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Exercise 13.1. %

(a) Show that for every p € [1,00] and g € [1, 0], the space LP(R", ¢?) defines a Banach
space.

(b) Show that for every p € (1,00) and ¢ € (1,00), the dual of LP(R", ¢4) is LP (R", (7).

Solution: See Proposition 8.4 in the script.

Exercise 13.2. %

The goal of this exercise is to prove Khinchine’s inequality and see an application to Fourier
analysis. This states the following: let 1 < p < oco; then there exists a constant C' = C'(p) > 0
such that, for any N € N and any aq,...,ay € C, it holds that

N p/2 N p/2
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where E[-] denotes the expectation with respect to the uniformly distributed random variable
(€;)j=1..~ € {—1,41}". In other words, it is the average of the expression inside the [
over the 2"V possible choices of signs.

(a) Prove the upper bound of Khinchine’s inequality.

Hint: you may use the following fact from probability: if N, (a;) and (¢;) are as above,
then for every A > 0,
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Combine this with the usual formula for the integral using upper level sets, but interchanging
measures/integrals by probabilities/expectations.

Solution: We have that
P
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, 0
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/2
where we have used the change of variable 1 = (Zjvzl |aj|2>p AP,

(b) Prove the lower bound of Khinchine’s inequality.

Hint: bound the expectation with p = 2 by the expectation with a higher p and a lower p
by using Hélder’s inequality, and then estimate the term with the higher p by using part (a).

Solution: Observe that, when p = 2, by the independence of the ¢;,

2
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Therefore, by Hoélder’s inequality, the first inequality is trivial if p > 2. When 1 < p < 2 we
compute, using Holder’s inequality for the expectation,

N N 2 N p11/p N p] P
Z\QJ\Q =E Zeja] <E Zeja] E Zejaj ,
J=1 7j=1 7j=1 7=1
and apply part (a) for p’ > 2:
N s N p /2] Y N 1/2
> cia <O layl =C >l
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Simplifying gives the lower bound of the Khinchine inequality.

(c) Show that, given p > 2, there exist two functions f,g : S' — C such that the Fourier
coefficients of f and g have the same absolute values, but such that f ¢ LP(S!) and g €
LP(SY). Deduce that there is no characterization of belonging to LP based on summability
properties of the Fourier coefficients.

Solution: For a given p > 2, choose some f € L?(S')\ LP(S') and let (fj)jez be its Fourier
coefficients. For any N € N and 0 < 6 < 27, apply Khinchine’s inequality to the numbers fjeije,
lj| < N:
P p/2
E Y e fie? | < | D I4P

liI<N l7I<N

Integrating over # and using the linearity of expectation, we get

) P ) P p/2
™ s
Bl [71X afe ao) = [TE|| S ofie) | ao<om | 315
O |ljl<N 0 §I<N JI<N
Therefore, for some choice of signs e(_]\][\;,...,egy) depending on N, we have that the function
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gn(0) == D) 1<n egN)fjeije satisfies
1/2

27 1/p
lgn Il ze(sty = (/O lgn ()P d9> <OV Y IAP < @) P2 | Fl sy,
l7|<N

Now the sequence (gy) is bounded in LP(S') and therefore, after taking a subsequence, it converges
weakly in LP to some function g € LP(S!)—using that for 2 < p < oo the LP spaces are reflexive.
On the other hand, by weak convergence, the Fourier coefficients of g satisfy

1 27 B 1 2m B R
Ji g(Q)e_”edO: lim / gN(O)e_”H df = lim 6§N)fj,
0

o 27 0 N—oo 27 N—oo

(™)

and therefore [g;| = | f]| for each j (notice that this implies that the signs €, eventually stabilize

for each j such that fj #0).

Exercise 13.3.
Let 1 < p < oo and suppose that T': LP(R™) — LP(R") is a bounded linear transformation
which commutes with translations. Show that there exists a function m € L>(R") such that

Tf(€) =m(€)f(€)  forae € €R"

whenever f € L?> N LP.

