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Solution 1.1
For the matrix P = (pij); je{1,2,3} to define a transition probability, the two following properties
must hold:

1. pi; >0, for all 4,5 € {1,2,3}.
2. Z]ESPU = 1, for all 7.

The matrix 1 violates the second condition, while the matrix 5 violates the first condition. The
remaining matrices define transition probabilities and correspond to Markov Chains on S = {1,2, 3}
according to Theorem 1.3 of the Lecture Notes.

Solution 1.2

1. ]P(Xlo =a, X190 = a) > 0.
True. We have:

]P(Xlo :a,X100 :CL) E]PJ(XH :CL,TL:O,...,IOO) - >O

2100

2. H:D(Xlo = b, XIOO = a) > 0.

False. Once the chain reaches b, it remains there forever because py, = 1. More formally,

]P)(Xloo = b|X10 = b) =1 = ]P)(Xlo = b, X100 = b) = ]P)(Xlo = b),

and so P(Xlo = b, X100 = CL) =0.

3. ]P)(XO = Q,Xl == CL,XQ == a) = ]P)(XO = CL,Xl = a,Xg = b)
True. We compute:

1 1 1
P(Xo=a,X; =a,Xs =a) =P(Xo = a)paaPaa = 1 X 3 X 3=1
Similarly,
1 1 1
P(Xo=a,X; =a,Xs =b) =P(Xo = a)paaPap = 1 X 3 X 5= 1
Since both are equal, the statement is true.
4. For every n > 1, pgﬁ) =PXo=X1=--=X,).
True. First note that P(Xy = a) = 1. Now:
((12) = Z Pax1Pzixs ** " Pry_1a = PaaPaa ' Paa = M(G)Pga = IP(XO =X =---= Xn)

z1,...,2n—1€{a,b}

We have used here that p,, = 0, and thus all the terms of the sum where it appears vanish.
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5. For every x € {a,b}, lim, i =o0.

False. Since péﬁ) + p((:;) = 1, this equality must hold in the limit when n — co as well. It is

easy to prove that, in fact, lim,,_, o pSZ) =1.

Solution 1.3

1.

P + @ (sum):

Never a transition matrix. Since each row of P and @ sums to 1, the sum of the elements of
a row of P+ @ will sum to 1 4+ 1 = 2, which does not satisfy the condition that each row
should sum to 1.

. PQ (product):

Always a transition matrix. Since all elements will be non-negative, we must check that the
rows sum up to one. Indeed, fixing a row ¢ and letting the size of the matrices be n x n, we
have:

> (PQ)i; =

n
j=1 =

n n n
Zpikaj = Zpik Z(ka = Zpik =1.
=1 j=1

1 k=1 k=

Note: This transition matrix corresponds to the Markov chain consisting of taking one step
according to each set of transition probabilities.

P! (transposition):

Not necessarily a transition matrix. As a counterexample, consider the matrix in Quiz 1.1.
Note: The transpose will be a transition matrix if and only if the matrix is doubly stochastic,
meaning its columns also sum up to 1.

P~ (inverse):

Not necessarily a transition matrix. To begin with, P~ might not exist. Even if it does, one
can easily find counterexamples that violate one or both of the defining properties.

L exp(P) (rescaled exponential):

Always a transition matrix. Indeed, exp(P) is an infinite sum of matrices with non-negative
terms, so it has non-negative terms. It remains to show that its columns sum to 1. For a
fixed i, we have:

n n

(PR - PNy
> (exp(P))s; = Z( k:!) :ZZ( k!) :;H:e'

j=1 j=1k=0 k=0 j=1

Note: Try to think of the probabilistic interpretation of this transition matrix after studying
the chapter on continuous-time Markov chains.

%( P10 4 QY
Always a transition matrix. Both P10 and Q'! are powers of transition matrices, so they

remain transition matrices. Taking their average also results in a matrix whose row sums
remain 1, and the elements remain non-negative.

Solution 1.4 [Markov chains]

i

(a) X! is a Markov chain, as shown in (b).
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(b) The initial distribution of X{ is uniform on S, i.e. p=1/6- (6" + ...+ 6%). It is easy to
check that the transition probability P = (p;;)i jes is given by p;; = %, for all 7 and ;.

. . : 1.
(c) The corresponding graph is a complete graph where all arrows have a weight of 3:

(d) Since the random variables X} are independent and uniformly distributed in {1, ...,6},
we have that pl(?) =1
ii) (a) X2 is a Markov chain, as shown in (b).
(b) We determine the initial distribution p and a transition probability P such that X2 ~
MC(y, P). The transition probability P = (p;;)i,jes is given by

0 ifj<i,
piy =1 & ifj=i,
& ifj >

Indeed, if X2 | =i, then we have X,, = i if and only if &, < i, which happens with
probability i/6, and we have X,, = j for 7 > ¢ if and only if &, = j, which happens
with probability 1/6. The initial distribution of X2 is, once again, uniform on 9, i.e.
pw=1/6- (51+...+(56).

