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Today : Topological gps & example
Alessandre Rozzi

Tomorrow : Wich are confactAndritschKonstantin
or locally confact ?↳ groupe

they ? Locallyot gp have
Sophus tie

the Haar measure .

Algebria approach/geomatic
approache. A topological gp G isGGL(DR) = JAEMuxn() :

detA03 a gp endowed with a

Hausdaff to plogy writ . Whi

thethereoftheconteflaar m : GXG-G

(h) gh
(2) Lie groups and their

i: GG
-
ILie algebras

g + 9
(3) Structure theory :

are continuous
solvable s nilpotent,
semisimple
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Recall A top . Space is Hausdorff Thenp cont.) & cont at

one pt.if any two pts have disjoint
open ubds. Any gp with the

Ex : The Zaviski toplogy is discrete top
not Hausdorff since dod (1) is an Abelian

sets are cros of poly. top , gp. writ. the Eutclean

topologyoperations-topgPS
-

E3 (R ,
(% ) are1) HCG sbyp , Gtop , gp =

Abelian to p - gps with
=> I top . gP,

the topology induced by(2) Quotients of top, ge
the Euclidean topology.are top . gps.
+ Mnxn R=(3) Products

(4) Senidirect products = nxn matices with

real coffeParty 16 G ,
G2 are top,

Gr :=etdetOS
gp . P : G-G2 home
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is a top - gp with the RK Rather than R
,
we

-

top induced by R can like any top. field
GLCAR) open in

in (0, Op , finte fields)
=> G(( ,R) isa top . gp.· A

,
BEGL(n =

Ext X cpt Hausdorff space#Bij=ABui
Homeo( := (f : X -X , homed· AEGh(n =
is atop , gp . with the

(Li = delMiss compact - open topology

Mis =Ijl-minor) Real 16 X .Y are top

Skus , &(Xi) :=f:/i

· (r)Gb(m) ,
Ar-A The cpt-open top , is

E (Arlij -> Aij generated by the subbasis15 16

on &CX ,T).topS(c .u) : = he (x .T) :
Ra

f(ccuz ,
wher

iiSCcX ot , USY open

Easyto see If (fol@it
-

discreteXcptthen fo-f in the

Cpt-open top E) Snef Warning : I X is notopt.
unif. on opt sets,

=> Homeo (x) can be

It (d) is a metic space very intractalel

=> B, (f , 2) : =g+C , i) :
e.g. X loc get

Sop d(f ,g()E] => Homeo (x) need not

where DCX is opt,So be a top. sto
group

is a basis for the cpt-op.
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However :
Ex4 GLGR) <Homeo (RY)
-

· X loc. ept a loc . con = with the topology of
=> Homeo (x) top go. unf- cone on get sets.

· X proper metric space (ArcGLInit
,
An-A

(closed balls of finte unif, or get set
radius are cpt) => - A linear and Gr(nia)

is alsoa top , gp .W.

r
-

t.=> Home(x) top, gpo
the cpt-open top,#6 X cet metric slace
Exercise Thecpt-opentop,-bo( : = If Homeo( :
and Encanthe

&(f(),f(y)) = d(x,4) top on GLCni)
3f x-yeX einlich

is a top , gp. 19 To

A Partially moredtatExt M differ . mil

Diff(M) : = 2f : M-> M, * Andz with XX 7

fif'e ccm3 homo&
is atop up butf
(ful-Diff"(M)

, fu-ef((Giben , Rax) is a

projectivesystem ifin the Cpt . open top =>
-
Ex =

id
anfDiff"(M) ·

· if XXXs thenInstead to-f <

Es>f Poin Pas
,
*2

" Paaxe ,

The inverse limit of this(fi-> (f"(() projective system is the

unit. on opt . Sets unique smallest top , go
#kr. G S

.

t.
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Fact G=m GxSt. Axel 7 homo
-

E : -Gx st.
· (Gx) top.gps = TTGx

top . gp & liGxG Exa top . gp.
· G)opt G,t·/Paina
· (G) discrete =>

G is totally disNotation a : =+TGx
↳ Ex) finite gps

&xixGxr]=B= =>mGx is called

= set of compatible a profit gp
sequences
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*
,

N N

((/(ne , Prim:
↑

reduction mod M
FactThe inverse link of
-

this projective systems
are the p-aoke integers
Ep . They are get and
in fact a compactific
of I.



