PROBLEMS FOR THE EXAM

(1) Recall the vector space F(©) € AV from the lecture notes. Let Féo) c FO
be the subspace of degree 5 elements,

0
F = {4 € FO|deg(y) = 5.
Calculate the dimension of F5(0).
(2) Let 0: A® =5 B = [¢F, 21, 29,...] be the Boson-Fermion isomorphism. De-
termine
o(vag ANvg Av_g Av_g Av_g A...).

(3) Let (| ) be the Hermitian pairing on B = C[z1,x9, ...] from the lecture notes.
Calculate

(236 4+ 2129 + 23 | 23/3 — 23).
Let Si(z) be defined by

exp Z 2" | = Z S(z)2".
k>1 k>0
For k > 4, calculate
(Sk—252 — Sk-151 | Sk-151 — Sk)-

(4) Recall the Lie algebra of infinite matrices with finitely many non-zero entries
glo- Let gl, ™ B be the action induced by the Boson-Fermion isomorphism.
Let E;; be the elementary matrices,

1, if (k,m)=(¢,]
(Eij)om = {0, otlflerwi)se. "
Determine the result of the action of F;; on 1 € B,
E; -1
Determine also the result of the action of E;; on 21 € B,

Eij - X1.

(5) Recall the orbit @ = GLy - 99 C F©O), where 1)y = vg Av_1 Av_g A ....
Determine whether the vector

V7 ANV ANV_9gNV_3ANV_g...+ 0V NU3ANV_o ANV_3NV_4...

is contained in the orbit.
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(6) Consider the following operator acting on B = C[z%, 21,9, .. ],

Iy = [uO]F*(u) = [uo} ( exp( Zu 1‘2) exp (Z 71 0 ))

7 O0x;

where [u°](...) means that we take the coefficient at uO. Compute

k1 kn
* z Ly Ly
FO * ( ?1! PR k,n! ) .

ki+4...4+nkn=k

(7) Let W be a representation of the Heisenberg algebra $eis with a non-zero
vector v, such that

anp-v=0, n>0
ag-v=v, l-v=w.

Determine
n n
ki ki
[Tai - [[a v
i=1 i=1

(8) Recall the wedging and contraction operators from the lecture notes, ©; and
0F, acting on A®V. Consider the following operator,

A= Z 0;0; Z v;
>0 i<0

Write down the result of its action on the semi-infinite monomial ¢g with the
following index set S = {sp,5-1,5-2,...},

S_;=m—1, form >1i >0,
ss=m—1—14, fori>m.
(9) Let A € GL4 be the matrix defined as follows,
A-vg=v3 A-v_1=w,
A-vg=v9 A-vi=0v_1,
A-vi=v; ifi¢{-1,0,1,3}.
Draw the Maya diagram of A - 1.

(10) Let
P(x1, 72,73, 74) = S3(51 + 52) — Sa(1 + 51).
For some ¢ € C, define
2

(e, 1) = 2. loa(Pla, .1, ).

Using the Boson-Fermion correspondence, determine whether u(z,y,t) satis-
fies the KP equation,
d <au 3 Ou  10% ) 30%u

or\ ot 2"0x 4013)  10y2



