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Exercise 10.1 Let M € M§,,.. Show that if E[(M),] < oo for all ¢ > 0, then M is
a continuous square-integrable martingale.

Exercise 10.2 Let (W})~0 be a Brownian motion defined on a probability space
(Q, F, P) and (X;)o<i<r the unique strong solution (by Theorem 4.7.4) in the space
R? of the SDE

dX; = f(X) dt + g(X) AWy, Xo = o,

where f, g : R — R are Lipschitz-continuous functions and xy € R is a constant.

(a) Find a non-constant function ¢ € C%(R;R) such that the process Y = (Y})o<t<r
given by Y; := ¢(X,) is a local martingale, and derive an SDE for Y (which no
longer involves X).

Hint: The general solution of the ODE
1
Y (@) +5y"g" (@) =0
is of the form

y(x) :a—l—b/omexp<—2 Ou;g((i;)) dv> du,

where a and b are constants.

(b) Assume additionally that f is negative on (—o0,0) and positive on [0, c0).
Show that Y is then a martingale.

Exercise 10.3 Let W = (W;);>0 be a Brownian motion on a filtered probability space
(Q, F,F = (Fi)=0, P) satisfying the usual conditions. Fix constants 0, o, zo € R with
o>0.

(a) Find a strong solution to the Langevin equation
dXt = —QXt dt + Uth, X() = 29-

Hint: Assume first that a strong solution X exists and consider U, = e’ X,.
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(b) Let X denote your strong solution from part (a). Show that there exists a
Brownian motion B such that Y := X? satisfies the SDE

dY, = (—20Y, + o) dt + 20/ Y, dB,. (%)

In other words, show that (2, F,F, P, B,Y) is a weak solution of the SDE ().

Exercise 10.4 Let (W;):0 be a Brownian motion defined on a probability space
(Q, F, P), and consider the SDE

1
dX, = (MJF 2Xt> dt + det, Xo =19 €R. ()

(a) Using Theorem 4.7.4, show that for any 7" € (0,00) and zy € R, the SDE (xx)
has on [0, 7] a unique strong solution in R2.

(b) Show directly (and without using part (a)) that the process X = (X})i>0 given
by X; = sinh(sinh ™" (20) + ¢ + W,) is the unique solution of (*x).

Hint: The identity cosh(sinh™'(x)) = v/1 + 22 may be useful..
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