Es Important subgpott ()K :=YXL) : NWER
EL(RR .

<X,
Yuz=>3=

(a) te =(() litol =X:ei1 xwll= 18113

AdetD** Abel
. top . gp. = (XGh(,) :

*
XX= (d)=:

A : = As =: OC)
(b) N = ())Gi More generally , if v is3 a red refor place and

is a cloud sleep. ofGL B : VXV-># non-deg.
n CD+1]-homem

.
to -

↳ (as bilinear form on v

top , space but noteps if ODV ,
B) : =GAEGLD) :n23) . For ex

.

N is

not Abelar if n=3.
Vinev,
BCAN

,
An) = B(vint3

O(V, 3) is the orthogonal gp mi fien .... jep , epm--en)
of B .

=>O is the and hence Bp =<, >

orthogonal gp of the usual Ex
.
9 V complex v. S.
-

inner product on I". h : VXV->4 Herritian inner

He can choosea basis product, si.e . pos . defi ,
of V St. U antisynm ., complex valued,

Epn) =- linear in the fast var
& antilinear in thesecond

Bpx()0 ,
in which

U(V ,2) = unitary gp ofU .
h)

case Bo =<, ]

O(viBp) =: 0 (P ,9) ,
wher = YXGL(v) : h(X,Xnot =

= (i),,we's
prg= n ,

1 vis a Q-vector space
= (xGL(v) : Y

*
= x
+

3
H

=>Jen--,ep , ept . - - en) my It



16 X UCV ,b) then Rk 18 Jane 1-1 with
-

Idet X1= 1 cont . inverse o

E BlEF)AE)
For example: ↑ It dim Eco =)

↳ => Aut(E) = GL(E)

Topologies in BEF
-

UD : = UC to) Tinle (Eif)

Reptopologieo · inT in the norm

operaspay toplogy Fillin-ill -> e
n-X

EF normed space

cont .
· ThtT in the strong

Br := IT :-F 3
& linear operator topology()

is also normed with IITax-Tx + 0
ht a

11TI = sup ITXIIF VXE
IXI=1

· in ->>T in the weak is a separable tilbut

operator toplogy > space=> > 1so() = u(H) =

*Gnx)-> XTx) =GUEB): u=S
↓ XEE and XeF

*

and fee the strong op
Ek() It F=R and top - weak op top.
E is nomed overk Ex .9 l() is a top, gp

-

= BERI = E
*

and writ
. the strong operator

the strong op top . on toplogy (or weak op . top)

B (2) is the

weak-a-top . on* Conpatalocal couatopep
(2) If Exter and YEX is open or

closed -> Y is I .c.t .g .



* Disuete top. gp .
are I

. c. Ascoli-Arzeld
-

Xcx) ,[ ,dr)
E
. (+, (* )

,
(*Jace Ic opt. metic space

* GL(n) , GL( , 1) are 1 .C . C(X ,i) with

# X cpt = Homeo(x) d (f,g) := sup d(f(x),g(x)
*EX ↑

top gp with the opt-openTher or family ECG (X .T)top , that is not nee,
is rel . get Ex o ilocallyct. equicent, that is

Ezo

Exercise Homeo(s) is
750st . dyfullnot locally compact

#> X metic space =
-XyeX st . &xx,y 0

II

Iso(x) is as good anX".
and forall fet

· X opt Iso(x) get
Reo X need not bemetic

· X 1 . c. E 1so() I .C.
·I need not be opt
f ((x) : xeX , fef)

is rel , opt -

Eras X =Y
,
f= /so()

=>1so(x) <Homeo(x) <&(x ,x)
↑ ↑muchmuch
Smallerthan


