(s).

[Hint of the proof] Write in coordinates and mimic the proof of the product rule for R-valued

functions, where one uses only that R is an algebra and not necessarily a commutative one. O

Example 3.19 O(n,R) = {g € GL(n,R) : tgg = I}. If y: (—&,e) — O(n,R) is a smooth
curve then ty(s)y(s) = I. If v(0) = I, then

d
== (9()7(5)) = (0)7(0) +"(0)7'(0) = "'(0) +~'(0).
s=0
Thus Lie(O(n,R)) = o(n,R) C {4 € gl(n,R) : YA + A = 0} is the space of skew-symmetric

matrices. As before, by checking the dimensions one sees that this is an equality.

0

-I, 0
Example 3.20 O(p,q) = {g € GL(n,R) : gJlg = J}, where J = ( Op I) . Let
q

v: (—¢g,e) = O(p, ¢) be a smooth curve with v(0) = I. Then with the same procedure as above
one concludes that Lie(O(p, q)) = o(p,q) = {A € gl(p + ¢,R) : AJ + J'A = 0}. If we write

matrices in block form we deduce that

o(p,q) = { (0(?:4]1%) o(jR)) cAisap x g matrix} )

3

1 * 0 *
Example 3.21 N; = € GL(n,R) p,thenn; = € gl(n,R)
0 1 0 0
A1 0 A1 0
Example 3.22 Ayt = t A #0 p,thenage; = N ER
0 An ) 0 An

Example 3.23 Let U(n) = {4 € GL(n,C) : A'A = I} be the group of unitary matrices. Then
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u(n) = {A € gl(n,C) : A+'A =0}, the group of skew-Hermitian matrices.
Example 3.24 If

Sp(2n,C) = {A € GL(2n,C) : "AFA = F},
0

I,
where F' = ( 0 ), and Sp(2n,R) = Sp(2n,C) N GL(2n, R), then

sp(2n,C) = {A € gl(2n,C) : "AF + FA = 0} (3.5)
and sp(2n,R) = sp(2n,C) N gl(n,R).

We just proved that if ¢ : G — H is a Lie group homomorphism, then dp : g — b is a Lie
algebra homomorphism. In order to have a correspondence between Lie groups and Lie algebras
that is as complete as possible, we would like to have the converse of this statement. However,
given a Lie group G we have defined its Lie algebra g, but we have not proven that given a Lie
algebra g there is a Lie group G that “integrates” g (that is such that Lie(G) = g). So the converse

of Proposition 3.6 entails two different questions:

1. Given a Lie group G with Lie algebra g and given a subalgebra b C g, is there a “subgroup”
H < G such that Lie(H) = §?
2. If G, H are Lie groups and 7: g — b is a homomorphism of their Lie algebras, does there

exists a Lie group homomorphism ¢: G — H such that d.p = 7?

Definition 3.12

If g,b are Lie algebras, the product g X b has the Lie algebra structure defined by

[(le}/i)a (XQaYVZ)] = ([X17X2]7 [YhYQ])forall X1>X2 €g and all Ylayé € b &

Example 3.25 Let G = T? = S! x S'. Since R? — T? is a covering map, g = Lie(G) =
T0T2 :T()R2 =R x R.
I. Leth = R ~ {0} x R. It is immediate that b is a Lie subalgebra of g and if i: S* — T?

is defined as i(S1) := {0} x S, then Lie(i(S')) = h. (In this case we do not even need
Definition 3.12 as g is Abelian and hence the bracket is trivial. See Corollary 3.6.)

A

- D




3.4 Characterization of the Lie Algebra of a Lie Group - 66 —

2. Leth = {(z,y) € R?: y = v2z}. Let o: R — T2 be defined as ¢(t) = (¢, ¢/V2). Then
¢ is an injective smooth homomorphism such that o(R) =: H is a subgroup of T? with Lie

algebra .

u

It is clear that we cannot expect that the subgroup H will be more than an immersed

submanifold. In fact we have:

If G is a Lie group with Lie algebra g and ) C g is a Lie subalgebra, then there exists a

unique immersed connected Lie subgroup H < G with Lie algebra b.

The proof will rely on Frobenius’ Theorem, which we introduce with an example.

If M is a smooth manifold, p € M and X € Vect(M), the theorem of existence
and uniqueness of solutions of ODEs assures that there exists an ¢ > 0 and a smooth curve
Yp: (—€,€) — M such that 7,(0) = p and v, (t) = X, () forall € R. The curve 7, is called
integral curve of X, it is an immersed submanifold and has the property that its tangent space is

spanned by X.

Suppose instead now to have two vector fields, X, Xo € Vect(M) and to look for a surface
whose tangent space at every point is spanned by X; and X5. Now this amounts to solving a linear
system of PDEs and a solution in a neighborhood of a point p € M will be a surface whose tangent
space at every point ¢ € M “close enough” to p is spanned by X; and X5. One possible way of
finding such a surface is to consider the integral curve 71, of X7, move along such a curve for a
small amount of time, then move along the integral curve 7, ;, of Xs. If such a surface exists, its
tangent subspace at g will certainly contain X9, but will have lost memory of X;. Likewise, we
could have started following first X and then X; and now the tangent space to this hypothetical
surface will contain X and will have lost memory of X5. It is clear that X; and X9 must satisfy

some relationship if we want the surface and its tangent space to be defined.

- o
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Definition 3.13. Distribution

1. Let M be a manifold of dimension n + k and for each p € M consider an n-

dimensional subspace D,, C T,,M. Suppose that in a neighborhood U of any point
p € M there are n linearly independent smooth vector fields X1, ..., X, that give a
basis of Dy for all ¢ € U. We then say that D is a smooth distribution of dimension n
on M and that X1, ..., X, is a local basis of D.

2. We say that a distribution is involutive if there exists a local basis X1, ..., X, of D
such that [ X;, X;] € D forall1 <i,j <n.

3. If D is a smooth distribution and p: N — M is a one-to-one immersion, we say that
¢(N) is an integral submanifold of D if dypTyN C D).

4. We say that a distribution D on M is completely integrable if through each point in

for all

)

M there is an integral submanifold ¢ : N — M such that dy,pT,N = D,

p € N.

From the above discussion it should be clear that finding conditions for the existence of integral

submanifolds amounts to finding conditions for the existence of solutions to linear systems of PDEs.

Proposition 3.7

Any completely integrable distribution is involutive.

)

Example 3.26

I.IfM =R" x RFand X; = 8%1- fori =1,...,n,then D = {X,..., X, } is an involutive
distribution.

2. The Lie algebra b of a Lie subgroup H of a Lie group G defines a left invariant involutive
distribution.

3. All distributions on a two-dimensional manifold are involutive. However in higher dimension

most distributions are not involutive. For example on R3 the distribution D = {8%, 6% +
9 ; : : : 9 9 o9 _ 0
J}&} is not involutive since [ach oy +z5;| = 5,

Frobenius showed that being involutive is not only a necessary condition but also a sufficient

one.

A smooth distribution D on a manifold M is completely integrable if and only if it is

involutive.

If the distribution has dimension 1, then this is nothing but the theorem on existence
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(and uniqueness) of solutions of a PDE. In this case an integral curve is an integral manifold. In
dimension one however the necessary condition of being involutive is automatically satisfied since
[X, X] = 0 for any vector field X.

