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Exercise 13.1 Let X be a Lévy process with values in R? and f,(u) := E[e™ X1).
Recall that X is stochastically continuous, i.e., the map t — X, is continuous
in probability, and that fi s(u) = fi(u)fs(u) and fy(u) = 1 for all s,¢ > 0 and
u € RY.

(a) Show that f(u)" = fns(u) and fi(u) = fin(u)” for all n € N and s, > 0.
(b) Show that ¢ — fi(u) is right-continuous and f;(u) # 0 for all £ > 0 and u € R%.

(c) By using the central limit theorem, express a standard normal random variable
Z as a weak limit of standardised compound Poisson random variables. Make
the approximation as explicit as possible in terms of the compound Poisson
distributions.

Exercise 13.2 Assume that X = (X;):>0 is a real-valued Lévy process with respect
to F = (F)i=0 and P and 7 is a bounded stopping time. Using only the definition of
a Lévy process, show that for all u € R and 0 < s < ¢, we have

Ele"Xr+] uX
- = E MUAt—s .
E[eZUXTJrS] [6 ]

Exercise 13.3

(a) Let 7 be a finite non-trivial measure supported on [, 00) for some € > 0, and
set X := ([, 00)) > 0. Suppose that (N,);s0 is a Poisson process with rate
and (?n)neN are i.i.d. random variables with distribution A~'7. Check using
Exercise 12.2(a) that the process Jf = ij:tl }7] is a Lévy process with Lévy
triplet (b,0, ), where b = [ 111 (2)z do(z).

(b) Suppose that 7 has compact support, i.e., 7((K,00)) = 0 for some K € (0, 00),
so that 7([e, K]) = A. Find a constant g > 0 such that the process M" defined
by B B

My = J; —put
is a martingale. If 7 is not compactly supported, under what assumption can
we find such a constant p?
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(¢) For some K > 0, let v be a measure supported on [0, K] such that v({0}) =0
and v((g, K]) < oo for each e > 0. Let (ay,)men, be a sequence such that ag = K
and a,, | 0, and let (v,,)men be a sequence of measures that are absolutely
continuous with respect to v with respective densities % = Liamam_y]- AS
in part (a), for each m € N, let (N/")=0 be a Poisson process with rate
Cr = v((am, @m-1]) and (Y""),en be i.i.d. random variables with distribution
C1v,,. We suppose that the N™ and Y™ are all independent, and define J*m
and M"™ as in parts (a) and (b).

Show that for each k € N, the process J* := ¢ _| J”» is Lévy and find its
Lévy triplet. Find a constant py, such that M} := JF — it is a martingale.

(d) Suppose that [* 2?dv(z) < co. For any T > 0, show that the sequence of
stopped martingales ((M*)T)en converges in H2.

(e) Under the assumption in part (d), does (J*)ren converge?
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