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Exercise 10.1.

Let 1 <p<qg<ooand f € LP®(X,u) N LY X, u), where (X, u) is a o-finite measure
space (e.g. a measurable subset of R™ with the Lebesgue measure). Show that for every r
such that p <r < gq, f € L"(X, u) with

T T
< e} o0y
< (T_p+q_T) LA,

where 6 € (0,1) is defined by

Solution: We prove the statement for ¢ < oo first. Notice that

{If| > A} < min <!f|;,,m7 Hf||§;,oo> |

Let us try to estimate the L™ norm of f:

o] [e’¢) p q
Tr —r AT‘*I f > A} d) S r )\T*l min HfHLP’OO’ ||f||Lq¢OO d\
11z
0 0 )\p )\q

0 B

Here B € (0,00) is a constant to be determined. We have

r— 1”fHLP°° b r—1-p _ r—p
r g =l [ XA = B

and

q B4

7,,/ AT 1 HfHLQOO _ T’f‘%q,oo/ )\T*l*q d) = r
B B q-—

It is natural (and optimal, up to a constant) to choose B such that these two terms are equal. This
gives

r— r— f q - >
IFIB o B P = || f|[ 4 B™™4 = B:<H 1%
[Raliomee

and, substituting above, we get

T—

HfIIquo>w <||f||quo)
1Az < T 1 e <Hfum 11,

T—

<Hf||quo)” <||f||quo)
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Now note that

qr_p:q<1—|—r_q>:?”9 and pq_T:p<1_r_p>:r(l_9)a
q—7p q—7p q—7p q—7p

so the above simplifies to

r r(1-0) 0 r 0 r(1-0)
1Az < _prHLp,oo [f1IEae + q_THfHEq,oonlle,oo
r r r
< ( . Hio) :
< (5 ) (111
The case ¢ = oo is easier: denoting A := || ||z, we have

00 A
T =r/0 A1) > A}|dA=r/0 NU{f] > MY dA

A p
r—1 ||f”LPaOO _ r P r—p
<o [aiiEman- A,

therefore

1/r 1/r
r P ey r _
e < () WAL A2 = () U

Exercise 10.2.
Let fi,..., fn € LP™(X, pu) for 1 < p < co. Show that

N
Z b
j=1

N
<N N fillwee.
j=1

Lpyoo

Solution: For each A > 0, one can easily see (by contradiction) that

N
ij > X = |fj| > A/N for at least one j.
j=1

Therefore
N 1/p N 1/p N 1/p
A { > f >A} <A {If1 > A/NY <>\<Z{fj>/\/N}>
i=1 '

Jj=1 J=1

j=1

A (S -
<N KIS MNYP | < N (e,
j=1
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and we are done by taking the supremum over A > 0. Here we have used the inequality (a; +
-4 an)® <af + -+ - + af;, which holds whenever a; > 0 and 0 < a < 1. This can be proved by
induction iterating on the inequality a® + b* > (a 4 b)®. To show this, we compute the derivative

d
et -t =a ((a+t)*t—t>h) <o,

'is nonincreasing for o < 1. Therefore

using the fact that the function x — %~
(a+b)*—=0b*<(a+0)*—=0%=a"

which is the desired inequality.

Exercise 10.3.

Let 0 < p < 1. Prove that LP(X,u) is a complete quasi-normed space, i.e. that ||f||z» :=
([ |fIPdp)'/? defines a quasi-norm and every quasi-norm Cauchy sequence is quasi-norm
convergent.

Hint: recall the proof of the corresponding theorem for p > 1.

Solution: First observe that (a + b)? < a? 4+ bP whenever 0 < p < 1 (see the end of the solution of
Exercise 10.2) and, by Holder’s inequality,

AP =1-aP+1-0P < (1+1)1P ((ap)l/p + (bp)l/p)p — 217 (4 4 b)P,

which implies that (A + B)1/P < 21/P=1 (AY/P 4 B/P). Therefore

1/p 1/p 1/p 1/p
</X\f+9|pdu> g(/X|frpdu+/X\g\pdu) stK/erpdn) +</X\g\pdu>

with K, = 2!/P~1 € (1,00). This shows that || - ||z» is a quasi-norm.