Definition 3.14. Maximal integral submanifold

A maximal integral submanifold N of an involutive distribution D on a manifold M is a

connected integral manifold of D whose image in M is not a proper subset of any other

connected integral manifold of D. In other words, it is a connected integral manifold that

contains any connected integral manifold with which it shares a point. &

Given an involutive distribution on a manifold M and a point p € M, there exists a unique

maximal integral manifold through p.

For a proof of this and of Frobenius’ Theorem, see for example [11].

Existence follows from the fact that in the Frobenius Theorem one can show that if the n-
dimensional distribution is involutive and p € M is a point through which the integral manifold
passes, then there exists a coordinate neighborhood (U, @) with U = (—¢,)"** centered at p,
such that the integral manifold has shape x; = constant for n < i+ 1 < (n + k). One uses this
coordinate neighborhood and the fact that M is second countable to patch the local “slices” of the

integral manifolds to show the existence of a maximal one.

Recall from Lemma 3.1 that if a smooth map takes values in a regular submanifold N of a
manifold M, then the same map thought as a map to N is also smooth. The same statement can

be made for integral sumbanifolds of an involutive distribution.

Proposition 3.8

Let D be an involutive distribution on M and let N be a maximal integral submanifold. If
f: M — M is a smooth map and f(M') C N, then f: M' — N is also smooth.

[
Adapt the proof for regular submanifolds in Lemma 3.1 (Exercise 5.). O
We can finally prove Theorem 3.4.
Let X1, ..., X, beleftinvariant vector fields that form a basis for fj. Since h is a Lie algebra,

every X € b defines a G-left invariant vector field on G. Thus the distribution D = {X,..., X, }

is involutive and invariant under left translation by G. It follows that if IV is an integral manifold
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of D, then Ly(N) is also an integral manifold of D for all ¢ € G. Let H be the unique maximal
integral manifold through e. If h € H, then L;-1h = e hence both H and L;-1 H are maximal
integral manifolds through e. By uniqueness L,—1H = H and so h~'h’ € H for all b’ € H,
that is H is a subgroup of (G, as well as an immersed submanifold. Moreover since the maps
Hx H — G, (h,h) — hh' and H — G, h ~ h~! are smooth and take values in H, by the
previous proposition the maps H x H — H and H — H are smooth as well. Hence H is a Lie
group, whose Lie algebra is h by construction. The uniqueness follows from the uniqueness of the

maximal integral manifold. 0l

One can generalize the above result.

Definition 3.15. Lie subgroup

Let G be a Lie group. We say that (H, ¢) is a Lie subgroup of G if

1. H is a Lie group;
2. ¢: H — G is an injective Lie group homomorphism;

3. @(H) is an immersed submanifold, meaning ¢ is a one-to-one immersion.

Theorem 3.7. Lie group - Lie algebra correspondence I1

Let G be a Lie group with Lie algebra g and hC g a subalgebra. Then there exists a unique

connected Lie subgroup (H, ©) of G such that do(h) = b, where by is the Lie algebra of H. O

We have however seen that the topology of a Lie subgroup does not necessarily come from the
topology of the ambient group. The following result tells us exactly when a Lie subgroup has the

relative topology:

Theorem 3.8. Embedded Lie subgroups

Let (H, ) be a Lie subgroup of a Lie group G. Then ¢ is an embedding if and only if o(H)
is closed in G. v,

We now move to the question of whether any Lie algebra homomorphism is the differential of

a Lie group homomorphism.

Example 3.27 Let o: R — S! be defined as t +— e®. Then dyp: Lie(R) — Lie(S!) is a Lie
algebra isomorphism, and so is (dgp)~!: Lie(S!) — Lie(R). If (dgy) ! were the derivative of
a homomorphism v: S' — R, then ¢(S') would be a one-dimensional compact subgroup of R.

This is impossible since the only compact subgroup of R is the trivial one. Hence (dgp)~! does
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not come from a homomorphism. It does, however, come from a local homomorphism, namely the

local inverse of .

We gave in Chapter 2 the definition of local homomorphism of topological groups. In the
category of Lie groups the definition of local homomorphism has to be modified in that they are

smooth maps (see also Theorem 3.14).

Theorem 3.9. From Lie algebra homomorphisms to local homomorphisms

1. If G, H are Lie groups and w: g — Y is a Lie algebra homomorphism of the
corresponding Lie algebras, then there exists a local homomorphism p: U — H

such that d. = .

2. If wis a Lie algebra isomorphism then @ is a local isomorphism. v

The proof of the second assertion follows immediately from the first one together with the
following easy application of the Inverse Function Theorem, that will also be needed in the proof

of the first assertion.

If p: U — H is a local homomorphism of Lie groups such that de: g — b is an

isomorphism, then @ is a local isomorphism. v

Proof Let U be a neighborhood of e € G such that ¢ is defined on U. Since d.y is bijective,
by the Inverse Function Theorem there exists a neighborhood U’ of e € G and a neighborhood
V of ey € H such that ¢ : U’ — V is a diffeomorphism. But then ¢ is a local isomorphism on
unu'. 0l

Proof [Proof of Theorem 3.9] The important point is that, since 7 is a Lie algebra homomorphism,
Graph(m) is a Lie subalgebra of g x h. Indeed:

(X, 7 (X)), (Y, 7(Y))] = ([X, Y], [(X), #(Y)]) = ([X, Y], =([X,Y])).
By Theorem 3.4 this implies that there exists a subgroup K < G x H such that Lie(K) =
Graph(7).

So far we have:

depry

Graph(7)© gxh

and

K .GxH-—2¢
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Recall that we want to have a homomorphism from G, but here we have a homomorphism 7o G.
By construction prq|x : K — G is a Lie group homomorphism and its derivative d.(prg|x) =
PrglGrapn(r) : Graph(m) — g is a Lie algebra isomomorphism. Hence, by the previous lemma,
Pra|x is alocal isomorphism, that is, there exist neighborhoods ey € W C K andeg € V C G
such that prg|w: W — V is an isomorphism. We consider then (pr¢|w)~t: V. — W, whose
derivative d.(prg|w)~': g — Graph(r) is X — (X, 7(X)), by definition.

We consider now the homomorphism pry : G x H — H and its derivative d.pry =
pry: g X h — b, which is a Lie algebra homomorphism. Then prj; o (pralw)™': V. — His

the required local homomorphism, since
deg (P © (prg|w) ™) (X) = degpry © (degpralw) ™ (X) = degpry (X, 7(X)) = (X).
O

We remark again that the local homomorphism given by the theorem comes from the

application of the Inverse Function Theorem in the previous lemma.

Any finite-dimensional real Lie algebra g is isomorphic to a subalgebra of gl(n, R) for some

n.

The proof relies on the structure theory of Lie groups that we will see in the next chapter. We

will give at that point a rough idea of the proof. Together with Theorem 3.9, this implies:

Any Lie group G is locally isomorphic to a subgroup of GL(n,R) for some n.

This result, seemingly very useful, is in practice not so. For example if we wanted to use
the matrix bracket, we would need to know what is the n such that g < gl(n,R). Moreover the
group G that we obtain might have a pretty ugly topology. However, together with the following
corollary, which is an immediate consequence of Theorem 3.9, it will tell us for example under

which conditions a Lie group can be isomorphic to a subgroup of GL(n, R).

1. If G is a connected Lie group with Lie algebra g, there exists a simply connected Lie
group G with Lie algebra isomorphic to g.

2. If two simply connected Lie groups have isomorphic Lie algebras, then they are

- o




3.4 Characterization of the Lie Algebra of a Lie Group -72 -

isomorphic.