Hint: show this first for p = 2. For general p, argue by duality to conclude that T is also of
type (p/,p’) and then apply the case p = 2.

Solution: For v € R", denote 7,f(z) := f(x —v). We first claim that for any f € LP(R"™) and
g€ SR, T(f*g)=(Tf)*g.
Recall that for f € 8’ and u € £, we characterized fxu € 8’ as

(fru,p) = (u,fxg) VpeS.

It is clear that fx ¢ € C®°(R"™), and if u; — u in &', then by the above expression f % u; — f *u
in §’. Given any function g € C2°(R™), the sequence

1

= <= g(k/N)éy v € E'(R™)

kezm™

Uy
clearly converges in £ to g. On the other hand, if f € LP(R"), then f *uy € LP(R™) with

equibounded norm, because

(fxun, @) = (un, fx o) < Junllmllf*¢leo < CE)lgllcoll flrellell Vo €S

if g is supported in (—K,K)™ for K € N. This together with Exercise 2.6(a) gives that also
frxuy — fxgin LP.
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Now writing uy = ZjeZ” a;jéj/n, we have for each N (note that all the sums are finite because g
has compact support):

T\ f* Z ajdj/N = Z a;T (Tj/Nf) = Z ajTj/N(Tf) = (Tf)~* Z Gjéj/N ’

jezn jezn jezn jezn

which means that T'(f x uny) = (T'f) * uy. When we send N — oo, the right hand side converges
to (T'f) = g in 8’ by the above discussion, whereas the left hand side converges to T'(f * g) weakly
in LP because bounded linear operators send weakly converging sequences to weakly converging
sequences. The claim now follows for g € C2°(R"™), and for a general Schwartz function (even for
an L' function) we obtain it by approximation and the continuity of the convolution LP x L' — LP.

Now we show that T is also bounded in the dual space: if f,g € C°(R"™), then

0.7 = | g@T () ds= (G TH0) =T+ ) = T3+ H(0) = (T3, )
< T3l 1l < T 1500 17 = 170 gl 151

Taking the supremum over g gives that ||Tf||,;,» < ||T]|f]|; ., so by density T extends to a linear
bounded operator L? (R") — L¥ (R™). Now the Riesz-Thorin interpolation theorem gives that T
is also bounded from L?(R") to L?(R™) (with the same norm), so for the rest of the proof it will
be enough to characterize T" acting on this space.

Denote by M : L2(R™) — L2(R") the operator M f = T}, which is well-defined thanks to Plancherel
and |M| = ||T||f2—r2. We claim that fMg = M(fg) for all f,g € S(R™): since the Fourier

transform is an isomorphism in S, it is enough to show

M(fg) = @m) ™M (T g) = (2m)"*T(f xg) = 2m) /2 [+ Ty = [Tg = [Mj.

By density we also get fMg= M(fg) € L?if fc L? and g € S.

Now fix a function x € C°(Bs) with x = 1 on B; and x > 0 everywhere. For R > 0, let

xr(7) := x(x/R) and mp := Mxgr € L}(R"). If f € L' N L?, we can write f = sgn(f)v/|f] - /If],
with \/|f] € L?, and therefore

/me—/sgn(f)\/mm-MxR—/Sgn(f)\/m~M(\/WXR)
< Hsgn(f)\/m L M(\/WXR)(
< IV, = 1Tl

Taking the supremum over such f, and using the duality of L' and L>, we obtain that mgr € L™
with |mg|lre < ||T|. Since L'(R") is separable, by Banach-Alaoglu, for a sequence R; — oo we
have that mg; Zom in L, for some m € L®(R™).

L2

We also have that for any f € L?, ygpf — f in L? as R — o0, so

M(f) = lim M(xaf) = lim fM(xg)= lim fmp
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in L2, Therefore, for any g € L%(R") it holds that

/gM(f) Zjlggo/gmej Z/gfm,

and therefore M f = mf, which is what we wanted to show. (Notice that actually the whole
sequence mp — m: for any f € L' N L*(R™) and g € L*(R™),

/gme B, /gM(f) = /gfm

and we can write any L! function in the form gf as above.)
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