EXERCISE SHEET 5

(1) Consider a subspace F™ of the Infinite wedge AV . We define a Hermitian
form ( | ) on F(™ by declaring semi-infinite monomials to be orthonormal.

More precisely, let g and ©¥g be two semi-infinite monomials associated to
sets S and S in F(™) then

(Vs | hsr) = 05,51

Show that the representation p: gl — gl(F (m)) defined in the lecture notes
satisfies

(p(M)ps | sy = (s | p(MT)ipsr),
where MT is the transpose complex conjugate of the matrix M, i.e., MZT] =
M j;. We call such representations unitaryﬂ

(2)  (2.1) Using the Hermitian form ( | ), show that F("™ splits as a direct sum
of its irreducible subrepresentations (Hint: use orthogonal comple-
ments).

(2.2) Show that by acting on ¥, = vy A U1 A Upp—2 A ... with matrices
in gl,,, we can “create” all other semi-infinite monomials.

(2.3) Deduce that F(™) must be an irreducible representation of gl .

(3) Recall operators d,, € G from the lecture notes, defined by
dpvg = kvg_p,

whose expression in terms of elementary matrices is dp, = > ;(1 + n)Ejiyn.
Compute the commutation relation of two operators d,, inside the central
extension aso,

[dny dm]ay, =7
More generally, for two complex numbers oo and 3, consider operators d%’ﬁ €

O defined by
AP = (k — a — B(n +1))vg_n.
Compute their commutation relation inside a,
[d%ﬂ’ d%B]am =7
An action of what algebra do these operators induce on F("™)?

1We have already seen a representation with a similar property, namely $eis ~ B, where instead
of the transpose conjugate we considered the involution w(a,) = a—,. More generally, unitary repre-
sentations are those that satisfy the property stated in the exercise with respect to some involution
w on a Lie algebra g.
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