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The first three exercises in this series are dedicated to the proof of the general Marcinkiewicz
interpolation theorem (Theorem 4.3 in the script) given in Appendix B of Stein’s book!.

Exercise 9.1.
In this exercise we will prove the following inequality for a non-increasing function A :

(0, 00) = [0, 00):
(ot sl )

where 0 < p <00, 0 < ¢; < g2 <00 and A is a constant depending on ¢, g2 and p.
(a) Show this first for go = 0o (where the left hand side is interpreted as the supremum).

Solution: For every 0 < s < oo we have

[e'¢) S 1 q1 s
/ [tl/ph(t)]znﬁ Z/ [tl/ph(t)]tnﬁ > (f) /p h(s) / dt o log 2 [Sl/ph(s)]ql_
0 t s/2 t 2 s/2 t
Taking the supremum over s now gives
00 /a1
([Temoms) ™ = e s [1000).
0 t 0<t<oo

which is the desired inequality.

(b) Then show it for every ¢; < go < oc.

Solution: This follows from Hoélder’s inequality and part (a):

( /0 Oo[tl/”h(t)]qQ?)l/qQ < {Oigfmtl/%(t)]lm [( /0 Oo[tl/ph(t)]ql?f/ql]W
A (/Ooo[tl/ph(t)]ql?y/ql] o [(/Ooo[tl/zoh(t)}qlcyy/m] e
"yt ( /0 Oo[tl/%(t)}qlit)l/m .

<

Exercise 9.2.
Prove the “second Hardy inequality”: for a measurable function f : (0,00) — [0,00), and
numbers p > 1 and r > 0,

(/OOO (/:O f(y) dy)pxr_ldx) " < ];9 (/Ooo(yf(y))pyr—1 dy) l/p‘

'Stein, Elias M. Singular Integrals and Differentiability Properties of Functions, Princeton: Princeton
University Press, 1971. https://doi.org/10.1515/9781400883882
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Hint: recall the proof of the first Hardy inequality (Exercise 8.4).

Solution: As in Exercise 8.4, we will apply Exercise 8.3 but to the function g(y) := f(y)y'+t0—1/»
and with the choice K(z,y) = Ily>xy_1(x/y)(r D/P which is clearly homogeneous of degree —1.

Recall that we have
e’} 1/P e’} 1/p
([T rorar) " <ax([Clawrar) 1)

/Kwy y) dy,

0o - S) e B oo i p
AK:/O K (L,y)ly 1“"dyZ/O Lysay ™ 0T /Py 1/”dyz/1 Ay =

The left hand side of (1) is

oo 1/p o0 P 1/p
(/0 I Tg(x \pdx> </0 </ 1+(7"—1)/py—1—(r—1)/:033(7"—1)/10dy> dx)
oo p 1/p
(L sy
0

00 1/p
</ Fy)PyPOtr=1/p) dy) —
0

where

and

and the right hand side gives

Ag </Ooo l9(y)” dy)l/p =

so the result follows.

(/Ooo(yf(y))pyrl dy> 1/p |

=13
=13

Exercise 9.3.
The goal of this (long) exercise is to prove the general form of the Marcinkiewicz interpolation
theorem. Assume we are given exponents

1<py<gp<oo and 1<p <q <oo with py<ps and ¢ # q.

Let T be a sub-additive operator defined on LF°(R"™)+ LP'(R") and assume that T is of weak
type (p;, q;) for i = 0,1, meaning that

L ({z € R [Tf(x)] > }) < (%) Vo> 0

in case ¢; < 0o, and in case ¢; = oo, that |Tf|r~ < A;||f|lzri- The theorem then states
that, given 0 < § < 1 and letting
1 1-60 60 1 1-60 6
= + — and - = +—,
p Do b1 q 4o q1

2/ 7



D-MATH Functional Analysis 11 ETH Ziirich
Prof. Tristan Riviere Sample Solutions Sheet 9 FS 2025

then T is of strong type (p, q), meaning that |Tf||z« < Al f||z»r for a constant A depending
on po, p1, go, q1 and 6.
We define the parameter o as