3. Given two isomorphic Lie algebras g1 ~ go, there exists simply connected isomorphic
Lie groups éz with Lie(éi) = g;, for i = 1,2. In other words, there is a one-to-
one correspondence between isomorphism classes of Lie algebras and isomorphism

classes of simply connected Lie groups. v

Proof (1) Using covering theory it is easy to show that if G is a connected Lie group, H a
topological group and p : H — (G a covering map, then there exists a unique Lie group structure
on H such that p is a Lie group homomorphism and the kernel of p is a discrete subgroup of H.

(See Exercise 6.)

(2) Let G, and ég be simply connected Lie groups with g; ~ go. By Theorem 3.9 there is a
local isomorphism p: U — Go. Since G is simply connected, by Theorem 2.1 p extends to a
homomorphism G1 — Go. Since this is also a covering map and Go is simply connected, we have
él ~ ég.

(3) Let g1 ~ g2. By Ado’s Theorem there exists a Lie group G; (locally isomorphic to a subgroup
of GL(n;, R)) with Lie(G;) = g;, fori = 1,2. Let G; be the universal covering. By (1) and (2) it
follows that Gy ~ Go. O

We conclude now with some easy consequences of the correspondence between Lie groups

and Lie algebras.

Corollary 3.6. Abelian Lie groups and Lie algebras

Let G be a connected Lie group with Lie algebra g. Then G is Abelian if and only if g is
Abelian. ©

Proof (=) If G is Abelian, then Inv: G — G : g — ¢~ ! is a homomorphism (in fact, this
condition is equivalent to being Abelian), so d.Inv: g — g is a Lie algebra homomorphism by
Proposition 3.6. We claim that d.Inv = —Id. Assuming this (which we will verify later), for all
XY eg

—[X,Y] =dJInv([X,Y]) = [deInv(X), d]Inv(Y)] = [-X, Y] = [X,Y].
Therefore [X, Y] = 0 and so g is Abelian.

To show the claim, let p: (—e,e) — G be a path such that ¢(0) = eandlet¢)(t) := Inv(p(t)).

= =D
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Then ¢(0) = e and e = ()1 (t), so that

= G| #0000 = FO)U0) + 0 (0) = ¢10) + ¥/(0).

If ¢'(0) = X € g, then 0 = X + d.Inv(X), which concludes the proof of the claim.

0

(<) Suppose that g is an Abelian Lie algebra, that is, it is isomorphic to the Lie algebra of
R" for some n. Then G is locally isomorphic to R", that is, it is locally Abelian. But then G is
Abelian by Proposition 2.1. 7. 0l

Corollary 3.7. Classification of connected Abelian Lie groups

1. Any connected Abelian Lie group G is isomorphic to T* x R! for some k,1 > 0.
2. Any compact connected Abelian Lie group is isomorphic to T* for some k > 0.

3. Any simply connected Abelian Lie group is isomorphic to R! for some | > 0.

Proof It will be enough to prove 1. and the other two statements will follow immediately. To this
end, remark that the Lie algebra of G is isomorphic to the Lie algebra of R" for some n. Hence
by Theorem 3.9 there is a local isomorphism ¢: Uy — G for some open neighborhood Uy C R"
of the origin. Since R" is simply connected, Theorem 2.1 asserts that ¢ can be extended to a

homomorphism ¢: R" — G.

We claim that ker ¢ is discrete. In fact, since d.yp is an isomorphism, there exists a
neighborhood e € U, C G such that ¢: Uy — ¢(Uy) N U, is a diffeomorphism. Then
ker pNUp = {0} and so {0} is open in ker ¢. Since it is also closed, it is discrete. Thus there exist
x1,...,2 € ker ¢ linearly independent over R, such that ker ¢ is the Z-span of x1, ..., xx. (See
Exercise 9.) Let V be the R-span of x1, ..., z;. Thendim V' = k and we can write R" =V W,
where dim W = (n — k). Now ¢: V& W — G is surjective, because G = 6 (p(Uop) NU.)"™ by

n=1

Proposition 2.1 7. Therefore

GEVoW/kerg=V/kero®W = (R/Z)F x R"F =Tk x R**,

3.5 The Exponential Map

p. 96 Let G be a Lie group and g its Lie algebra. We introduce the exponential map of g into
G and study some of its properties. If G = GL(n, R) or one of its subgroups, then we will see that
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the exponential map coincides with the normal matrix exponential (from which the name follows).
The exponential map is probably the most important basic construction associated to g and G, as
many important results in the general theory of Lie groups and Lie algebras depend in one way or

another on the properties of this map.

Definition 3.16. One-parameter subgroup

Let G be a Lie group. A one-parameter subgroup of G is a Lie group homomorphism

p: R — G (i.e., a smooth curve that is also a homomorphism). &

Why would one-parameter subgroups exist? Let G be a Lie group with Lie algebra g, let

X € g and consider the Lie algebra homomorphism
Lie(R) — g
t—tX
By Theorem 3.9 there exists a local homomorphism that, since R is simply connected, according
to Theorem 2.1 can be extended uniquely to a Lie group homomorphism ¢x: R — G with the

property that dopx (t) = tX.

Definition 3.17. Exponential map

The exponential map of the Lie group G is defined by
expg: 9 = G

X = px(1).

PICTURE

If X € g we denote by X € Vect(G)C be the left invariant vector field with X, = X

Proposition 3.9. Properties of the exponential map

Let G be a Lie group with Lie algebra g and let X € g.

1. @x is an integral curve of X and the only one for which px (0) = e.
More generally, Lypx : R — G is the only integral curve of X that goes through g at
0. In particular left invariant vector fields are always complete (that is, their integral
curves are defined for all t € R).

2. exp(tX) = px(t) forallt € R and hence t — exp(tX) is the unique one-parameter
subgroup corresponding to X, that is do(exp(tX)) = do(px(t)) = X.

3. exp(t; +t2) X = exp(t1X) exp(t2X) for all t1,t2 € R.

= =D
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4. exp(tX)~! = exp(—tX) forallt € R.
5. exp : g — G is a smooth map, and a local diffeomorphism from a neighborhood of

0 € g onto a neighborhood of e € G. In fact, dy exp = 1d. .

I. The vector fields 1T € Vect(R)® and X € Vect(G)% are x-related (Lemma 3.3), so
that ¢ is the unique integral curve of X such that ¢ (0) = e. Moreover dogx (t) = ' (t).

Since X is left invariant, L, 0@ x is also an integral curve and the unique one that goes through

gatt =0.

2. Lett,s € R, X € g. We claim that psx () ®) ©x (st). Assuming () and setting t = 1, we
obtain exp(sX) = psx (1) = px(s). Thus s — exp(sX) = @x(s) is the unique one-parameter
subgroup whose tangent vector at ¢ = 0 is X.

To prove (x), recall that ¢,x is the unique integral curve of sX such that psx(0) = e.
On the other hand let 7: R — G be defined by 7(t) = ¢x(st) for s € R fixed. Then
don(t) = %‘tzo ox(st) = s¢'x(0) = sX. Since n(0) = e, then 7 has the same properties

as psx, and (x) follows.
3. and 4. are obvious since ¢ — exp tX is a homomorphism.