—_

We claim the following inequality:

N
lgr + -+ gnllee <Y Kplgslee.
j=1

This is clear for N = 1 and follows easily by induction for larger N.

Now let (f;j) be a Cauchy sequence in LP(X, u) for this quasi-norm, and let (f;,) be a subsequence
such that

||fjk+1 - fijLP < (2Kp)_k'

Consider the partial sums

k—1 o)
k—o0
gk = |fi = Fill == i — il =19
=1 =1
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so that
k—1

k—1
lgrllee <D Kpllfiy = Fillr <D Kp(2K,) ™
=1

=1

and thus, by the monotone convergence theorem,

/ gPdu = hm/ du— hm HngLP =

This shows that the series > 2, (fj,, — fj,) converges absolutely, and hence converges, almost
everywhere. Let us define

f(@) = fi(z +Zf]m — fi(x)

for p-a.e. x € X. Clearly |f| < |fj,| + g is the sum of two functions in L?, so f € LP. Moreover,

p
ijz+1 sz (Z |sz+1 f]l ) <gfe Lla

so we may apply the Dominated Convergence Theorem and pass to the limit:

|f = il =

i [ = fillfy = Jim [ 17 = £ du= [ 0du=o

Finally, to prove the convergence of the whole sequence, let £ > 0 and choose iy such that for every
i,j >0, ||fi — fillLr < €/(2K}). Choosing also k such that j, > i so that ||f;, — fllzr < e/(2K))
we conclude.

Exercise 10.4.
Consider the following N! functions f, : R — R, for ¢ € Sy, the group of permutations of
{1,2,...,N}:

(a) Show that || fy|| e = 1.
Solution: It is clear that

A fo > A (%)

is zero for A > 1, and is equal to \j/N when j is the largest integer < N Such that A < N/j.
Therefore (x) is maxmnzed when X\ approaches N/j, giving for each j the value & T 7 = 1. Thus

[follree = 1.
(b) Show that

> 1

O’ES’n

N

1 1
W1yt ).

L1,00
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Solution: Clearly, for each z € [0,1) and for each j € {1,...,N}, f(x) = N/j for exactly N!/N

choices of . Thus
N! /N N 1 1
()=— (=4 + =) =N [1+Z+ -+ =
> folx) N<1+ +N) <+2+ +N>

0'6871

and therefore the sum is zero outside of [0,1) and equal to this constant in [0, 1). It is immediate
to check then that the L quasi-norm has the claimed value.

(c) Conclude that L'**(R) is not normable, i.e. that there is no norm || - || on L»*(R) such
that, for a constant C > 1, C7Y|f|| < || f|lzre < C||f]| holds for every f € LM>°(R).
Solution: Suppose that such a norm || - || and constant C' exist. Then we would have
1 1
N!(1+2+~-+N>= Yokl <> <t
c€eSn L1,00 gES) oES)
<C Y Cllfollpre =C* Y 1= NIC%
O'ESn UESn

Dividing by N! and letting N — oo gives a contradiction.

Exercise 10.5.
For a measurable function g : R® — [0,00), denote by ¢* : [0,00) — [0,00) its decreasing
rearrangement.

(a) Prove that for every measurable set A C R",

/Ag(:c) der < /0A| g*(t)dt.

Solution: We obviously have that |[{g|a > A}| < |{g > A}/, and [{g|a > A}| < |A|, which implies
that (g|la)*(t) < g*(t) for every ¢t > 0 and (g|a)*(t) = 0 for every ¢ > |A|, respectively. Hence

00 |A| |A]
/A g(x) dz = / (gla)"(t)dt = / (gla) () dt < / g (1) dt.

(b) Show the Hardy—Littlewood inequality: for any measurable functions f, g : R™ — [0, 00),

[ @< [T rwg o

Solution: Using part (a), by Tonelli’s theorem we have that
o0 00 oo r{f>A}
f(z)g(z)dx = / / Lz)>adAg(x) dz = / / g(x)dxd\ < / / g*(t) dtdA.
R™ nJo 0 J{r>x o Jo
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Now observe that ¢t < |{f > A}| if and only if f*(¢) > A (actually we only need the implication to
the right, which is immediate to verify). Thus, using again Tonelli, we may rewrite this integral as

/ /l{f>/\}| t)ydtda = / /f " t)ydadt = / fr
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