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Exercise 9.1 Recall that an investment and consumption pair (i, ¢) with initial
endowment g is self-financing if ¢ - So + ¢y = 09 and

AtPpy1 - Sp+¢, =0

fork=1,...,T —1. De~ﬁne the undiscounted wealth by Wy = ¥y and W, := Vg - Sk
fork=1,..., T, W=W/S%and ¢ = ¢/5°.

(a) Show in detail that (¢, ¢) is self-financing if and only if

k
Wk:UO+Z(19j'AXj_Cj—1) fOI'kI:O,...,T.

J=1

(b) Show that the pair (¢, ¢) with initial wealth 7 is self-financing if and only if

k
Wk:@O—i_Z(ﬁj'ASj_éj—l) for I{ZZO,,T
j=1

Exercise 9.2 Recall that for each k € {0,1,..., T}, suitable Fi-measurable v, and
(¥, ) € A, we define the remaining conditional expected utility to be

T T
Ri(vg, ', ) = E[Z Ue(c}) + Uy (vk + > (- AX; - ) - c’T> ]-"k].
=k

j=k+1
Recall that
Ar(9,¢) = {(¥, ) € A0} =0 for j <k, =c¢;for j <k—1}.
Show that for fixed (¥, ¢) € A, we have

vo, e qf I\ vo,%,¢ ol /
eSS SUDP (g oy A, (0,c) Bk (Wi 50, ) = esssupyr wyea Bie(W,"7, 0, ).

Exercise 9.3

(a) Let (9, ¢) be a self-financing investment and consumption pair and
k
Wi = W = v + (0, - X, — ¢51)
j=1
for k=0,1,...,T the corresponding discounted wealth process. Show that if

W > —a for some constant a, then W is a Q)-supermartingale for any ELMM
Q for X.
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(b) Let U : R — R be concave and consider for fixed @) € P, the problem of
maximising Eq[U(Wi2" — ¢p)] over all self-financing investment and con-

sumption pairs. Assuming that each U(W?®7°) is Q-integrable and that

Jo :=sup Eqg [T (W2 — ¢r)] < oo, show that the solution is given by ¥ = 0,
(¥,0)
c=0.
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