5. Consider the manifold M = G x g and the horizontal vector field = € Vect(G X g) defined by
E(g,X) = (X,,0) € T,G & Txg.
Since X is smooth, = is as well and hence there exists an integral curve P(%,0) " (—e,e) > Gxyg
such that Ly (t) = (gexptX, X) is the integral curve through (g, X) at ¢ = 0 (which is
g»
the translate under L, of the integral curve through (e, X')). Since G x g is a Lie group, ¢ (%,.0) is
complete, so it is defined for all ¢ € R, and in particular for ¢ = 1, so that
e, 0(1) = (goxp X, X).

By the theorem on smooth dependence of solutions of ODEs on the initial conditions, P(X,.0 is
gy
smooth on G X g. Let now pr; : G x g — G be the projection, which is a smooth map. Then

exp : g — G can be written as
exp(X) = prg o p(x,0)(1)-
and is hence smooth.

To check that exp is a local diffeomorphism it is enough to check that dgexp: Tog — T.G
is invertible. We show in particular that dyexp = Id. Let ¢: (—e,e) — g be the curve

- (<t
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(t) = tX. Then ¢(0) = 0 and ¥/(0) = X. But ox: R — G, px(t) = exp(tX) has the
property that o x(0) = 0 and ¢ (0) = X, so that dyx = . Thus dopx(t) = tX, so that
dpexp(tX) =tX. O

For a Lie group this amounts to saying that there is one curve that behaves well, namely it is a
homomorphism R — G. What the exponential map does is to take a line and push it down to the

group wrapping it around and preserving the group structure.
Example 3.28

1. Let G = R™. Then exp : Lie(R™) = R™ — R" is the identity.
2. Let G = S' = {2 € C: |z| = 1}. Then T1S! = iR = R and, chasing the

definitions, it is easy to see that exp: R — St is exp(t) = €.

We want to identify the exponential map for G = GL(n, C) and we will see that it is indeed

equal to the usual matrix exponential. We will need the following:

Let V be an n-dimensional complex vector space.

1. The map X + eX Z X7 is a well defined map from End(V) to GL(V).
7=0
2. det(eX) = '™ forall X € End(V).

3. If X and Y commute, then XY = eXeY.

1. To see that the map is well defined we will show that the right hand side converges
uniformly on compact sets. In fact let X' C End(V') be a compact set and let ¢ > 0 be such that
oo m

|Xij| < cif X € K. Then an induction argument shows that |(X™);;| < (nc)™. Since ) %

m=0
S (X ")
converges, ». -~ converges uniformly on K, and hence the same is true of Z . (Here
m=0 m=0

we used the Weierstrass test: if (f,,) is a sequence of real or complex valued functions on aset A

with the property that | f,,(z)| < M, forall z € A and Z M,, converges, then the series Z fn(x)
n=0
converges uniformly on A.)
Hence the map is well defined and we have to see that it takes values in GL(V/), that is, it is

invertible. In fact, let S;(X) be the j-th partial sum z . By continuity of the multiplication
End(V) — End(V), X — BX for B € End(V) we have that B lim S;(X)B~1 =
j—o0

- o
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lim BS;(X)B™", so that

]‘)OO

BeXp1&  BXBT (3.6)

Remark now that we can find B € GL(V) such that BX B! is upper triangular: in fact, if v;
is an eigenvector of X, we can construct inductively v;1; as an eigenvector of pr; o X, where
pr; : V. — Wj is the projection onto W; where V' = V; @ W; and V; = span{vy,...,v;}. Now

choose B to be the matrix that has v; as column vectors, and let \; be the eigenvalue corresponding

to vj.
M *
If BXB~! = , then
0 An
eM *
eBXBH _ ,
0 etn
so that

()deteBXB 1#0

det eX = det BeXB™!
and so eX € GL(V).
2. In particular we have that if BX B! is upper-triangular, then
det BXB™" — oM A — it tAa _ t(BXBTY)

By invariance under conjugation, and using again (3.6),

— —1 -1
det eX = det BeX B! = det BXB™ = BXB™ _ otrX

3. We can write:

e j YZ Xkynk
ete’ = Z? <0 ) sz|n_ -

=0 =
o0 n

_ 1 NN\ kvn—k (X+Y)"  X+4Y

=YL ()t s
n=0 k=0 n=0

= =D
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Corollary 3.8. Exponential map of GL(V)

The assignment t +— €' is a smooth curve in GL(V') that takes the value I att = 0 and such

that the tangent vector at I is X. Hence e'® = exp(tX), so that exp: gl(V) — GL(V) is

just exp(X) = eX.

@
Proof From the previous lemma we deduce that ¢ — €' is a homomorphism. Since
d ix d o~ (X)) o~ -1
- = — =X —(tX)™
dt© —o dt Z m! Z m!( )
= m=0 t=0 m=1 t=0
oo
(x)™ X
=X) = Xe|,_, =X,
m=0 t=0
by uniqueness we have the assertion. O
Proposition 3.10. Naturality of exp
Let p: G — H be a Lie group homomorphism. Then the following diagram commutes:
dep
g———=b
exXpa CXPH
G 4 H,
that is ¢ o expg = eXpy 0 de, P .

Proof Let X € g. Thent — expq(tX) is the unique one-parameter subgroup of G that takes the
value e¢ and has tangent vector X at ¢ = 0. Since ¢ is a homomorphism, then ¢ — ¢(exp,(tX))
is a one-parameter subgroup of H that takes the value ey at t = 0 and whose tangent vector at
t=0is

4

dt |,
But the only one-parameter subgroup of H with these properties is ¢ — exp g (t de, (X )). Hence

plexpg(tX)) = deGQO(X) .

for all t € R we have p(exp(tX)) = exp(t de, (X)), so that ¢ o exp = exp ode,, ¥. O

Since g is connected, then exp(g) C GY, the connected component of G, but there is not

necessarily equality. In other words, exp: g — G may not be surjective, even when G is connected.

Example 3.29 We want to show that the exponential map is not necessarily surjective, even for
connected Lie groups. Let G = SL(2,R) and g = s[(2,R). We show that exp: s[(2,R) —
SL(2,R) is not surjective.
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The argument is in two steps:

I. We first show that the image exp(s[(2,R)) consists of matrices that are squares. That is if
A € exp(sl(2,R)), then A = B? for some B € exp(s((2,R)).

2. We will show that there exists A € SL(2, R) that is not a square. We will do this by showing
thatif A € SL(2,R) is a square, then tr(A) > —2. It follows that exp: s[(2,R) — SL(2,R)
misses the whole open set {A € SL(2,R) : tr(A4) < —2}.

I.Let X € sl(2,R) and let A := exp(X). Then

X X X\?
A =exp(X) = exp <2 + 2> = exp (2) = B2,

where B = exp (%) Notice that if X € s[(2,R), then tr(X) = 0, so tr (%) = 0, which implies
that B € exp(s((2,R)) as well.

2. Any matrix B € GL(2, R) is a root of its characteristic polynomial A\? — tr(B)\ 4 det(B), that
is
B? — tr(B)B + det(B)I = 0.
By taking the trace of this equation, and assuming further that B € SL(2, R), we obtain
tr(B?) —tr(B)?2+2=0.
Letting A = B2, this implies that

tr(A) = tr(B)* —2 > -2.

-2 0
But {A € SL(2,R) : tr(A) < —2} is not empty since for example if A = ( 1), then
0 N
2
tr(A) < —2. Thus expgy (o g) is not surjective.

In the previous example the non-compactness of SL(2,R) plays an important role, as the

following theorem shows:

The exponential map of a compact connected Lie groups is surjective.