(¢c) We can represent P by the following weighted graph.

sNeNeNeNeNe

(==

Here, all weights on the directed edges (¢, 7) with j > i are equal to 1/6.
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(d) For every i,j € {1,...,6} and every n > 1, we have

P =0 ifj<i,

pyy = (é) it j =1,
w (3 (i-1\" ..
b’ = <6> - (6 > if j > 1.

iii) (a) X3 is a not Markov chain. We note that

{X23 = laX?? = 6} = {X23 = laX?? = 6vX2 = 6} = {51 = 1752 = 1a§3 = 6}a

and so
PX3=1,X5 =6 =P[X3 =1,X5 =6,X; =6] = (1/6).
If X ~ MC(u, P) for some initial distribution p and transition probability P, then it
would follow from Definition 1.3 that
~ PIX3=1,X3 =6,X]=0]
Pos = T p[x3 =1, X3 = 6]

But this contradicts the definition of X since the stochastic process can leave the state 6
with positive probability.

=1, thus pgg) =1, Vn> 1.

iv) (a) X*is a Markov chain, as shown in (b).
(b) We determine the initial distribution p and a transition probability P such that X4 ~
MC(y, P). The transition probability P = (p;;)i jes is given by
6= ifj =i+1,
pij =1 & ifji=i

0 otherwise.

Indeed, if X2 _; =4, then we have X =i + 1 if and only if &, takes a new value, which

happens with probability (6 —4)/6, and we have X2 = i if and only if &, takes no new

value, which happens with probability i/6. The initial distribution of X§ is u = 6.
(c) We can represent P by the following weighted graph.

[ex =)

OO0 0 OC0

3 2
6 6

D=

D=

3
6

[N

(d) In this case, it requires a bit more work to determine the n-step transition probabilities.
We proceed by diagonalizing the matrix P of the transition probability, given by

1/6 5/6 0 0 0 0
0 2/6 46 0 0 0

p_| 0 0 36 36 0 o0
“lo o o0 4/6 2/6 o0
O 0 0 0 5/6 1/6
O 0 0 0 0 6/6
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Since it is an upper triangular matrix, its eigenvalues are equal to the diagonal entries. By
computing the associated eigenvectors, we obtain the matrix @ with the right eigenvectors

as columns, given by

1 5 10 10 5 1
01 4 6 4 1
00 1 3 31
Q= 00 0 1 21
00 0 0 11
00 0 0 01
Thus,
/6™ 0
0 (/6"
n 0 0
Pr=a 0 0
0 0
0 0

1 =5 10 —10 5 —1
0 1 -4 6 —4 1
. oo 1 3 3
with @7 =1y o o 1 -2 1
00 0 0 1 -1
o0 0 0 0 1
0 0 0 0
0 0 0 0
3/6)" 0 0 0 »
0 (4/6)" 0 0 QT
0 0o (5/6" 0
0 0 0 (6/6)"

which allows to deduce all transition probabilities.

v)

(a) X°® is a Markov chain, as shown in (b).

(b) We determine the initial distribution p and a transition probability P such that X° ~
MC(p, P). The state space is N. The transition probability P = (pi;)i,jes is given by

Pij =

oifj=0,
Soifj=i+1
0 otherwise.

Indeed, we have X3 = 0 if and only if ¢, = 6, which happens with probability 1/6.
If &, # 6, which happens with probability 5/6, we have X2 = X2 | + 1. The initial
distribution of X§ is u=1/6 -6 +5/6 - 6.

(c) We can represent P by the following weighted graph:

O
[eN [}

and 0 otherwise.

[N [ey]

1
6

(d) For every n > 1, we have For every j € N, i € NU {co}, and every n > 1, we have

(n) _

)

) _ 1

ij

6

<5

oot

6) ifn=j—1,

J
-<5> if j<n-—1,

6
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Solution 1.5 [Deterministic Markov chains]

(a)

A deterministic sequence (xy,),>0 is & Markov chain if and only if there exists a function
® : S — S such that for all n > 0, x,,11 = ®(zy,).

( < ): It follows directly that (x,),>0 is a Markov chain MC(y, P) with 4 = 6% and
transition probability P given by p;; = 1;—¢(;)-

(= ): Given (zy)n>0, we define & : S — S by

Tpy1 ifIn>0st. 2z, =2,
P(z) = .
x ifvn >0, z, # x.
Let z,y € S. The function & is well-defined since for every n > 0 with z,, = x,

Plpi1 =y, Tpn = ] 1
]P)[J)n _ Jf] Tn+1=Y>

Pzy =

where we used Definition 1.3 in the first inequality and the fact that the sequence is
deterministic in the second inequality.

There are three possible choices for the initial distribution, ', §2, 2. Using the previous
exercise, we can choose ®(i) € {1,2,3} for every i € {1,2,3}, i.e. there are 3% = 27 possible
choices for the transition probability P. Thus, in total there are 81 pairs (u, P) .

Note that we are counting here the total amount of different pairs (u, P) that yield deterministic
Markov Chains. One can also count the total number of classes of deterministic Markov
Chains with respect to equivalence in law of the resulting process, which is 33.
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