Ya-—-1/qg 1/q—1/q

S po—1/p 1/p—1/p0
For f € LP(R™), we define its non-increasing rearrangement f* as in Section 6.6 of the script.
Then, for t > 0, we let

) i {f<x> if | f(@)] > /),

0 otherwise
and define f; := f — f'.
(a) Check the following properties (a drawing may help!):
o (f)(y) < fHy)if0<y <17
o (f)(y)=0ify >17.
Solution:
e Clearly |f!| < |f], so it follows that (f)* < f*.
e To show that (fY)*(y) = 0 for y > t° it is enough to see that |{|f!| > 0}| < y. But
|fi(x)| > 0= |f(z)] > f*(t°) and therefore

{IF > 0 < HIf > 1) = KIF 1> £ @)} <7 <.

Here we have used the equality of the distribution functions of f and f*, and the fact that,
since f* is non-increasing, f*(s) < f*(t7) for s > t7, so |f*(s)| can be bigger than f*(t7)
only for 0 < s < t°.

(b) Check also that

o (fo) (y) < fr(t7) if y < 7
o (fi)(y) < fy)ify >t

Solution:

e We have that |
fila) = {g (@) i If@)] < Ft0)

otherwise.

Therefore |f;| < f*(t7) and hence (f;)* < f*(t7) too.
e Again |f;| <|f| and therefore (f;)* < f*.
(¢) Verify that, if f = f; + fo, then

(Th)(t) < (TF)(E/2) + (T f2)"(£/2).
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Solution: Let A; := (T'f1)*(¢/2) and A2 := (T'f2)*(¢/2); then

t t
{ITAI> Y <5 and  [{[Tfa] > A} <5
2 2

because the infimum defining the non-increasing rearrangement is actually a minimum. Since

|Tf(x)| <|Tfi(x)] + |Tf2(z)], it is immediate to see that
UT I > A+ Aok CS{T fr] > M} U{|T fa] > Ao},
so that

ITF > A+ 2} < HITAL > M)+ HITAR > A} < £+ 1 =t
This gives that (Tf)*(t) < A1+ Ao = (T'f1)*(t/2) + (T f2)*(t/2).

(d) Show that, if f € LP(R™), f* € LP and f; € LP.

Solution: On one hand, clearly ||f*||zro@n) = II(f*)*[|Lro(jo,00)) and, thanks to (a) and Holder’s

inequality,

o) t7
1Y ooy = [ G du < [ Fmay

0
to po/p to 1—po/p
< ( [ ()P dy) (/ dy>
0 0
< (@) TN = () TP NFI < oo
On the other hand, |fi| < f*(t7) everywhere, so f; € L*™ and thus f; € LP'.

(e) Prove the estimate

(TF)*(t) < Ao(2/) | f* |zo + AL(2/D)Y | fil o

(2)

Solution: For any A\ < (T f!)*(t/2), by the definition of the non-increasing rearrangement and the

weak type (po, qo), we have that

t A o\ 2
5 <7 > Ny < (o!fAHL> |

which gives A < Ag(2/t)/%| f*||zro and then, after letting X 7 (T'f)*(t/2),

1/q0
@y <o (3) 1 o

Analogously we have
/¢

e <a(2) " Il

Adding up these two expressions and using part (c) with f = f! + f; yields the estimate.
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(f) Using Exercise 9.1, show that

o <o ([Twnrpopd)” )

for a constant C' > 0.
Solution: We apply Exercise 9.1 with the function h(t) = (T f)*(¢) and the exponents g and p < ¢:

</°OO h<t)th> " (/Ooo[tl/qh(t)]q(w " <A (/Ooo[tl/qh(t)]pdD v

The result follows by recalling that ||7f|| awn) = [[(T'f)* || La((0,00))-

(g) Show that, in order to prove the theorem, it is enough to show the following two estimates:

( IR 1@)1” <olfl (1)
0 LPo t >~ Lp

(3] d 1/p
([Temmigtord) <l ®

Solution: Assuming (4) and (5), we have that

by (3) o 1/p
||TfHLq(Rn) y§ C</O (tl/q(Tf)*(t))pit>

and

by (2) oo bt 1p
= C(/ [/ (Ao(2/8) £ o0 + Ar(2/0) /| oo )| t>
0

by Minkowski 00 1/p 00 1/p
Y < C </ [tl/q_l/qoﬂftHLpo]p dt) +C </ [tl/q_l/mﬂft”j:mr dt)
0 t 0 t

by (4) & (5)
< Clflee

(h) Show, using again Exercise 9.1, that

t" d
TAre / EROES (6)

Solution: We use Exercise 9.1 with the exponents pg and 1 < pg:

10 = 1 o = ([ o070 dyy)/ <o [T [pmutrw]

together with the properties from part (a):

ool/() t\ * %: to 1/0 1 * % ta 1/0* %
/wa)(y)y /wa)(y)ys/o y ) L

5/7



D-MATH Functional Analysis 11 ETH Ziirich
Prof. Tristan Riviere Sample Solutions Sheet 9 FS 2025

(i) Prove (4) by using (6) and the Hardy inequality (Exercise 8.4).
Solution: We plug (6) into the integral of (4) and use the change of variables x = ¢7:

[e%e) t7
/ [tl/q—l/quftHLpO = < C/ [1/(1 l/qo/ 1/p0f (y )dy] ﬁ
0 Y t
/ [ 1/q— 1/qo/ /0 p (v )dyrdx
ol y | =

= C’/ |:x1/P1/P0/ 1/p0f (y )dy]pdm
0 0 Y Z

Now thanks to the first Hardy inequality with » = p/pg — 1 > 0 applied to y'/?° f*(y)/y we have

/0 [tl/q—l/quftHLm] it<0//0 21=P/Po [/0 1/p0f (y )dy] dﬁ

y X
<" /O (y" /P f*(y))Py /P dy

<0 [P WP = O Wy = W ey

(j) Prove (5) by a similar argument: first find an analog of (6) and then conclude by the
second Hardy inequality (Exercise 9.2).

Solution: We follow the steps from before: first we apply Exercise 9.1 with exponents p; and
1 < p1 to the non-increasing function (f)*:

1S9 1 d 1/p1 00 d
Hfth(Rn):|r<ft>*um<[om>):( / [y (1 ()] yy) e / Gy )]

Now we use part (b), which allows us to split this integral:

Uy Y tal/l*ff’% e ey W
| L= [ e T [T L

Notice that the first summand is just

1 d
| =y,

Thus the Minkowski inequality gives

0 1/P 0 1/p
</ [tl/qfl/quftHLm] dt) < (/ {tl/q1/q1p1f*(ta>ta/p1}pdt>
0 t 0 13
o0 1/
+ </ |:t1/‘1—1/lh/ 1/p1f ( )dy:|p dt> p.
0 to Yy 13

For the first term, using the change of variable x = ¢,

/ |:t1/Q*1/111p1f*<t0')t0'/p1}p% = ‘01’/ [xl/pfl/plplf*( )z 1/p1 had —C’/ fH(z)Pd,
0 0
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and for the second term, using the same change of variable in addition to Exercise 9.2 with r =
1 —p/p1 > 0 and the function y/P1 f*(y)/y,

/Oo tt/a=1/a /oo y P (y) dy]” dt _ 1 /oo p/P=1/p1 /OO y /P (y) dy]” de
0 to yl t ol Jo z yl x
1 [e'e] [e%e] p
— / p1—p/p1 / yl/pl () @ dﬁ
o] Jo z y] =

% UPL ()P 1=p/p1—1 J4 = = P dy.
gc/0 (V7 1 )y y C/o )P dy

Putting these two estimates together gives (5).

Exercise 9.4.
Prove the following maximal function estimate for functions f € Llog L(R™): for any mea-
surable A C R™ with finite measure,

[ simay<c [ iwos (e+ e B0 ay

where C'is a constant only depending on n. Here Llog L is the space of functions f € L'(R")
for which the right hand side is finite.

Hint: express the left hand side as an integral of the distribution function of |M f| and use
inequality (5.9) from the script for large enough « (how large?).

Solution: See Theorem 5.8 in the script.
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