For a non-compact connected Lie group G, the next best thing to surjectivity is the
following: every g € GG can be written as exp X - - - exp X, for X1, ..., X,, € g (von Neumann,
1929). The proof is as in the extension of a local homomorphism (Theorem 2.1). A more recent

result shows that in fact n = 2 is sufficient.

- o
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The proof of Cartan’s Theorem is not difficult, but it relies on results either in differential
geometry or in the structure theory of Lie groups that we have not yet covered. We give here the

idea of two proofs. For a complete proof see for example [2, Chapter 16, 17].

1. Any compact connected Lie group can be given the structure of a Riemannian manifold
with a bi-invariant metric. (In fact, this is almost a characterization, in the sense that a Lie group
admits a bi-invariant metric if and only it is the product of a compact Lie group and an Abelian
Lie group.) This can be done in either one of two ways: either by averaging an arbitrary positive
definite inner product on g and then translating it to a left invariant positive definite inner product
on TG, that is to a bi-invariant metric on G; or by embedding G into U(n) using the Peter—Weyl

Theorem, and obtaining a bi-invariant metric on G from the one on C™*",

In either cases, since GG is compact and connected, hence complete, one can use the Hopf-
Rinow Theorem and deduce that any two points are joined by a geodesic. It follows that the
Riemannian exponential, obtained by following geodesics, is surjective. One can then prove that,
under the given settings and structure on (G, the Riemannian exponential coincides with the Lie

group exponential.

2. One can easily see that the exponential map of a torus is surjective. Then one can show that

in a compact connected Lie group, every element lies in a maximal torus, and all tori are conjugate.

Example 3.30 Let

1 *
Ny = € SL(n,R) 5,
0 1
with Lie algebra
0 *
ng = € sl(n,R)
0 0
If A € ny, then A™ = 0,s0exp(A) = nil % Moreover, if B € N, then we can write B = [+ B’
where (B’)" = 0. Define then log: Ni_i ni, by
lo8(B) ~ log(7 + B) = 3 (1" B,
j=1

Finite power series manipulation shows that exp: n; — Nj and log: N; — ny are inverse of each

- o
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other, and so exp is surjective.

We now see some applications of the exponential map. We saw that if X,Y € GL(n,C)

commute and e* is the matrix exponential then eX Y = eXeY.

Proposition 3.11

If G is a connected Abelian group, then exp: g — G is a group homomorphism, that is
exp(X +Y) = exp(X)exp(Y)

forevery X|Y € gand G = g/T', where I' := ker exp is discrete. .

Notice that we could recover here immediately the classification of connected Abelian Lie

groups (Corollary 3.7).
Since G is Abelian, the multiplication map m: G X G — G is a homomorphism. In fact
m(g1, h1)m(g2, ha) = g1higehe = g1g2h192 = m(g192, hiha)

and we saw already that d(. .ym(X,Y) = X + Y. Using these two facts and the naturality of the

exponential map we have that the following diagram commutes:

d(e,e)m

gxXg———>9
eXPexa eXpg

G xG—" G

In other words
expg(X +Y) = expg die,oym(X,Y) = mexpgya(X,Y)
= m(expg(X), expg(Y)) = expg(X) expa(Y)
where we used that, if G and H are Lie groups, expgy g = €XpPg X €xpy.
Since exp is a homomorphism, its image is a subgroup containing a neighborhood of the

identity. By Proposition 2.1.7., the exponential map is surjective. The fact that ker exp is discrete

follows from the fact that it is a local diffeomorphism. O

We can now prove a characterization of Lie groups related to Hilbert’s fifth problem. In 1900
Hilbert formulated 23 problems, the fifth of which, reinterpreted in modern terminology, contains
the question as to whether it makes a difference to require in the definition of a Lie group that it

is a topological manifold or a smooth manifold. This was proven in the negative (as expected) at

- (<t
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the beginning of the 50s by Gleason [3], Montgomery—Zippin [5] and Yamabe [12]. The possible

existence of small subgroups was recognized as one of the main difficulties involved in the proof.

Definition 3.18. Small subgroup

A topological group G is said to have small subgroups if every neighborhood of the identity

contains a non-trivial subgroup.

Theorem 3.12. No small subgroups

A connected locally compact topological group is a Lie group if and only if it has no small

)

subgroups.

Q

We are not going to prove the “if” direction of the theorem in general. We are only going

to illustrate it with the following two results. A good reference in modern terminology is [10,
Theorem 1.1.13].

Let L := [[ G, be an infinite product of non-trivial topological groups. Then L has small
n>1
subgroups.

Q©

Proof Let V be a neighborhood of e in L. By definition of the product topology there exists
k

o
k > 1 and neighborhoods V1,..., Vi of ein Gy,...,Gysuchthat V' O [ V; x [[ G;. Hence
i=1 j=k+1

o0
V contains the group (e,...,e) x [[ Gj. O
j=k+1

For compact groups the fact that the condition of having no small subgroups is sufficient was

already proven by Von Neumann:

Theorem 3.13. (Von Neumann)
If a compact topological group K has no small subgroups then it is a Lie group. v

Proof According to Peter—Weyl Theorem, the left regular representation of K decomposes as

a (not necessarily countable) direct sum of finite dimensional irreducible unitary representations.
Let us consider the continuous injective homomorphism
A K= JJU,)
peK

v (@),
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where K is the unitary dual of K and the U(A,) are compact groups. If A(K) has no small

subgroups, then there exists n > 1 such that

AE)NS (eprs--nep) x [ U@, p ={e}.

pEK
PFEP1ssPn
But then pr: A(K) — U(A,,) x --- x U(A,,) is injective. Therefore K can be embedded as a
closed subgroup of a finite dimensional unitary group, hence it is a Lie group. O

Proof [Proof of Theorem 3.12 (=-)] Let 0 € Uy C g and e € V., C G be open neighborhoods
such that exp: Uy — V is a diffeomorphism, and let W, := exp %Uo. We will show that W, does

not contain non-trivial subgroups H < G.

—~ ﬁUo : E A\le": QJX‘PCU°)
U © T Wew (Lo,
4 PN [\ ! Ve g Ve -0 \&v P =
/ 7 s 2 x \ / 7/ /f\qH ! l
0 ( ( , ° } [
14 \ e / r
( L s f ( (. /
L - — g // \“ — - /
N e \ -
~— _ - - — — — -~

Suppose by contradiction that {e} # H is a subgroup of G suchthat H C W,. Lete # h € H
and X € %UO such thatexp X = h. We will show that there are powers of & notin H, contradicting
that H is a subgroup. In fact, let n € N be such that 2" X € %Uo and 2" 1 X ¢ %Uo. Notice that,
since 2" X € %Uo, then 2"+1 X € Uy. Then by Proposition 3.11

n 1
R = exp(2"T1X) € exp (UO ~ 2U0> CV, ~ We.
So k2" ¢ H C W,, which is a contradiction. O

Hence, given a topological group G, there is a criterion to determine whether or not the group
G can be made into a Lie group. A natural question is then whether a Lie group can have several

smooth structures. The answer is a corollary of the following theorem:

Theorem 3.14. Continuous implies smooth
Any continuous homomorphism of two Lie groups is smooth. v
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Corollary 3.9
Two real Lie groups that are isomorphic as topological groups are isomorphic as Lie groups. v

Notice that the assumption the the groups are real is essential. In fact C/(Z + Z) and

C/(Z + 217Z) are isomorphic as real Lie groups but not as complex Lie groups.

