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Exercise 1 (5.5.4, Lemma 5.5.3). Let 𝑋 and 𝑌 be Banach spaces. Let 𝐹 : 𝑋 → 𝑌 be a
continuous map that is differentiable at 0. Write

𝐹(𝑥) = 𝐹(0) + 𝐿(𝑥) + 𝑁(𝑥)

for 𝐿 := (𝑑𝐹)0. Suppose that there exists 𝐺 : 𝑌 → 𝑋 continuous such that

(i) 𝐿 ◦ 𝐺 = 1𝑌 ;

(ii) | |𝐺𝑁(𝑥) − 𝐺𝑁(𝑦)| | ≤ 𝐶 (| |𝑥 | | + ||𝑦 | |) | |𝑥 − 𝑦 | | for all 𝑥, 𝑦 ∈ 𝐵(0, 𝑟);

(iii) | |𝐺𝐹(0)| | ≤ 𝜀
2 ,

where 𝐶, 𝑟 > 0 and 𝜀 := min{𝑟, 1
5𝐶 }.

(1) Show that the map 𝜑(𝑥) = 𝐺(𝐿(𝑥) − 𝐹(𝑥)) is a contraction on the ball 𝐵(0, 𝜀).
Conclude that there is a unique 𝛼 ∈ 𝐵(0, 𝜀) such that 𝐹(𝛼) = 0.

(2) Show that | |𝛼 | | ≤ 2| |𝐺𝐹(0)| |.

(3) Consider the case where 𝑋 = 𝑌 = R and 𝐹 = 𝑓 : R → R is twice differentiable
at 0 with 𝑓 ′(0) ≠ 0. Show that 𝐺(𝑥) = 𝑥

𝑓 ′(0) satisfies the above hypotheses —
for some 𝐶, 𝑟 > 0 — if | 𝑓 (0)| is small enough (when compared to | 𝑓 ′(0)|), or if
lim𝑥→±∞

𝑓 (𝑥)
𝑥2 = 0. Conclude that the classical Newton method converges in those

cases.

Exercise 2 (5.6.1). Show that a proper, injective immersion is an embedding. Show that
any immersion into a 1-dimensional manifold is injective.
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