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Exercise 6.1 Consider a probability space (2, F, P) with F = 0(Ay, ..., A,), where

" A =Qand A;NA; =0 for i # j. A probability measure () on F is called
absolutely continuous with respect to P if for any A € F, P[A] = 0 implies that
QlA] = 0.

(a) Show directly, without using the Radon—-Nikodym theorem, that () is absolutely
continuous with respect to P if and only if there exists a random variable £ > 0
with EF[¢] =1 and

Q[A] = /A ¢dP forall A€ F.

(b) Two probability measures () and P on F are equivalent on F if for any A € F,
we have Q(A) = 0 if and only if P[A] = 0. Construct an example where @ is
absolutely continuous with respect to P, but ) and P are not equivalent.

Solution 6.1

(a) Consider first @) defined by Q[A] = [, £dP for A € F. From the definition of F
it follows that any set A € F is of the form A = U;c; A;, where J C {1,...,n}.
So that for any A € F Q[A] = X ,c; Q[A4;]. From £ > 0 and EF[¢] = 1 it is
clear that () is a probability measure on F. Since £ is a random variable on
(Q, F), it is of the form £ = > | ¢;14, for some ¢; > 0. Since for any A € F
QA = Tyes Q4] = Tyes¢;PIA;] and PIA] = T, PA;], then P[A] = 0
implies that Q[A] = 0, so that @ is absolutely continuous with respect to P on
F.

Now suppose that () is absolutely continuous with respect to P on F. For
i € {1,...,n} if P[A;] = 0 define ¢; := 0 and otherwise ¢; := %ﬂ. Then
€ := Y ¢;ly, is clearly > 0, and the construction of ¢ implies that EF[¢] =

(b) Consider F = (A, Ay), with 4; U Ay = Q and A;N A4y, = 0. Consider
the probability measures @ and P defined by Q[A4;] = 1,Q[As] = 0 and
P[A;] = P[Ay] = 1/2. Then it is clear that @ is absolutely continuous with
respect to P, but P and () are not equivalent.
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Exercise 6.2

(a) Suppose that (£x)ren are independent integrable random variables with expec-
tation 1. Define the process X = {X, }nen, by X, := [T &. Show that X is a
k=1

martingale for its natural filtration.

(b) Give an example of a stochastic process in discrete time which is not locally
bounded.

Solution 6.2

(a) Denote the natural filtration of X as F = (Fj)ken,- Then X is adapted by
definition, and integrable because the product of independent integrable random
variables is integrable. Moreover, by the definition of X and the properties of
conditional expectation, we have

B[Xy = X 1| Foa] = (nHlsk)E[&n — 1| Fa] = (nHl&k)E[fn ~1]=0.

Thus X is a martingale.

(b) Start with a sequence (& )ken of nonnegative random variables and define the
process X = (Xp)nen, by Xp = 2701 & Then X =0, s0 X7 = X" [}, and
so it is enough to consider any stopping times 7 > 1. Then X; > XI5, =&
because the & are nonnegative. So if & is unbounded, then X7 cannot be
bounded for any stopping time 7 > 1, and so X is not locally bounded.
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Exercise 6.3

Consider a sequence (& )gen of i.i.d. random variables with & ~ AN(0,1). Define
the process M = (M,)nen, by My := > p_1 & Let F = (Fi)ren, be the natural
filtration of M.

(a) Show that X, := M? —n,n € Ny, is a martingale.
(b) Show that Y, := exp(M,, — n/2),n € Ny, is a martingale.

(¢) For any bounded predictable process a = (q;);en define N := a - M so
k

that Ny = > a;(M; — M;_) for k € Ny. Define also (N) = ((N)x)ren, by
i=1

k
(N) := Y a?. Show that X := N? — (N) and Y := exp(N — (N)/2) are
=1

martingales.

Solution 6.3

Questions (a) and (b) follow directly from (c) by taking a = 1. So we only prove
(c). Clearly, N is adapted and (N) is predictable for F. Moreover, both X and Y
are integrable because « is bounded and the & have all exponential moments. For
the martingale property, note that N is a martingale, so that

E[A(N?)p|Frea] = E[(AN)?| Feoa] =

= G E[(AM)*| Frca] = 0 E[E7] = aj = A(N)y.

This shows that X = N? — (N) is a martingale.
Similarly, using that «j is F,_1; - measurable, &, is independent of F;_; and
ANk = OékAMk = Oékfk, we get E[Yk/yk_1|fk_1] = E[GXP(ANk - A<N>k/2)‘./rk_1] =
Elexp(aréy — i /2)|Fi-1] = Elexp(A§g — A?/2)][rx=a) = 1 because & ~ N(0,1). So

Y is also a martingale.
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Exercise 6.4
Using the notions from the lecture, show that the following are equivalent:

(a) S =891, X) satisfies NA.
(b> gadmmL(J)r = {O}
(C) Cadm ﬂLg_ = {0}

Solution 6.4 By Exercise 4.3(c), NA for S and NA for S/S° are equivalent. By
Proposition I1.2.1, NA for S/S° is equivalent to GN LY (Fr) = {0}, and this is
also equivalent to GN LY = {0} because G C L°(Fr). Because 0 € Gugm C G, the
condition G N LY = {0} implies Gugm N LY = {0}, and so we get "(a) = (b)".
Conversely, if we look at the proof of "5) = 1)" for Proposition I1.2.1, we can see
that a slight modification also proves that Gugm N LY. = {0} implies NA for S/S°.
Indeed, if ¥ is a-admissible in that argument, then

V() =V(®) = W)V (") = V() - Vo) 2 V(¥)

shows that ) is also a-admissible, and the rest of the argument goes as before.
So we also have "(b) = (a)".
Because 0 € Guam C Cuam, we clearly have "(c) = (b)". Conversely, if ¢ € Cygpm, then
c=¢g—Y with g € Gygy and Y > 0. If also c€ LY, thenc>0and g=c+Y >0
so that g € Guam N LY. By (b), we then have 0 = g = ¢+ Y with ¢ > 0,Y > 0, and
therefore also ¢ = 0. This shows that Cugm N LY = {0} and hence "(b) = (¢)".
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