Proof [Proof of Corollary 3.9] The continuous isomorphism would be a diffeomorphism between

the two smooth structures. OJ

We start the proof of Theorem 3.14 with the following.

Proposition 3.12. (Local coordinates)

Let G be a Lie group with Lie algebra g and let g1, ..., 9 be subspaces such that g =

91D - D gr. Then the map

P:901D--- Doy — G

X1+ 4+ X — expg(X1) - -expq(Xk)
is a smooth map and a local diffeomorphism ¢: Wy + -+ -+ Wy, — V,, where 0 € W; C g;
and e € V, C G are open neighborhoods. In fact do¢p = 1d.

)

Proof We take for simplicity & = 2, we identify g; @ go with g; x g2 and we set exp; := expg |g;
so that dg exp; = Idg,. Then
dop(X1 + X2) = d(0,0)0(X1, X2) = dom(exp; x expy)(X1, X2)
= d(,eym(do expy X1, do expy X2)
i de,eym(X1, X2) = X1+ Xo,

where in (*) we used Proposition 3.9.5. O
Remark As a consequence of the proposition, if { X7, ..., X, } is a basis of g, and
n
Ui={(ty,... tn) ER": D X, € Wi+ Wy o,

j=1
the map

Ve — U

n
thXj Hexth (tl,... )
j=1

gives a chart at the identity in G. Using th1s coordinate chart and left translation, we can construct

an atlas for GG.

= =D
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Proof [Proof of Theorem 3.14] Let h: G — H be a continuous homomorphism of Lie groups,

{X1,...,X,}isabasisof gand g = g1 @ - - - @ gy, where g; = RX;. Let exp, := expg |q, and

o: g — G
X1+ + X, — (exp; X1) - (exp,, Xn) -
or
po: U — G
(t1,... tn) — expy(t1X1) - - - exp,, (tn X5)
where

b U Wit +W,Ca
(tl,...,tn)i—)thl—l----tan.

We assume now the following:

Proposition 3.13
Any continuous homomorphism R — G is smooth. .

Collecting the above maps, we have that

v S+ w, 5w H

n n
(tl, - ,tn) =t X1+ X, — H exp(tiXi) — h (H eXp(tiXZ')> .
=1 i=1

Since A is a homomorphism

h (H(exp(tiX¢)> = [ r(exp(t:X3)) .

i=1 i=1

Letnow h;: R — G be defined as h;(t) := h(exp(tX;)). Then h; is a continuous homomorphism,
hence smooth by Proposition 3.13. Thus [];"; h(exp(t;X;)) = [[;- hi(t;) and since p o ¢ is a
diffeomorphism, / is smooth at the origin and hence smooth everywhere. O

Hence we are left to prove the proposition, which is where the heart of the issue lies.

Proof [Proof of Proposition 3.13] Let 0 € Wy C g and e € U, C G be neighborhoods such that
expg @ Wy — U, is a diffeomorphism, and let e € V,, C G be such that Ve2 C U,. Note that
V. C V2.

= =D
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Claim 3.5.1. Every element g € V. has a unique square root

Vg = exp <; eXP_1(9)> :

In other words, the map V., — U, defined by g — ¢ is injective and the image contains V.

In fact, if g € V. C U, let X € Wy be such that exp(X) = g, and let us consider the
one-parameter subgroup of G defined by ¢ x () = exp(¢X). Then ¢ x (1) = exp(X) = g and
9* = ¢x(1)? = px(2) = exp(2X) = exp(2exp~(9)) -

1

But also g% € U,, where exp~! is a diffeomorphism, so

_ _ 1 _ _ 1 _
exp ' (g%) = 2exp” ' (9) = S exp ™ (9%) = exp ' (g) = exp (2 exp 1(92)> =g
which proves the claim.
To conclude the proof it will be enough to prove the following:

Claim 3.5.2. Let h: R — G be a continuous homomorphism and let X € ¢ be such that
exp(X) = h(1), then h (5) = exp (55 X).

In fact, assuming the claim, if p € Z then

1\” 1 P
h (£> =h <> = exp <X> = exp (£X) .
2n 2n 2n 2n
So the assertion holds for all dyadic numbers. Since these are dense in R, the conclusion of

Proposition 3.13 follows from the continuity of A.

We show the assertion in Claim 3.5.2 by induction. We start by justifying why the hypothesis
holds. In fact, since h is continuous and V is open, there exists ¢ > 0 such that if |t| < ¢, then
h(t) € V.. By rescaling h (that is considering h.(t) := h(t/€)), we may assume that ¢ = 1, so
that h(1) € V..

For the base case n = 1, set go := h(1) € V. and X := exp~'(gg). Then by Claim 3.5.1:
1 _ 1
V90 = exp <2 exp 1(go)> = exp <2X)

is the unique square root of gy € V.. Butalso gg = h(1) = h (%)2, so by uniqueness of the square
root in Claim 3.5.1, h (3) = /g0 = exp (3X).

Now assume that for all & < n we have h (55) = exp (57 X). Set g, := h(37) € V. By

= =D
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Claim 3.5.1 again:

() == (G (62)
o (o3 )) oo oot ()
~ exp (% exp~ exp <2n—1_1X>> = exp (%X) :

This concludes the proof. O

The following theorem was already mentioned but we can finally prove it. It was first shown

by Von Neumann for G = GL(n, R), then extended to all Lie groups by Cartan.

Theorem 3.15. Closed Subgroup Theorem
Let G be a real Lie group and H a closed subgroup. Then H is a real Lie group. v

Remark The result does not hold if G is a complex Lie group, that is, if it is locally diffeomorphic

to C" for some n. The point is that being a submanifold does not force a complex structure on the
group.
Example 3.31 GL(1,C) = C* is a complex Lie group, but S! is a closed subgroup that is not a

complex Lie group, for instance because it is odd-dimensional. It is however a real Lie group.

The proof will rely upon the following two lemmas that are left as an exercise.

Let H be an abstract subgroup of the Lie group G and let i be a subspace of g = Lie(QG).

Let 0 € Uy C gand e € V., C G be open neighborhoods such that exp : Uy — V. is a
diffeomorphism. Suppose that
exp(UpNh)=VeNH. (3.7

Then:
1. H is a Lie subgroup of G with the induced topology;
2. b is a Lie subalgebra of g;
3. h=Lie(H).

Q©

Idea of the proof: Use (3.7) to define charts on H and use that if X € g, then X € b if and
only if exptX € H forall t € R (see Warner, p.104).

We saw that given a Lie group G, the pair (H, ¢) is a Lie subgroup if
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1. H is a group;
2. H is a manifold, and the the smooth structure is compatible with the group structure;
3. ©(H) is a submanifold of G.
In fact, the requirement of the compatibility of the group structure and the manifold structure of H

is not necessary, as one can prove the following:

Fact: If H is a subgroup of a Lie group G admitting a manifold structure that makes it into a
submanifold of GG, then the manifold and the group structure are compatible. Hence H (or p(H))

is a Lie subgroup of G.

Sketch of proof. Take 7. H and consider the distribution D obtained by left translation via
elements of GG. Then one can show that H is an integral manifold of D and hence D is an involutive

distribution. One can then show that the group operations are smooth (Warner, p. 195).

In fact, (3.8) is exactly what is needed to give H a manifold structure. The fact that the topology
of H coincides with the topology induced by G follows from the fact that H is closed in G.

Let G be a Lie group with Lie algebra g. If X, Y € g, then for t small enough
exp(tX) exp(tY) = exp (H(X +Y) + O(t?)), (3.8)

where tle(t2) is bounded at t = 0.

