EXERCISE SHEET 7

(1) Consider the vector space V = @ Cuv;. Let v] € Hom(V,C) be defined by
vi (v5) = dij.

Show that the following definition of wedging and contracting operators agree
with the definition from the lecture notes,

05 (Vsg AN Vs_y ANUs_y Aul) i =05 (Vsg) AVs_y AUs_y Ao
— Vs ANV (Vs ) AN Vs 5 A ...

+ U5y AUs_, AU (Vs 5) A ...

0i(Vsg NVs_y AUs_y A il) =0 AUgyg AUsyg AUs_5 A ...

(2) Show that o] and 0; are adjoint with respect to the Hermitian pairing ( | )
on AV, defined in Exercise sheet 5, that is,

(60 1 9/) = (| 51).
(3) (Wick’s Theorem, taken from Séverin Charbonnier) For i = 1,...k, let
W, = Z i On;—n, lIl:% = Z bivm{):(nri-M’
n>0 m>0

for some complex numbers a;,, and b; .
(3.1) Show that (¢o | Wn, 7, 10) is well-defined.

(3.2) By induction, show Wick’s theorem,
(W | W o W Wiy - Whtho) = dot (| Wy Wi, ).

(4) Recall from the lectures the group GLe,
A is invertible, }

Lo —d A= (a.) .
Gloo { (a5)ijez all but finitely many a;; — d;; are 0

(4.1) Show that for all M € gl, exp(M) = 1+ M + M?/2 + ... is well-
defined and

exp(M) € GL.
(4.2) Show that all A € GLy can be written as exp(M) for some M € gl.

Hint: think about the finite-dimensional case.
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EXERCISE SHEET 7

(5) Recall that a matrix M € gl acts on a semi-infinite monomial vs, A vs | A
Us_, A\ ... as follows,

M- (vsg ANvs  Avg g Aoil) = (M -vs,) NVs | AUs_y A
+usg A(M-vs ) ANvs 5 A
+ sy ANvs A(M -vg ) A

Show that the exponent of this action takes the following from,
exp(M) - (vsy ANvs_; ANVs 5 A..)
=exp(M) -vsy Nexp(M) -vs_, Nexp(M) -vs_, A...,

such that the action of M* is defined via M -(M-(...)), and M acts as above.
Hint: think about the finite-dimensional case.



