
Exercises 05.03.2025
Optional exercises for the lecture Introduction to Floer homology (401-3584-25L)
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Exercise 1. Suppose for this exercise that 𝑀 does not necessarily respect Assumptions 1
and 2. On the space ℒ𝑀, consider the 1-form 𝛼𝐻 defined via

𝛼𝐻(𝑌) :=
∫ 1

0
𝜔𝑥(𝑡)

(
¤𝑥(𝑡) − 𝑋 𝑡

𝐻(𝑥(𝑡)), 𝑌(𝑡)
)

for 𝑌 ∈ Γ(𝑥∗𝑇𝑀) = 𝑇𝑥ℒ𝑀.

Fix 𝑥0 ∈ ℒ𝑀 and a capping 𝑢0 of 𝑥0. Show that 𝑥0 has a neighborhood 𝑈 in ℒ𝑀

and a function 𝑎𝑈
𝐻

: 𝑈 → R such that

𝑎𝑈𝐻(𝑥) = −
∫
D

𝑢∗𝜔 +
∫ 1

0
𝐻𝑡(𝑥(𝑡))𝑑𝑡

for an appropriate capping 𝑢 of 𝑥 ∈ 𝑈 . Conclude that 𝛼𝐻 is closed.

Exercise 2. Let 𝑢 : R × 𝑆1 → 𝑀 be a solution to the Floer equation associated to
𝐻 : [0, 1] × 𝑀 → R and 𝐽 ∈ 𝒥𝑐(𝜔). Suppose that 𝐺 : [0, 1] × 𝑀 → R is 1-periodic, and
define

�̃�(𝑠, 𝑡) := (𝜑𝑡
𝐺)

−1(𝑢(𝑠, 𝑡)).

Find 𝐻 : [0, 1] × 𝑀 → R and �̃� ∈ 𝒥𝑐(𝜔) such that �̃� solves the Floer equation associated
to 𝐻 and �̃�.

Exercise 3. Let 𝐻 : [0, 1] × 𝑀 → R be a (possibly degenerate) Hamiltonian. Using the
Arzelà–Ascoli theorem, show that Crit(𝒜𝐻) is compact in ℒ𝑀 (in any 𝐶𝑘 topology for
0 ≤ 𝑘 ≤ ∞).
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