Proof [Proof of Theorem 3.15] We want to identify a subspace b of g that will satisty (3.7). To
this purpose, let

={X eg:exp(tX) e Hforallt € R}.
Then

1. we first show that (3.8) implies that § is a subspace,
2. then that h and H satisty (3.7) for appropriate Uy and V.

To see that b is a subspace, observe that it is closed under multiplications by scalars. To see

that f is closed under addition, observe that it follows from (3.8) it follows
(exp(tX) exp(tY))" = (exp (t(X +Y) + O(t*)))" = exp (nt(X +Y) + O(nt?)) .

Replacing ¢ by %, one obtains

(eXp (%X) exp (%Y))n = exp (t(X +Y)+ %O(t2)> :
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which shows that

s (e (L) e () = nptc ).

Thus, since H is a closed subgroup, if X, Y € b then also X + Y € h. Hence b is a subspace.

To show that H and b satisfy (3.7) we proceed by contradiction. Since exp(UyNh) C V. N H,
if (3.7) did not hold, for every Uy C g and V. C G such that exp: Uy — V, is a diffeomorphism,
we could find h € V. N H but h ¢ exp(Up N h). Thus let 0 € Wy C b be an open neighborhood
and (hy)r>1 C H a sequence such that hy, — e and hy, ¢ exp(WWp).

Let now b’ be a complementary subspace of  in g, g = h & b’ and, using Proposition 3.12,

choose 0 € Ny C Wy C hand 0 € N/ C by’ such that the map
Ny x N(,) — G
(X, X") +— exp X exp X'

is a diffeomorphism onto its image A, > e.

By assumption h;, — e and so h, € A, for all large k, so that by, = exp(X}y)exp(X})
for X, € Ny and X; € Nj. We need to investigate further the properties of X and X.
Firstly, we know that hj, ¢ exp(Wp), so since X, € Ny C Wy, we deduce that X # 0 for
all k. Secondly, since X, € Ny C Wy C b, we know that exp(Xy) € H. Thus it follows
from exp(Xy)exp(X)) = hy that exp(X}) = exp(—Xy)hy € H, thatis e # exp(X}) €
H Nexp(Nj ~ {0}). We will show that this is impossible. In fact, let us consider the sequence
(X} )k>1 constructed above and let L, := RX}, which is an element of the projective space
P(h’). Since P(h’) is compact, up to passing to a subsequence, the sequence Ly converges, say
to L € P(').
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This means that if we take X’ € L and ¢ > 0, then for any k > k(e) large enough we have:

o LN B(X',e) # @,

o [|Xill <&

o There exists nj, € Z such that || X’ — np X, | < e, thatis n; X, — X'. This last property

follows from the Archimedean property of real numbers.

But then
exp X' = lim exp(n;X}) = lim exp(X})™ € H.
k—ro0 k—o0
This is a contradiction, since X’ € L C P(h’), and so exp X' ¢ H. O

3.6 The Adjoint Representation

Let G be a Lie group. A representation of G over k (where k = R or C) is a continuous
(hence smooth by Theorem 3.14) homomorphism 7 : G — GL(n, k). A representation of a Lie
algebra g over k is a homomorphism g — gl(n, k). Any Lie group representation 7 gives in turn
by differentiation a Lie algebra representation d.m : g — gl(n, k). Both G and g act on k™ (via
m and d.7 respectively) and it is easy to see that if V' C £™ and G is connected, then V' is 7(G)-
invariant if and only if it is d.7(g)-invariant. In fact, in the appropriate coordinates, the stabilizer

* ok
Hy < GL(n, k) of V takes the form Hy = <0 > and likewise for Lie(Hy) C gl(n,R). Thus
*

7(G) C Hy if and only if d.7(g) C Lie(Hy).
For each g € G we consider the inner automorphism of G defined in (2.6), ¢4(h) := ghg™1.
Since ¢4(e) = eforall g € G, decy : g — gis aLie algebra automorphism, and since cgocy, = cgp,

it defines a representation of G into GL(g).

Definition 3.19. Adjoint representation

Let G be a Lie group.

1. The adjoint representation of G is
Ad: G — GL(g)
g decy.

2. The adjoint representation of the Lie algebra g
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p-131 (paragraph before definition A.11) The explanation for the coordinate chart of the tangent
bundle is, if I am not mistaken, not correct. At least the definition that I know, is the one
where the isomorphism R"™ — T, M isn’t any isomorphism, but the one induced by the
coordinate chart (¢, U) that is d¢.

A.1 Topological Preliminaries

We recall now a few well known concepts from topology.

Definition A.1. Basis of a topology

A basis B of a topology T C P(X) on a set X is a family B C T such that every element
of T is the union of elements of B.

&

Example A.1 The family

B:={B.(z): r € Qsp, x €Q"}

is a basis of the Euclidean topology on R".

Lemma A.1. Characterization of a basis

Let X be a set and T C P(X) a topology. A family B C T is a basis if and only if
o X = UyepY, and
o If By, By € B and By N By # (), then for every x € By N By there exists By € B
with x € By C B1 N Ba.

Then the topology is the family consisting of all possible unions of elements in B.

Definition A.2. Subbasis

A subbasis S of a topology T C P(X) on a set X is a family of sets such that the family 1B

obtained by taking all finite intersections of elements in S is a basis.

&
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Definition A.3. Hausdorff topology

A topological space X is Hausdorft if any two distinct points have disjoint neighborhood.

Definition A.4. Local Compactness

A topological space X is locally compact if each point has a neighborhood basis consisting
of compact sets, that is if for every x € X there exists a set B, of compact neighborhoods

of x such that any neighborhood A, of x contains an element B, € B,.

&

)

Ax
B

Let X be a locally compact Hausdorff topological space. Every closed subset and every

open subset of X is locally compact with respect to the induced topology. v

For any topological spaces X, Y one can define different topologies on the set
Y¥ = {f: X > Y},
or more specifically on the set
C(X,Y):{f: X - Y : fiscontinuous}.

Definition A.5

Let XY be topological spaces.

o The sets
5(C,U) :={f e C(X,)Y), f(C) CU}
where C' C X is a compact set and U C Y is an open set, form a subbasis of the
compact-open topology on C(X,Y).
o The sets
S(z,U):={feC(X,)Y): f(x) eU}

form a subbasis of the topology of the pointwise open (or pointwise convergence)
topology on C(X,Y)

&
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Let X be a topological space and (Y, d) a metric space. The sets

Bolf€) =19 € C(X,Y) : supd(f(x), g(x)) <},

where C' C X is a compact set, ¢ > 0 and f € C(X,Y) form a basis of the compact-open
topology. The set B¢ (f, €) consists of all functions g € C'(X,Y) that are e-close to f in all points
in the compact set C'. It is easy to see that if { f,} C C(X,Y), then f,, — f in the compact-open
topology if and only if f,,|c — f|c uniformly on all compact sets C' C X. In other words, if Y is
a metric space the compact-open topology is nothing but the topology of the uniform convergence

on compact sets.

In general the pointwise convergence is weaker than the uniform convergence on compact sets,
which, in turn, is weaker that the uniform convergence. Of course the first two coincide on a set

with the discrete topology and the last two on a compact set.

A.2 Functional Analytical Preliminaries

Let (X,dx) and (Y, dy) be compact metric spaces and let us consider the Banach space
C(X,Y) of continuous functions f: X — Y with the metric

d(f,9) = sup d(f(z), 9(x))

Let F C C(X,Y) be a subfamily of continuous functions. Then F is relatively compact if

and only if it is equicontinuous, that is for every € > 0 there exists § > 0 such that

dy (f(z), f(y)) <e

for every f € F, whenever dx (z,y) < 0.

This is the form of the theorem that we need. Notice however that

o X need not be a metric space for the theorem to hold, and
o IfY is not compact then the theorem still holds, provided we add the assumption that the set

{f(x): f € F}isrelatively compact for all z € X.
If E, F' are normed spaces, let us consider the normed space
B(E,F):={T: E — F : T is continuous and linear },

with || T := supjy ,=1 |T(z) | #.

- o
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If T € B(E, F) is bijective and the inverse is continuous, then 7" is an isomorphism of E with
F. If in particular E = F, then T is an automorphism of F, and we denote Aut(E) C B(FE) the

subspace of automorphisms. If in particular E is of finite dimension n, then Aut(E) = GL(E).

Definition A.6. Topologies on 5(E, F')

Let (T,)nen € B(E, F).
1. We say that T,, — T in the norm topology if and only if lim, . || T, — T|| = 0,
where || - || is the norm on B(E, F).
2. We say that T,, — T in the strong operator topology if and only if lim, o || Tnx —
Tx||p=0forallz € E.
3. We say that T,, — T in the weak operator topology if lim,, oo A(T),z) = A(Tx) for
all X € F*. &

In particular if £ is a normed vector space over Kk = R or £ = C and F' = k, then B(E, k)
is nothing but the dual E* of E and the strong operator topology on B(E, k) is nothing but the
weak-x-topology on E*,

If H is a Hilbert space and & = F' = H, then the space of isometric isomorphisms of F

Iso(E) is the space of unitary operators (7). On U(H) the strong operator topology and the

weak operator topology coincide.

Let GG be a topological group and F a topological vector space. A continuous representation
of G on E is a homomorphism 7: G — Aut(E), which is continuous with respect to a topology
on Aut(F). If in particular, £ is a normed space, then 7 is an isometric representation if

m: G — Iso(E). An isometric representation of a Hilbert space is called unitary.

Let G be a topological group acting continuously on a locally compact space X. Let C.(X)
be the space of continuous functions with compact support on X with the norm topology.
Then the representation w: G — Iso(C.(X)) defined by

(9)f(z) = fg~'x)
forx € X and g € G is a continuous representation if Iso(C.(X)) is endowed with the

strong operator topology.

If E, F are topological vector spaces and T € B(E, F'), the adjoint T* : F* — E* is defined

- D




A.3 Differentiable Manifolds — 138 -

by
T*(\) :=AoT.

In particular, if F is a topological vector space on which G acts via a representation 7, and E* is

endowed with the weak-*-topology, then
™(g) == 7w(g~H*: B* - E*

is continuous.

Definition A.7. regular Borel measure

[. Let X be a locally compact Hausdorff space. A measure on the o-algebra of Borel

sets of X is called a Borel measure if it is finite on every compact set.
2. A Borel measure (i is said to be regular if
(a). forevery Borel set Y, u(Y') = sup pu(K) over all compact subsets K C'Y, and
(b). for every o-bounded set Y, p(Y) = inf u(U) over all open o-bounded sets
U DY forevery set Uin B(X).

&

Recall that a set Y is o-bounded if it is contained in the countable union of compact sets.

Definition A.8. Separability

Let ‘H be a complex Hilbert space. We say that H is separable if it contains a countable

dense subset. &

A.3 Differentiable Manifolds

Definition A.9. Paracompactness

A topological space X is paracompact if every open covering {Uq }oc A has a locally finite

refinement, that is there exists a covering {V3}secp such that

o Forevery 3 € B there exists at least one o € A such that Vg C U,, and

o forevery p € X there exists a neighborhood W of x that intersects finitely many V. Iy

For us a smooth manifold will always be Hausdorff, locally Euclidean with countable basis and

paracompact.
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Definition A.10. Germs

Given p € M, we denote by C*°(p) the algebra of germs of smooth functions at p. This is
the algebra of smooth functions defined in an open neighborhood of p, where two functions

are identified if they coincide on a neighborhood of p. &

Recall that the tangent space T}, M to the manifold M at the point p is the set of all linear
functionals X,,: C*°(p) — R such that for all o, 5 € Rand all f,g € C*(p):

I. Xp(af + Bg) = aX,(f) + BXp(g) (linearity);
2. Xp(fg) = Xp(f) - 9(p) + f(p) X, (g) (Leibniz rule).

The linear map X, € T,,M is called a tangent vector to M at p and the tangent space 1), M has the

structure of real vector space with operations:

L (Xp + Y)(f) = Xp(f) + Y5 (f);
2. (aXp)(f) = aXp(f).
Let f: M — N be a smooth map of smooth manifolds and let p € M. The differential of f
at p is the linear map d, f : T, M — Ty (,) N defined as follows: if X, € T,M and ¢ € C*°(f(p)),
then

dpf(Xp) = Xp(do f).
In other words, the tangent vector d, f(X,) applied to the function ¢ takes the derivative of the
function ¢ o f at the point p € M in the direction of the tangent vector X,.

The tangent bundle to M is TM = |J T,M. It can be made into a manifold with coordinate
peEM
charts (U x R", ¢ x 1), where (U, ¢) is a coordinate chart on M and ¢: R" — T,M is an

isomorphism. With this smooth structure the projection w: T'M — M is smooth.

Definition A.11. Smooth vector field

A smooth vector field is smooth section of the tangent bundle

X:M—>TM
mo X =idys. In other words, it is a map
X: M- TM
p— Xp, €T,M
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that assigns to each point p € M a tangent vector X,, to M at p, and such that the map
Xf:M— R

D Xp(f)
is smooth, for every f € C°°(M).

It can be proven that if p € M, then

Xp(f) = pf(Xp) ) (A.1)

that is X, (f) is the differential of the function f at the point p in the direction of X,

Definition A.12

Let ¢ : M — N be a smooth map of smooth manifolds. Then:

1. ¢ is an immersion if dp,p is non-singular for all p € M.

2. (M) is a submanifold or an immersed sumbanifold of N if ¢ is a one-to-one
immersion.

3. If v is a one-to-one immersion that is also a a homeomorphism of M onto its image,

then ¢ is an embedding and o(M ) is an embedded submanifold. Iy

In the following pictures in green we see two immersion and in red two immersed submani-
folds.

hitp:/jte /1\ /1\

s

\

An embedded submanifold has the smooth structure coming from the ambient manifold and

the concept of embedded submanifold are essentially equivalent to that of regular submanifold that
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we recall now.

Definition A.13. (Regular Submanifold)

Let M be a smooth m-dimensional manifold.
1. A subset N C M has the submanifold property if every p € N has a coordinate
neighborhood (U, ) in M with local coordinates x1, . . ., Ty, such that
(a). o(p) = 0;
(b). ©(U) is an open cube (—¢e, )™ of side length 2¢;
(c). p(UNN)={z e (—c,e)™: Tpt1 =" -z, =0}
2. A regular submanifold of M is any subset N C M with the submanifold property
and the smooth structure determined by the coordinate neighborhoods defined by the

submanifold property.

)

Example A.2 The following is not a regular submanifold of R2.

A

/N
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The point of a regular submanifold is that the topology and the differentiable structure are

those derived from M.
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